Hu and Lv Advances in Difference Equations 2013,2013:196 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2013/1/196 a SpringerOpen Journal

RESEARCH Open Access

Almost periodic solutions of a single-species
system with feedback control on time scales

Meng Hu" and Haiyan Lv

“Correspondence:
humeng2001@126.com

School of Mathematics and
Statistics, Anyang Normal University,
Anyang, Henan 455000, People’s
Republic of China

@ Springer

Abstract

This paper is concerned with a single-species system with feedback control on time
scales. Based on the theory of calculus on time scales, by using the properties of
almost periodic functions and constructing a suitable Lyapunov functional, sufficient
conditions which guarantee the existence of a unique globally attractive positive
almost periodic solution of the system are obtained. Finally, an example and
numerical simulations are presented to illustrate the feasibility and effectiveness of
the results.
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1 Introduction

In the past few years, different types of ecosystems with periodic coefficients have been
studied extensively; see, for example, [1-5] and the references therein. However, if the var-
ious constituent components of the temporally nonuniform environment are with incom-
mensurable (nonintegral multiples) periods, then one has to consider the environment to
be almost periodic since there is no a priori reason to expect the existence of periodic
solutions. Therefore, if we consider the effects of the environmental factors (e.g., seasonal
effects of weather, food supplies, mating habits and harvesting), the assumption of almost
periodicity is more realistic, more important and more general. Almost periodicity of dif-
ferent types of ecosystems has received more recently researchers’ special attention; see
[6-10] and the references therein.

However, in the natural world, there are many species whose developing processes are
both continuous and discrete. Hence, using the only differential equation or difference
equation cannot accurately describe the law of their development; see, for example, [11,
12]. Therefore, there is a need to establish correspondent dynamic models on new time
scales.

To the best of the authors’ knowledge, there are few papers published on the existence
of an almost periodic solution of ecosystems on time scales.

Motivated by the above, in the present paper, we shall study an almost periodic single-

species system with feedback control on time scales as follows:

x8(8) = r(ex(e)[1 - 5t — b(Ox(o (£)) - c(e)y(8)],

1.1
YA(0) = —n(e)y(e) + gO)x(2), (L.1)
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where ¢t € T, T is an almost time scale. All the coefficients r(t), a(t), b(¢), c(t), d(¢), n(¢), g(¢)
are continuous, almost periodic functions.

For convenience, we introduce the notation

fr=supf(e),  f'=intf(@),
teT te

where f is a positive and bounded function. Throughout this paper, we assume that the

coeflicients of almost periodic system (1.1) satisfy

min{r’,d’,v',d,d',n',g'} >0, max{r",a*,b",c",d",n",g"} < +oc.
The initial condition of system (1.1) is in the form
x(to) = %o, y(to) =50, to € T,x0>0,5 >0. (12)

The aim of this paper is, by using the properties of almost periodic functions and con-
structing a suitable Lyapunov functional, to obtain sufficient conditions for the existence
of a unique globally attractive positive almost periodic solution of system (1.1).

In this paper, the time scale T considered is unbounded above, and for each interval I of
T, we denote I =INT.

2 Preliminaries
Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators o, p : T — T and the graininess  : T — R* are defined, respectively, by

o(t)=inf{se T :s>t}, p(t)=sup{seT:s<t}, u()=o(t) -t

A point ¢t € T is called left-dense if ¢ > infT and p(t) = ¢, left-scattered if p(t) < ¢, right-
dense if £ < sup T and o (¢) = ¢, and right-scattered if o (¢) > ¢. If T has a left-scattered max-
imum m, then TX = T\ {m}; otherwise T* = T. If T has a right-scattered minimum 1, then
Ty = T\{m}; otherwise Ty = T.

A function f : T — Ris right-dense continuous provided it is continuous at a right-dense
point in T and its left-side limits exist at left-dense points in T. If f is continuous at each
right-dense point and each left-dense point, then f is said to be a continuous function
onT.

For the basic theories of calculus on time scales, one can see [13].

