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1 Introduction

During the last few decades, the problem of H,, control for continuous time systems with
time delays has been extensively investigated [1, 2]. In the discrete-time context, there is
rapidly growing interest in H, control for a discrete-time system due to its being fre-
quently encountered in many practical engineering systems such as chemical, electronics,
process control systems and networked control systems [3-5]. Furthermore, in the state
feedback case, the augmentation approach generally leads to a static output feedback con-
trol problem, which is non-convex [6]. Control of stochastic systems is a research topic of
both practical and theoretical importance, which has received much attention [7, 8]. Many
results related to stochastic systems have been reported in the literature. For instance, an
optimal stochastic linear-quadratic control problem was investigated by a stochastic alge-
braic Riccati equation approach in infinite-time horizon in [9], where the diffusion term
in dynamics depends on both the state and the control variables. It is important to invest
H,, control problem.

In recent years, there has been increasing interest in the analysis of hybrid and switched
systems due to their significance both in theory and applications. Switched linear con-
trol systems, as an important class of hybrid systems, comprise a collection of linear sub-
systems described by differential/difference equations and a switching law to specify the
switching among these subsystems. A switched system is a type of a hybrid system which
is a combination of discrete and continuous dynamical systems. These systems arise as
models for phenomena which cannot be described by exclusively continuous or exclu-

sively discrete processes. Moreover, control design remains open for the switched systems
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that exhibit switching jumps and subsystem models. Most recently, on the basis of Lya-
punov functions and other analysis tools, the control design for linear switched systems
has been further investigated and many valuable results have been obtained; for a recent
survey on this topic and related questions one can refer to [10-25].

It well known that most of the existing literature has focused on Lyapunov asymptotic
stability for switched systems, the behavior of which is over an infinite time interval. On
the other hand, many concerned problems are the practical ones which described system
state which does not exceed some bound over a time interval. To deal with the above
problem, in 1961, Dorato proposed the concept of finite-time stability in [26].

Over the years, many research efforts have been devoted to the study of finite-time sta-
bility (FTS) of systems. In the study of the transient behavior of systems, FTS concerns the
stability of a system over a finite interval of time and plays an important role. It is worth
pointing out that finite-time stability and Lyapunov asymptotic stability are different con-
cepts, and they are independent of each other. Therefore, it is important to emphasize the
distinction between classical Lyapunov stability and finite-time stability. The problem of
finite-time stability has been accordingly studied in the literature [26—4.0].

Recently, some papers related to finite-time stability for switched systems can be found.
For example, based on the average dwell time technique, the problem of finite-time bound-
edness for a switched linear system with time-delay was investigated in [17], and [39] dis-
cussed the static-state feedback and dynamic output feedback finite-time stabilization. But
to the best of our knowledge, the finite-time H,, control problems for switched discrete-
time systems with average dwell time have not been studied, and this motivates us to con-
sider this interesting and challenging problem.

The main contribution of this paper lies in that we present a novel approach to finite-
time stability of a switched system. Moreover, several sufficient conditions ensuring finite-
time stability and boundness are proposed with different information from what we know
about the switching signal. It is shown that less conservative results can be derived when
more information about the switching signal is available. By selecting the appropriate
Lyapunov-Krasovskii functional, the sufficient conditions are derived to guarantee finite-
time boundness of the systems. The finite-time boundness (FTB) criteria can be tackled in
the form of LMIs. Finally, an example is used to illustrate the effectiveness of the developed
techniques.

Notations: Throughout this paper, we let P> 0 (P > 0, P < 0, P < 0) denote a symmet-
ric positive definite matrix P (positive-semi definite, negative definite and negative-semi
definite). For any symmetric matrix P, Amax (P) and Apin(P) denote the maximum and mini-
mum eigenvalues of matrix P, respectively. R” denotes the n-dimensional Euclidean space
and R refers to the set of all # x m real matrices. The identity matrix of order # is de-
noted as I,,. * represents the elements below the main diagonal of a symmetric matrix. The
superscripts T and —1 stand for matrix transposition and matrix inverse, respectively.

2 Preliminaries
In this section, we give a mathematical description of the problem under the study, fol-
lowed by a definition of the average dwell time for a discrete switched system.