A function p: T — R is called regressive provided 1 + u(£)p(t) # 0 for all £ € T*. The set
of all regressive and rd-continuous functions p : T — R will be denoted by R = R(T,R).
Define theset R* = R*(T,R) ={p e R: 1+ u(t)p(t) > 0,Vt € T}.

If r is a regressive function, then the generalized exponential function e, is defined by

e.(t,s) = exp{/ fu(r)(}’(‘[))A‘L’}

for all s,¢ € T, with the cylinder transformation

Log(1+hz) ifh # 0,

_ h
5i(2) = {z ifh=0.
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Let p,q: T — R be two regressive functions, define

p
pOqg=p+q+upq Op=-1 ,  pOq=p®(©9.
+ up

Lemma 2.1 (see [13]) Ifp,q: T — R are two regressive functions, then
() eolt,s) =1andey(t,t)=1;
(i) ep(o(2),s) = (1 + u()p(t))ep(t, s);
(iil) ep(t,s) = % =egp(s,t);
(iv) ep(t,8)ey(s,r) = e,(t,1);
V) 29— ey (t,5);

eq(t.s)

Vi) (ey(t:9)* = p(D)ep(t;s).

Lemma 2.2 (see [14]) Assume thata >0,b>0 and —a € R*. Then
2 = (2)b-ay(t), y(t)>0,t€ [to,00)1

implies

Mz@ﬂHC?tQmMM,mMMm

Lemma 2.3 (see [14]) Assume that a >0,b > 0. Then

y2(6) < () y0)(b-ay(o (1)), y(£)>0,t€ [to,00) 1

implies
a ﬂy(to) epin R0 ’ 0 T

Let T be a time scale with at least two positive points, one of them being always one:
1 € T. There exists at least one point ¢ € T such that 0 < ¢ # 1. Define the natural logarithm
function on the time scale T by

t

1

LT(t)zf ;At, t € TN(0,+00).
1

Lemma 2.4 (see [15]) Assume that x: T — R* is strictly increasing and T:= x(T) is a time
scale. If x*(t) exists for t € TX, then

A A
E”WW:&o'

Lemma 2.5 (see [13]) Assumethatf,g: T — R aredifferentiableatt € T, thenfg: T — R
is differentiable at t with

(f)"(8) = f(0)g(e) + £ (o (£)g™ (1) = £ (£)g™ (&) + f 2 (B)g (o (2)).
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Definition 2.1 (see [16]) A time scale T is called an almost periodic time scale if
M={reR:t£teT,VteT}

Definition 2.2 (see [16]) Let T be an almost periodic time scale. A function f: T — R is
called an almost periodic function if the e-translation set of f

Efe,f}= {r € H:V(t+t) —f(t)| <8,Vte’]I‘}

is a relatively dense set in T for all ¢ > 0; that is, for any given ¢ > 0, there exists a constant
() > 0 such that in any interval of length [(g), there exists at least a t € E{e,f} such that

[f(t +1) —f(t)| <g, VteT.
7 is called the e-translation number of f, and /(¢) is called the inclusion length of E{e,f}.

For relevant definitions and the properties of almost periodic functions, see [16—18].
Similar to the proof of Corollary 1.2 in [18], we can get the following lemma.

Lemma 2.6 Let T be an almost periodic time scale. If f(t), g(t) are almost periodic func-
tions, then, for any ¢ > 0, E{e,f} N E{e, g} is a nonempty relatively dense set in T; that is, for
any given € > 0, there exists a constant l(¢) > 0 such that in any interval of length l(¢), there
exists at least a T € E{e,f} N E{e, g} such that

[fe+7)-f(0)] <e&, lgt+7)-gt)|<e, VeeT.
Remark 2.1 Lemma 2.6 is a special case of Theorem 3.22 in [16].

3 Main results
Assume that the coefficients of (1.1) satisfy

(H) 1-2%3 - "My > 0.
Lemma 3.1 Let (x(t),y(t)) be any positive solution of system (1.1) with initial condition

(1.2). If (Hy) holds, then system (1.1) is permanent, that is, any positive solution (x(t), y())
of system (1.1) satisfies

my < liminfx(f) < limsupx(£) < My, (3.1)
t—+00 f—>+00

my < liminfy(t) <limsup y(¢) < M,, (3.2)
t=>+00 t—+00

especially if my <xo < My, my <yo < Moy, then

my < x(t) < M, my S y(t) <M, te [ty,+00),
where
My u
1 “M 177 - "M, ‘'m
M = Mz—g ! my = o ) W12=g !
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Proof Assume that (x(£), y(¢)) is any positive solution of system (1.1) with initial condition
(1.2). From the first equation of system (1.1), we have

x8(8) < rx(@t) (1 - b'x(c (1)) (3.3)

By Lemma 2.3, we can get

. 1
limsupx(f) < — := M.

t—+00 VA
Then, for an arbitrarily small positive constant ¢ > 0, there exists a 7 > 0 such that
x(t) <My +¢e, Vte[T,+o0]r.
From the second equation of system (1.1), when ¢ € [T}, +00) T,
YA () < —n'y() + g" (M +e).
Let ¢ — 0, then
YA (6) < -n'y(e) + g“My. (3.4)

By Lemma 2.2, we can get

uMl
7 = Mg.
n

limsup y(t) = g

t—+00

Then, for an arbitrarily small positive constant ¢ > 0, there exists a 75 > T} such that
y(t) <My +e, Yte[Tp,+00]r.

On the other hand, from the first equation of system (1.1), when ¢ € [T5, +00) T,

X0 > ra(t) [1 - M; L (o (0) - MM + g)].

Let ¢ — 0, then
M
x2(0) = r'x(0) [1 — = b0 (1) - c”M2j|. (35)
a
By Lemma 2.3, we can get

My u
1—7—6 M2

bu

liminfx(¢) = = m.
t—+00
Then, for an arbitrarily small positive constant & > 0, there exists a T3 > T, such that

x(t) >my —¢e, Vte[T3,+00]T.
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From the second equation of system (1.1), when ¢ € [T3, +00) T,
YA (&) > —n“y(t) + g (my - ¢).
Let ¢ — 0, then
YA () = —n"y(t) + g'my. (3.6)
By Lemma 2.2, we can get

my

liminfy(s) = &

=my.
t—+00 n“

Then, for arbitrarily small positive constant ¢ > 0, there exists a T4 > T3 such that
y(t) >my —¢, Vte [Ty, +00]r.

In special case, if m; <x9 < M;, my <yo < M, by Lemma 2.2 and Lemma 2.3, it follows
from (3.3)-(3.6) that

my < x(t) < M, my < y(t) <M, te€ [to,+00)T,
This completes the proof. O

Let S(T) be a set of all solutions (x(¢), y(¢)) of system (1.1) satisfying m; < x(t) < M;,
my <y(t) <M, forall £ € T.

Lemma 3.2 S(T) #4.

Proof By Lemma 3.1, we see that for any ¢y € T with m; <xg < M;, my <yo < My, system
(1.1) has a solution (x(£), y(t)) satisfying my < x(t) < M, my < y(t) < My, t € [ty, +00) .
Since r(¢), a(t), b(t), c(t), d(t), n(t), g(t), o (t) are almost periodic, it follows from Lemma 2.6
that there exists a sequence {t,}, t, — +ooasn — +oo such thatr(¢+¢,) — r(¢), a(t +t,) —
a(t), b(t + t,) — b(t), c(t + t,) — c@), d(t + t,) — d(t), n(t + t,) = n(t), gt + t,) — g(t),
o(t+t,) — o(t) as n — +o0o uniformly on T.

We claim that {x(¢ + ¢,)} and {y(¢ + ¢,)} are uniformly bounded and equi-continuous on
any bounded interval in T.