Consider the following switched discrete-time system:

x(k +1) = Agpyx(k) + Boou(k) + Cogy(k),

(1
z(k) = Ly @x(k) + Doy u(k),
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where x(k) € R” is the discrete state vector of the system, u(k) € R/ is the control input,
z(k) € R™ is the controlled output, w(k) € R? is the noise signal which satisfies

N
Z oT(Kw(k) < d. (2)

k=0

o(k): Z* — N ={1,2,...,N} is called a switching law or switching signal, which is a
piecewise constant function of discrete-time k and takes its values in the finite set .
N > 0 is the number of subsystems. For simplicity, at any arbitrary discrete-time k € Z*,
the switching signal o (k) is denoted by o. Matrices As), Bsk)» Co(k)» Do(k) and Lok are
constant real matrices with appropriate dimensions for all (k) = i € . We denote the
matrices associated with Ag(k) =A;, Ba(k) =B, Cg(k) =C, Dg(k) =D; and Lg(k) =L,

Definition 2.1 [17] For any k > ko and any switching signal o (), ko < < k, let N, (ko, k)
denote the number of switchings of o (k). If

k — ko

a

Ncr (kO) k) =< NO +

3)

holds for Ny > 0 and T}, > 0, then 7, is called the average dwell time and Nj is the chatter
bound.

Remark 1 The concept of average dwell time has been modified to fit the discrete-time
ones in some existing literature [26-31]. The definition of average dwell time in Defini-
tion 2.1 is borrowed from these existing results. For simplicity, but without loss of gener-
ality, we choose Nj = 0 in what follows.

Definition 2.2 [27] The discrete-time linear system
x(k+1) = Ax(k), k€N,

is said to be finite-time stable (FTS) with respect to (¢, ¢y, R, N), where R > 0 is a pos-
itive definite matrix, 0 < ¢; < ¢; and N € N, if xT(0)Rx(0) < ¢; = xT(k)Rx(k) < ¢y, Vk €
1,2,...,N}.

Definition 2.3 [27] The discrete-time linear system
x(k +1) = Ax(k) + Gw(k), k€N,

subject to an exogenous disturbance w(k) satisfying (2), is said to be finite-time bounded
(FTB) with respect to (c1,¢2, R, d,N), where R > 0 is a positive definite matrix, 0 < ¢; < ¢3
and N e NV, if xT(0)Rx(0) < ¢; = T (k)Rx(k) < ¢, Vk € {1,2,...,N}.

Definition 2.4 [4] For y >0, 0 <c; < ¢y, R is a positive definite matrix, system (4) is said
to be Hy finite-time bounded with respect to (c1, ¢z, d, ¥, R, N), the following condition
should be satisfied:

N N
Y T Rzk) <y* Y o (Do) ()
k=0 k=0
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Under zero initial condition, it holds for all nonzero w: Zﬁo oT(kK)wk) <d.
In this paper, applying state feedback control u(k) = K, x(k) to (1), we get

x(k +1) = (A ) + Bo (0 Ko (0))2(k) + Coyeo(k),
z(k) = (Lo () + Do () Ko (1) )% (k).

3 Finite-time stability analysis
Theorem 3.1 Counsider switched system (5) for given positive scalars ¢, and c; with c; < ¢,
nw>0,7,>0,a>0.Let P; = R‘%I_’iR‘% for all admissible w(k) subject to condition (2), if

there exist symmetric positive definite matrices P;, Q;, 1 <i < N, and Ay = Apin(P;), Ay =

Amax (Pi)s A3 = Amax (Qy), such that the linear matrix inequalities

[-@+a)p, 0 ATP
* -Q Cfp| <0, (6)
i * # _Pj
Pi<uP;, VieN, (7)
[—p;t PR MR T
S Y ’ <0, view, ®)
* MR S
)\.1C2
1 9
L+ N (hocr + 2ad) ©
hold, and the average dwell time of the switched discrete-time signal o (k) satisfies
. N1
T, > T, = il (10)

In(A1cy) = NIn(1 + &) — In(hocy + Asd)”

Then switched discrete-time system (5) with z(k) = 0 is finite-time bounded with respect
to (c1,¢2,d,R,N).