In fact, for any bounded interval [o, B]T C T, when # is large enough, « + ¢, > £, then
t+t, >y, Vt € [o, Blr. So, my < x(t+t,) <My, my <y(t+t,) <M, forany t € [o, B]r, that
is, {x(t + £,)} and {y(¢ + t,)} are uniformly bounded. On the other hand, V4, ¢, € [, BT,
from the mean value theorem of differential calculus on time scales, we have

M

’x(tl +t,) —x(ty + t,,)} <r*M; (1 + —11 +b"M; + c”Mg) |ty — tal, (3.7)
a

(&1 + ta) = y(t2 + 8)| < (n“Ma + g“My) |1 — o). (3.8)

Inequalities (3.7) and (3.8) show that {x(¢ + t,)} and {y(¢ + t,)} are equi-continuous on
[r, B]T. By the arbitrariness of [«, 8], the conclusion is valid.
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By the Ascoli-Arzela theorem, there exists a subsequence of {t,}, we still denote it as
{t,}, such that

x(t + t,) — p(2), y(t+t,) — q(2),

as n — +oo uniformly in ¢ on any bounded interval in T. For any 6 € T, we can assume
that ¢, +0 > ¢, for all n. Let t > 0, integrating both equations of system (1.1) from ¢, + 0 to
t+t, +0,wehave

x(t+t,+0)—x(t, +0)

t+ty+0 x(s)
< (1 g (o) e ) s

t+6
= / r(s + t,)x(s + £,) (l M + 1)
)

B a(s+t,) +d(t+t,)x(s + t,)

—b(s+ t)x(o (s +t4)) — cls + Lu)y(s + t,,)) As,
and

y(E+t,+0)—y(t, +0)

t+ty+0
= / [-n(s)y(s) + g(s)x(s)] As

0

t+0
= / [—n(s +L)y(s + t,) + g(s + L,)x(s + t,,)] As.
6

Using the Lebesgue dominated convergence theorem, we have

t+0 x(s)
plt+6) - pl6) = fe r(s)als) (1 " a(s) + d©x(s)

= b(s)x(a(s)) - c(s)y(s)) As,
t+6
ate+6)-a0)= [ [-(66) + g9

This means that (p(¢),q(t)) is a solution of system (1.1), and by the arbitrariness of 0,
(p(2),4(t)) is a solution of system (1.1) on T. It is clear that

my < p(t) <M, my <q(t) <M, VteT.
This completes the proof. O

Lemma 3.3 [n addition to condition (H;), assume further that the coefficients of system
(1.1) satisfy the following conditions:

Aa .
(Ho) i —€°>0;

(Hs) n'=r*“*>0.

Then system (1.1) is globally attractive.
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Proof Let z;(t) = (x1(2),51(2)) and z(¢) = (x2(¢),y2(2)) be any two positive solutions of
system (1.1). It follows from (3.1)-(3.2) that for a sufficiently small positive constant &

(0 < &9 < min{m, m>}), there exists a T > 0 such that
my — &9 <x;(t) < My + &, my — &9 <yi(t) <My +e9, te[T,+00)y,i=1,2, (3.9)

and

rlal

[a* + du (M + &9)]?

-g">0. (3.10)

Since x;(£), i = 1,2, are positive, bounded and differentiable functions on T, then there
exists a positive, bounded and differentiable function m(t), ¢t € T, such that x;(£)(1 + m(¢)),
i =1,2, are strictly increasing on T. By Lemma 2.4 and Lemma 2.5, we have

MO0+ m(®)] + %o (O)m?(2)

x(O)[1 + m(2)]
CHO xmlo@)m (o)
" x@L+m@)]

%Ly(xi(t)[l + m(t)]) =

i=12.

2 (2)]
1+m(t)

A
two positive constants ¢ >0 and § >0 such that 0 < ¢ < 'ﬁm((?)‘ <&, VteT.
Set

is bounded on T, that is, there exist

Here, we can choose a function m(t) such that

V(t) = e_s(t, T)(|Lr (%2(6) (1 + m(2))) = Ly (x2(6) (1 + m(8))) | + [31.(8) = 32(2)

)

where § > 0 is a constant (if u(¢) = 0, then § = 0; if u(£) > 0, then § > 0). It follows from the
mean value theorem of differential calculus on time scales for ¢ € [T, +00)  that

Mﬁmem—munsuﬂmma+mm»—Lﬂmmu+muM|
< |1 (£) = x2(8)|. (3.11)
1— &0
oy

Let y = min{(m; — &o)( [ - g"),n' = r*c*}. We divide the proof into two cases.

+d"(My+e9)]?
Case L If u(¢) > 0, set § > max{(r“b" + mil)Ml, y}and 1 - u(¢)8 < 0. Calculating the upper
right derivatives of V/(¢) along the solution of system (1.1), it follows from (3.9)-(3.11), (Hz)

and (H3) that for ¢t € [T, +00) T,

D'V (t)

xL(2) B x5 () mh() (xl(U(t)) B xz(a(t)))]
x1() () L+m(t)\ x1(2) x2(t)

=8e_s(t, T)|Lr (21 (0 @) (1 + m(o(2)))) = Lt (%2 (0 () (1 + m (o (2))))]
+e_s(t, T)sgn(y1(2) = y2(6) (31 (6) = 35 (1)) = Se_s(t, T) |31 (0 () = 32 (o (1)) |

B a(t) (1 (£) — x2(2))
(a(t) + d(t)x1 () (a(t) + d(t)x2(2))

= e_s(t, T) sgn(x1 () — %2(2)) [

=e_s(t,T) sgn(xl(t) - xg(t)) [r(t)(
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B (1 (0(0) - 32(0 () — <O (® —yz(t)))

m™(t) x1(o (2))x2(2) —xl(t)xz(a(t))}
1+ m(t) x1(8)x2(2)

=8e_s(t, T)|Lr (21 (0 @) (L + m(o(2)))) = Lr (%2 (0 () (1 + m (o (£))))]
+e_s(t, T) sgn(y1(2) = y2()) [-1() (11(2) — y2(8)) + () (x1(2) — %2(2)) |

=8e_s(t, T) |y (o () = y2(c (1))

r()a(t)(x.(£) — x2(2))
(a(2) + d()x1(2))(a(t) + d(t)x2(2))

= r(O)b(t) (x1 (0 (£)) — %2 (0 (8))) = r()c(t) (71.(2) - ¥2(2))

m®(t) x1(0 () (x2(£) — x1(2)) + %1 (£) (%1 (0 () — x2(0 (£))) }
1+ m(¢) x1(t)x(£)

=8e_s(t, T)|Lr (%1 (0 @) (L + m(o(2)))) = Lr (%2 (0 () (1 + m (o (£))))]
+e_5(t, T) sgn(y1(2) = y2(0)) [-n() (01.(8) — y2(2)) + g(£) (%1(£) — %2(2)) ]

—Ses(t, )| (0(®) =32 (0 (®)]

)|: r(t)a(t)
(a(t) + d(@)x1(2))(a(t) + d(t)xa(2))

|W1A(t)| x1(0 ()
+ 1+ m(t) xl(t)xz(t)] ‘X1(t) _xz(t)|
lm®(6)| 1

1+ m(t) x,(2)

=e_s(t, T) sgn (1 () — x2(2)) |:

<-e_ (t) T

- g()

—r(t)b(t) -

—es(t,T) i |x1(0 () — %2 (0 (2))|
M1 + &0

—e_s(t, T)(n(t) — r(£)c(®)) |31(6) = 32(0)|
—de_s(t, T)|y1 (c@®) -y (G(l’))|

rlal

[a* + d*(M; + &9)]?