Proof We consider the following Lyapunov-Krasovskii functional:
V (%, 0 (k) = 27 (k) Py (k). (11)

Taking the difference between the Lyapunov function candidates for two consecutive

time instants yields

AV (x, 0 (K))
= V (a1, 0k +1)) = V(2,0 (k)
= xT(K)[(A; + BEK)TP,A; — P;]x(k) + 257 (k)AT P;,Cioo(k)
+ T (k)CT P,Cioo(k)

|:x(k):|T [A,T PA—P; AT p,ci] |:x(k)]
- . 12)
w(k) CTPCi | | w(k)

Page 4 of 13
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From condition (6), we can obtain
AV(xk, a(k)) < aV(xk,cr(k)) + w7 (k)Q;w(k).
Equations (9) and (11) yield

V(xk0 (k) <1+ )V (%1, 0 (k - 1))

+ sup{kmax(Qi)}wT (k-Dw(k -1)
ieN

<(1+a)V (2 0(k-2)

+ Sup{)‘maX(Qi)}(l +a)o’ (k-2)w(k —2)
ieN
+ sup{)‘max(Qi)}wT (k—-Dok-1)<---
<@ +a) V(a0 (k))

k-1

+ Sup{)\max(Qi)} Z(l + Ol)kilisa)T(S)a)(s).

ic s=k;

Noticing (7), we know that
V(%0 (k) < wV (%, 0 (k).
Thus

V(6,0 (k) < (1 + )1V (0, 0 (k)

k-1

+sup{Amax(Q)} D (1 + ) 0T (s)o(s)
ieN

s=ky

<L+ @)V (a0 (ki)

k-1
+5up{ Amax (Q)} Y (1 + @) 0T (s)ar(s)
ieN sk
ki

Tu Sup{)\max(Qi)} Z (1 + a)kilisa)T(S)a)(s)
ieN

s=kj1
< e

< ,U«NU (O,k)(l + a)kV(x(), O’(O))

k1

+ 1N OR sup R (Q)} ) (1 + @) 0T (s)eols)

ieN =0

ko
4 otk sup Pmax(Q)} Y1+ @) 0T (s)ao(s)

s=ky

+ ..
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k-1
+ Sup{)‘max(Qi)} Z(l + a)kilisz(S)a)(S)
ieN s

< uNe @R (7 4 a)kV(xo, a(0)) + u™ ©0 Sup{)‘max(Qi)}

LE,

k-1
x 2(1 + @) 10T (5)w(s)

s=0
<N OO s @V (x0,0(0) + s%{xmax<Q»}d}. (16)
S
Define P; = R’%[_),-R’%, ieN,thenVke(l,2,...,N}, we have
17)

LE,

V (w0 (k)) = 2T (QR? PiR22(K) = inf {huin(P) 2T (OR(K).
Using the fact o > 0 and xT(0)Rx(0) < ¢;, for Vi € N/, we have

V(%0,0(0)) < sup{Amax(P) }2T(0)Rx(0) < sup{Amax (P;) }c1.
ieN ieN

Then we can obtain

xT(k)Rx(k)
N7 OO (1 + )N {sup;c ar{Amax (Pi)}er + Sup;enr{hmax (Qi)}dl}
infien {(Amin(Pi)}

. M% (1 + )N {sup;c nr{Amax (Pi)}er + Sup;car{Amax (Qi)}el} (19)
infie nr {Amin (P;)} .

From (8), we have
MR<P;i< R = MI<P; <l (20)

Define sup;c - {Amax (Q)} = A3, since sup;cr {Amax(P)} < A2, infienr{Amin(P)} = A1 and by
condition (19), we can obtain
(21)

N
T N
ATUORKK) < e (1 + o) )\()»201 + lad)‘
1

When p = 1, which is the trivial case, from (21), xT(k)Rx(k) < c;. When u > 1, from (9),
In(A1c2) = Nn(1 + &) — In(Ay¢; + A3d) > 0. By virtue of (10), we have

N 1H()\.1C2) - NlIl(l + Ol) - ln(kzcl + )\.361)
—< . (22)
T, Inp
Substituting (22) into (21) yields
xT(k)Rx(k)
]n(Alcz)—Nln(11+a)—ln()»201+k3d) (1 )N()\ N d)
n /L
ad POy ARGt AR e, 23)

<
A
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Thus we can conclude that switched discrete-time system (5) with (k) = 0 is finite-time
bounded with respect to (cy, ¢3,d, R, N). The proof is completed. d

4 Finite-time H,, performance analysis

Theorem 4.1 Consider switched discrete-time system (5). If there exist symmetric positive
definite matrices P;, 1 <i < N, and positive scalars k >0, 2 >0,0<c1<c3,d>0,a >0,
such that Vi € N, the linear matrix inequalities

[—(1 + )P, 0 (A + BK)TP, (L + DT
* V21 T
. (lju)N Cilf)’ 8 <0, (24)
-P;
i * * -]
P, <uP, VieN, (25)
-p;1 prAR kR I
i fi %o, * <0, view, (26)
-R * _pr
—Cy \/C—l N <0, (27)
-1 +a)Vk

hold, and the average dwell time of the switched discrete-time signal o (k) satisfies

. Nlnp
T,>T, =

_ 28
“ Incy —In(y2d) (28)

Then switched system (5) is finite-time bounded with H., performance level y for any
switching discrete-time signal with respect to (c1,c2,N,d, R, o).