<-es(t T)( —g“> |1() = %2(8)]

—e_s(t, T)(n' = ") (@) - 32(8)]
rlal

et gt
(

— Ly (x6) (1 + m())| + (' = ¢*) |31 2) -yz(t)|]

<-ve_s(t, T)(|Lr(x (&) (1 + m(2))) — L (x2(6) (1 + m(®))) | + |1(8) — 32(2)|)

=—y V(o). (3.12)

By the comparison theorem and (3.12), we have

M1+ o

V() < e, (t, T)V(T) < 2(
mp — &o

+ M, + so)e_y(t T),
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that is,

e_s(6, T)(|Lr(x1(8) (1 + m(2))) — Ly (x2(6) (1 + m(2)))| + |31(8) — 2(0)])

M +
<2( L+ %0 +M2+80>6_y(t,T),

my — &
then
t)— t t)— t
My v ey O 2O+ () =00
M
< 2( 1t¢€o + M; + 80> (_y)e(_a)(t, T). (3'13)
my — &g

Since 1 — ()8 <0 and 0 < y < §, then (—y) & (-98) < 0. It follows from (3.13) that
lim |x1(t) - xz(t)| =0, lim |y1(t) —yz(t)| =0.
t—>+00 t—>+00

Case II. If 1(¢) = 0, set § = 0, then o (£) = ¢ and e_s(¢, T') = 1. Calculating the upper right
derivatives of V(£) along the solution of system (1.1), it follows from (3.9)-(3.11), (H3) and
(H3) that for ¢ € [T, +00) T,

D*V(z)

xp(6)  xp(2)
x1(t)  x2(2)

=%dmm—m®m >+%Mmm—nmxﬁm—ﬁ@»

a(t)
(a(t) + d()x1(2))(a(t) + d(t)xa(2))

= sgn(x1(¢) — x%2(2)) r(2) |:—< + b('«‘)) (%1(8) - %2(2))

—e(t)(n(0) - J’z(t))}

+sgn(y1(8) = 72()[-n®) (1) - y2(2)) + g(®) (%1(£) — %2(2)) ]

- _( r(t)a(t)
(a(t) + d()x1(2))(a(t) + d(£)x2(2))

- (n(@®) = r@)c(®)) |31 (8) - y2(2)|

+r(£)b(t) —g(ﬂ) EAGEEAG]

11
< —<(m1 - 80)( i d”r(}a\/ll PP +7b —g”) |Lr (x1(2) (1 + m(2)))

— Lo (a4 m(®))] + (1 =) ) —y2<t>|)

< P(|Lr (&) (1 + m(8))) = L (x2(£) (1 + m(®))) | + |31(8) = y2(2)])
<-yV(®), (3.14)

1.1l
T4 5 +7'b — g*), n — rc*}. By the comparison theorem

where 7 = min{(m; — 80)(m

and (3.14), we have

M1+8()

V@)seﬂiaTﬂdT)<2(
my — &

+ M, + so) e, (t,T),
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that is,

L (%1(6) (1 + m(2))) = Ly (x2() (1 + m(©))) | + [1.(2) — 2(2)|

M
< 2( 1+ %0 + M, +so>ey(t, T),

m; — &g
then
L L@ —m®)] + (@ - 30|
Ml +&o
M
< 2( 120 My + 80>ey(t, 7). (3.15)
m; — &g

It follows from (3.15) that

lim |x1(¢) - x2(2)| = 0, tgﬂnoobl(t) -»(t)|=0.

—+00

From the above discussion, we can see that system (1.1) is globally attractive. This com-
pletes the proof. g

Theorem 3.1 Assume that conditions (Hy)-(Hs) hold, then system (1.1) has a unique glob-
ally attractive positive almost periodic solution.

Proof By Lemma 3.2, there exists a bounded positive solution u(t) = (u1(¢), ux(2)) € S(T),
then there exists a sequence {t;}, {t;} — +00 as k — +00, such that (u, (¢ + £;), ua(t + 1)) is
a solution of the following system:

X2 =r(t + t)x()[1 - W —b(t+t)x(o(t+ 1) —clt + £ )y®)],

y2(8) = —n(t + )y (t) + g(t + £)x(t).