Proof We will show the Hy, performance of system (5), from Theorem 3.1, we have

AV (xx, 0 (k)

i [x(k) T [(Ai + BK)TP(A; + BK) ~ P (A; + BK)TP,Ci } {x(k)} 29)

a)(k) CITP]C, a)(k)
Define
_ v?
J(k) = 27 (k)z(k) - T o7 (K)w(k). (30)
From (12) it follows
A V(xk, U(k)) +J (k)
|:x(k):|T |:El,1 (A, +BJ(,)TP]CL:| |:x(k):|
= o ’ (31)
@ | | CTP,C (k)

where

E11 = (A; + BiKy)TPi(A; + BiKy)(L; + DiK;)T(L; + DiK;) — Py

Page 7 of 13
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From (24) and the Schur complement, we have

AV (x,0(k)) +J(Kk) < 1V (x5, 0 (K)). (32)
It follows from (32) that

AV (a0 (k) <@V (xr, 0 (k) - J (k) (33)

which means

V(xk, o(k))
<+ o)V (xp1,0(k—1)) +J(k-1)
<(1+a)*V(xr2,0(k-2))

+Jk-1)+ 1 +a)J(k-2)

k-1

<<+ a) V(x,0(0) = Y (L+a) T (s). (34)
s=0

Under the zero-initial condition, we have V(xg,5(0)) = 0, and due to the fact V(xy,
o(k)) > 0, it yields

k-1
> @+ )i =0, (35)
s=0

which means

2

k-1 k-1
L+ S 0T (o) = Y 2T(6)(s)
s=0 s=0

1+ a)N
N N
= P2 oTGwl) =Y 2T (s)z). (36)
s=0 s=0

According to Definition 2.4, we know that Theorem 4.1 holds. This completes the
proof. O

5 Finite-time H,, control design

Theorem 5.1 Consider finite-time switched discrete-time system (1) and a given scalar
y > 0. Then there exists a switched Hy, control in the form of u(k) = K, qx(k) such that
switched discrete-time system (5) is finite-time bounded with H., performance level y, if
there exist symmetric positive-definite matrixes P;, X;, Y; and Z; such that Vi e N,

~(1+a)Y; 0  YAT+X'BT Y,LT+X'D]

* _ 1/21 T
(L+a)N Ci 0 <0, (37)
% * _Zj 0
* * iy

P, <uP;, VYielN, (38)
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=Y, YiR kR I )
[ , }0, [ * }0, Vie N, (39)
* -R # -Y;

@ 1 (40)
_— 51,
(1+a)Nkey +y2d

hold, and the average dwell time of the switched discrete-time signal o (k) satisfies

. Nlnp Inu
= el ol 41
fa”%a max{ Inc; —In(y%d) «o } (41)
Then the set of state feedback controllers is given by
X;=K/P', VijeN. (42)

Proof Pre-and post-multiplying (24) with diag{P; ", 1, P, I} and diag{P; ", I, P;*, I}, respec-
tively, then (24) is transformed into

-1 +a)P;! 0 PAAT + PIKTB]  P7'LT + PYKT D]

_ vl T
(1+a)N G 0 <0. (43)
E _1)1‘_1 0
* _J

Denote

=P,  Z=P, Xi=KP;, VijeN.

Therefore, we can obtain (37). The proof is completed. d

Remark 2 In our paper, finite-time stability and Lyapunov asymptotic stability are inde-
pendent concepts: a system which is finite-time stable maybe not Lyapunov asymptotically
stable. On the contrary, a Lyapunov asymptotically stable system could be not finite-time
stable, and during the transients, its state exceeds the prescribed bounds.

Remark 3 In many actual applications, the minimum value of y2_is of interest. In The-
orem 4.1, as for finite-time stability and boundness, once the state bound c; is not ascer-
tained, the minimum value ¢ min is of interest. With fixed « and w, defining 41 =1, A, = «,

we then can formulate the following optimization problem to get the minimum value ¢ min:

min ¢y
s.t. (26), (27) and (28).