From the above discussion and Lemma 2.1, we have that not only {u;(t + )}, i = 1,2, but
also {uf(t + )}, i = 1,2, are uniformly bounded, thus {u;(¢ + £)}, i = 1,2, are uniformly
bounded and equi-continuous. By the Ascoli-Arzela theorem, there exists a subsequence
of {u;(t + tx)} S {u;(t +t;)} such that for any € > 0, there exists a N(¢) > 0 with the property
that if m, k > N(¢) then

|u,»(t+ t) — ui(t + tk)} <g, =12,

It shows that u;(t), i = 1,2, are asymptotically almost periodic functions, then {u;(¢ + )},
i = 1,2, are the sum of an almost periodic function g;(¢ + ), i = 1,2, and a continuous
function p;(t + t), i = 1,2, defined on T, that is,

u(t+t) =p(t+ ) +qi(t + ), VteT,
where

lim p;(t+ %) =0, lim g;(t + &) = qi(t),
k—+00

k—+00

q:(t) is an almost periodic function. It means that limy_, ;oo u; (£ + &) = q;(¢), i =1,2.
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On the other hand,

u;(t+ ty + 1) — u;(t + &)

lim uiA(t+tk) = lim lim
—+00 k—+o00 h

—0 h
. o ui(t+ e+ h) —ui(t+ ty)
= lim lim
h—0 k—+00 h
- lim qit +h) - qi(t).
h—0 h

So, the limit ¢;(¢), i = 1,2, exists.

Next, we shall prove that (g1(£), g2(£)) is an almost solution of system (1.1).

From the properties of an almost periodic function, there exists a sequence {t,}, ¢, —
+00 as n —> +00, such that r(t +¢,) — r(t), a(t +t,) — a(t), b(t +t,) — b(t), c(t +t,) — c(t),
d(t + t,) = d(&), n(t + t,) = n(¢), g(t + t,) — g(t), o (¢ + £,) = o (¢) as n — +0o uniformly
on T.

It is easy to know that u;(t + t,) — q;(¢), i = 1,2 as n — +00, then we have

gt @t) = lim ul(t+t,)

Hn—>+00

lim r(t+ t)u(t +t,)

n—+00

[1 w (t+t,)
B a(t+t,) +d(t+ t,)u(t + t,)

= b(t + ty)u (o (¢ + £,)) — (£ + t)ua (t + tn)]

_ q:(2)
=r()q(¢) |:1 - m -b()q (U(t)) - C(t)42(t)i|,
gy (&)= lim_uy (¢ +ty)

lim [—n(t + L) up(t + t,) + gt + t,)x(t + tn)]

n—+00

=-n()q2(t) + gO)q1 (2).

This proves that (g1(£), g2(¢)) is a positive almost periodic solution of system (1.1). To-
gether with Lemma 3.3, system (1.1) has a unique globally attractive positive almost peri-

odic solution. This completes the proof. d

4 Example and simulations
Consider the following system on time scales:

x2(¢) = (0.8 + 0.2 sin v/28)x(2)[1 - m —x(o(2)) - 0.2y(2)],

y2(£) = —(0.4 + 0.1 cos +/3t)y(t) + (0.015 + 0.005 sin v/2£)x(¢). 1)

By a direct calculation, we can get

=1, #=0.6, a* =5, a =4,
pi=b=1, = =02, d“=d =0.01,

n" =0.5, =03, g“=0.02, g'=001, M=1 = M;=0.0667,
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0.06

> 0.04

0.02 *

0.06

> 0.04

0.02 : :
0.5 0.6 0.7

(x(0),y(0)) = {(0.5,0.06);(0.8,0.02);(1,0.03)}.

X

0.8

Figure 1 T =R. Dynamics behavior of system (4.1) with initial condition
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< 0.04
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0.75

0.85

t

0.9

0.95

Figure 2 T = Z. Dynamics behavior of system (4.1) with initial condition (x(1),y(1)) = (1,0.05).

then

ra

M,
1-— -c"M;=0.7367 >0,
a

n' —r*c* = 0.1000 > 0,

la + d“M;]>

g"=0.0756 >0,
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that is, conditions (H;)-(Hs) hold. According to Theorem 3.1, system (4.1) has a unique
globally attractive positive almost periodic solution. For dynamic simulations of system
(4.1) with T =R and T = Z, see Figures 1 and 2, respectively.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors contributed equally and significantly in writing this paper. The authors read and approved the final
manuscript.