Therefore, the optimal value of p(f) can be derived through the convex combination of
y2. and cymin, i.e., denote 0 < ¥ <1, p(?) = ¥y + (1 — ¥)camin, which can be obtained
through

min p(9)
s.t. (26), (27) and (28).

Page9of 13
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The optimized controller gains X; = K;P;*, Vi,j € N can be derived by optimization pro-

cedure min, > k subject to (39) and (40) with fixed y and minimum c;.

Remark 4 In this paper, if we can find a feasible solution with the parameter u = 0,
through the discussion above, we know that the designed controller can ensure both finite-
time and asymptotical stability of the delayed switched system. While in most situations
we obtain controller with u > 0, and only finite-time stability can be established. There-
fore, in real applications, asymptotical stabilizing controller for each subsystem should be
designed to ensure asymptotical stability, which can be easily obtained by existing results

for a non-switched system.

6 lllustrative example

Example 1 Consider a finite-time stabilization of the switched system as follows:

1499 -1.019 -0.601
A =| 0138 -138 -1172 |,
| -1587 0.955 -0.577

[-0.836 0.302 -0.949 |
Ay=| 0853 0.416 0.542 |,
| 0477 0.043 —0.821

[-1.072 0981 0252 |
Bi=|-1.074 -1759 -0.610|,
| 0.870 -0.148 0.761 |

0254 0677 -0.240
By=|-0153 0.849 0921 |,
| —0.557 0.469 —0.907

[ 0.144 -0.844 0.442
C=| 139 1943 -0.804 |,
| 0190 -0.247 0.288

[0.467 1205 -1.991]
C,=]0.005 -1.404 0.028
| 0326 0206 1931 |

0941 0528 1.615 |
Dy =|-0.007 1057 -0.816 |,
| -0.338  0.015 -1.998 |

[~0.748 —0.847 -0.492
Dy=|-0199 1337 -0.969 |,
| -0.373  -1616 —0.474

-0.666 -0.821 -1.855
Li=| 0478 0.101  1.800 |,
-1.041 1.084 -0.878
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0.6477 -0.517 -0.606
L,=| 1050 0.024 0.272
1323 -0.162 0.359

In this paper, disturbance ) ;o) oT(k)w(k) < 1. The control objective is to find a feed-
back controller ensuring system (5) is finite-time bounded with respect to (c1,c2,d, R, N)
and minimum value of yn%in + Camin. Choose ¢; =2, d =8 and « = 3.35. According to Theo-
rem 5.1, the optimal value of yrﬁin + C2min depends on parameter p. Through LMI then we
see that the feasible solution is y =1.72, ¢; = 61.512 and u = 3.75.

The state feedback controllers are given as

[ 23.366 119.322 -109.468
Ky =|-454.469 333.654 406.088 |,
| 478929 -296.609 -78.267

[ 48.041  155.125 690.152
Ky =|-467.431 -18.232 38.023
| -900.225 92.460 291.209

According to (28), for any switching signal o (k) with average dwell time 7, > 7, = 2.768,
system (5) is finite-time stochastically bounded with respect to the above parameters. Fig-
ure 1 shows the switching signal o (k) with average dwell time 7, = 2.8.

Choose the initial condition [-0.4, 0.3], then switched discrete-time system (5) is finite-
time bounded. The state responses of a filtering error system is shown in Figure 1. It can
be seen that the designed filter meets the specified requirement. The state trajectory of
system (5) is shown in Figure 2, where the initial state x(0) = [0.4 — 0.2]. From Figure 2, it

is easy to see that system (5) is finite-time bounded.

2.5

2 —_—
K]
f=
k=2
2]
215t 1
<
g
=
2]

1 |- 4

0.5 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20
t/sec
Figure 1 Switching signal o (k).
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0.5

X
0.4 2 |

0.3 J

0.2 4

011 4

State trajectory of the system

—0.1F |t J

0.2 . . . . . .
0 10 20 30 40 50 60 70

Time

Figure 2 State trajectory of system (5).

7 Conclusions

In this paper, we have examined the problems of finite-time Hy, control of a switched
discrete-time system with average dwell time. Based on the analysis result, the static state
feedback control of finite-time boundness is given. Although the derived result is not in
an LMIs form, we can turn it into the LMIs feasibility problem by fixing some parameters.
A numerical example has also been given to demonstrate the effectiveness of the proposed
approach. It should be noted that one of future research topics would be to investigate the
problems of synchronous or asynchronous estimation for the switched neural network
under the dwell time over a finite-time horizon.
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