Acknowledgements
This work was supported by the National Natural Sciences Foundation of China (Grant No. 11071143) and the Natural
Sciences Foundation of Henan Educational Committee (Grant No. 2011A110001).

Received: 30 January 2013 Accepted: 19 June 2013 Published: 3 July 2013

References
1. Zhang, G, Shen, Y, Chen, B: Positive periodic solutions in a non-selective harvesting predator-prey model with
multiple delays. J. Math. Anal. Appl. 395(1), 298-306 (2012)
2. Zhang, X, Wang, M: Multiple periodic solutions of a ratio-dependent predator-prey discrete model. Discrete Dyn. Nat.
Soc. 2012, Article ID 713503 (2012)
3. Liy, G, Yan, J: Existence of positive periodic solutions for neutral delay Gause-type predator-prey system. Appl. Math.
Model. 35(12), 5741-5750 (2011)
4. Hu, D, Zhang, Z: Four positive periodic solutions of a discrete time delayed predator-prey system with nonmonotonic
functional response and harvesting. Comput. Math. Appl. 56(12), 3015-3022 (2008)
5. Shen, S, Weng, P: Positive periodic solution of a discrete predator-prey patch-system. Acta Math. Appl. Sin. 24(4),
627-642 (2008)
6. Itokazu, T, Hamaya, Y: Aimost periodic solutions of prey-predator discrete models with delay. Adv. Differ. Equ. 2009,
Article ID 976865 (2009)
7. Wu, W, Ye, Y: Existence and stability of almost periodic solutions of nonautonomous competitive systems with weak
Allee effect and delays. Commun. Nonlinear Sci. Numer. Simul. 14, 3993-4002 (2009)
8. Niu, C, Chen, X: Almost periodic sequence solutions of a discrete Lotka-Volterra competitive system with feedback
control. Nonlinear Anal., Real World Appl. 10, 3152-3161 (2009)
9. Liu, Q: Almost periodic solution of a diffusive mixed system with time delay and type Il functional response. Discrete
Dyn. Nat. Soc. 2008, Article ID 706154 (2008)
10. Wang, C, Shi, J: Positive almost periodic solutions of a class of Lotka-Volterra type competitive system with delays and
feedback controls. Appl. Math. Comput. 193, 240-252 (2007)
11. Spedding, V: Taming nature’s numbers. New Sci. 2404, 28-31 (2003)
12. McKellar, R, Knight, K: A combined discrete-continuous model describing the lag phase of Listeria monocytogenes.
Int. J. Food Microbiol. 54(3), 171-180 (2000)
13. Bohner, M, Peterson, A: Dynamic Equations on Time Scales: an Introduction with Applications. Birkhauser, Boston
(2001)
14. Hu, M, Wang, L: Dynamic inequalities on time scales with applications in permanence of predator-prey system.
Discrete Dyn. Nat. Soc. 2012, Article ID 281052 (2012)
15. Mozyrska, D, Torres, D: The natural logarithm on time scales. J. Dyn. Syst. Geom. Theories 7, 41-48 (2009)
16. Li, Y, Wang, C: Uniformly almost periodic functions and almost periodic solutions to dynamic equations on time
scales. Abstr. Appl. Anal. 2011, Article ID 341520 (2011)
17. Li, Y, Wang, C: Almost periodic functions on time scales and applications. Discrete Dyn. Nat. Soc. 2011, Article ID
727068 (2011)
18. He, C: Almost Periodic Differential Equations. Higher Eduction Publishing House, Beijing (1992)

doi:10.1186/1687-1847-2013-196
Cite this article as: Hu and Lv: Almost periodic solutions of a single-species system with feedback control on time
scales. Advances in Difference Equations 2013 2013:196.



http://www.advancesindifferenceequations.com/content/2013/1/196

	Almost periodic solutions of a single-species system with feedback control on time scales
	Abstract
	Keywords

	Introduction
	Preliminaries
	Main results
	Example and simulations
	Competing interests
	Authors' contributions
	Acknowledgements
	References


