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Abstract

Given the sequence of Pell numbers {P,}, we evaluate the integral part of the
reciprocal of the sum Y 2, ;—3 explicitly in terms of the Pell numbers themselves.
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1 Introduction

For any integer n > 0, the well-known Pell numbers P, are defined by the second-order
linear recurrence sequence P,,, = 2P,,1 + P,, where Py = 0 and P; = 1. The Pell-Lucas
numbers Q, are defined by Q.2 = 2Qu1 + Q, where Qo =2 and Q; =2. Letw =1+ V2
and B =1- /2. Then from the characteristic equations x% - 2x —1 =0, we also have the

computational formulae

P,= %(a” -p") and Q,=a"+p"
For example, the first few values of P, and Q,, are Py =1,P; =2,P =5,P3 =12,P4 = 29,...,
Q0=2,Q1=2,Q=6,Q3=14,Q4 =34,Q; = 82,....

Various properties of the Pell numbers and related sequences have been studied by many
authors, see [1-6]. For example, Santos and Sills [3] studied the arithmetic properties of
the g-Pell sequence and obtained two identities. Kilic [4] studied the generalized order-k
Fibonacci-Pell sequences and gave several congruences. Recently, the authors [7] and [8]
studied the infinite sums derived from the Pell numbers and proved the following identi-

ties:
o0 -1 . .
Z i ) Pua+ Py if nis even and n > 2;
Py P,1+P, -1 ifnisoddandn>1,

-1
i 1 2P, 1P, —1 if nis an even number;
pa P} 2P, 1P, if  is an odd number,
where |x] is the floor function, that is, it denotes the greatest integer less than or equal
to x.

Some related works can also be found in [9] and [10]. Especially in [10], the authors
studied a problem, which is little different from (1). That is, they studied the computa-
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tional problem of the nearest integer function of (3 -, ul—k)‘1 and proved an interesting

conclusion:

[

where | - || denotes the nearest integer, namely ||x|| = [x+ %J, {u,} >0 is an integer sequence

=u,—u,; foralln>ng,

satisfying the recurrence formula
Uy=aAUy ) + Uy g+ + Uy (S=2)

with the initial conditions % > 0, uxy e N,1 <k <s-1.
Using the method in [10] seems to be very difficult to deal with (}_72,, Mis)’1 for all inte-
3
gers s > 2.

The main purpose of this paper related to the computing problem of

00 -1
1
Pm=| (3 = M
o L(kn Pi) J

for all integers s > 3. At the end of [7], the authors asked whether there exists a corre-
sponding formula for P(3, n).

In fact, this problem is difficult because it is quite unclear a priori what the shape of
the result might be. In order to resolve the question, we carefully applied the method of
undetermined coefficients and constructed a number of delicate inequalities in order to

complete a proof. The result is as follows.
Theorem For any positive integer n > 1, we have the identity

PP,y +3P, P2 + |-8P,— 2P| if nisevenandn>2;

PP,y +3P, P2 + | &P, + %Py1]  if nisoddandn>1.

P(3,n) =

It remains a difficult problem even to conjecture what might be an analogous expression
to the formula for P(3, n) in the theorem for P(k, n) when k > 4.

2 Proof of the theorem
In this section, we shall prove our theorem directly. First we consider the case that n = 2m

is an even number. It is clear that in this case our theorem is equivalent to

P3Py +3P2, P, | — —(61Py, + 91Py,, 1)

1
82

-1
00
1 1 1
< (kgzm P_i) < P%mpgm_l + 3P2mP§m_1 - 5(611)2”,, + 91P2m—1) + 8_2
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or

1
P}, Pon-t +3P2uP3,, | — o (61Pyy + 91Py 1) + o5

oo

1 1

< =< . 2)
g;n P} P3Pyt + 3PPy, 1 — 55 (61P2y + 1Py 1)
Now we prove that for all positive integers k, we have the inequality
1 1 1
m tm < ) 1
PZk P2k+1 P2kP2k*1 + 3P2kP2k,1 - 8_2(61P2k + 91P2k,1)
1

3)

P yPoici1 + 3PoiaPl,y — 55 (61Poiyn + 91Pois1)

It is clear that (3) holds for k = 1,2, 3 and 4. So, without loss of generality, we can assume
that k > 5. Note that P, = §(Pex — 3Po), P31 = §(Pekss + 3Poss1), Py + P3y,; = §(Poras +
Pej + 3Paks1 — 3Poi), Py P31 = 213 (Quakes — 6Qsier2 + 9Quks + 4) and

1
Py Po_y + 3Py Py = g (Pok-1 + 3Pek + 5Pt + 5Px),

so inequality (3) is equivalent to

8(Pek+3 + Pk + 3Pyis1 — 3Pox)
Qu2k43 = 6Q8ks2 + 9Qups1 + 4
378Pgi1 + 154Psi_3 — L2 Pyjes1 — 32 Py

< . (4)
(Psi-1 + 3Pek—2 — 33 Por — 22 Pyi_1)(Pekss + 3Poksa — 33 Paksa — 22 Pass1)

From the definition and properties of P, and Q,, we can easily deduce the identities

1 (-1)k
PPy = gQVI+k - TQn—k: n>k,

QuQxk = Quek + (-1)* Qi n >k,
PyQi = Ppg + (-1)fP,p, n>k.

So, applying these formulae, we have

1
(Pek-1 + 3Psk-2)(Poks5 + 3Poksa) = §(8Q12k+3 +10Qu2k42 — 2,772)

and

41 41 41 41

2,124 30,226,500
o k-3

L 8Q 10Q 7’BMQ Q
= — + _—— _—— —
8 12k+3 12k+2 41 8k+1 41 8k 1,681

39 159 39 159
Psy_1 + 3Py — —Po — ——Poi_1 || Pok+5 + 3Peksa — ——Pors2 = ——Pogs1

1 (12,507,840 4,4-42,760)

s\ 1681 T T 168t
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From these two identities and (4), we deduce that inequality (3) is equivalent to

Peiss + Pex + 3Poxs1 — 3Pox
Quak+3 — 6Qsks2 + 9Qups1 + 4
378Psi-1 + 154Pgi_3 — 2 Py — 28 Py

< .
7,344 2,124 30,226,500 12,507,840 4,442,760
8Quak+3 +10Quaks2 — 7~ Qsicrt — =7 Qsk — “1gar Qak-3 — 1egr Qak—4 — “Toh1

For convenience, we let

7,344
A = (Pojes3 + Poi + 3Pojs1 — 3Py) X <8Q12k+3 +10Q12442 — Al Qs
2,124 30,226,500 12,507,840 4,442,760
41 % 1,681 ¥ T 1681 YT T ies1
and
78 318
B = (Qi2k+3 — 6Qsis2 + 9Quks1 + 4)| 378Psx—1 + 154Pgi_y — Epzku - szk .

Then by calculation it follows that

7,344
41

2,124 P Pys) 30,226,500(P Pyc) 12,507,840 P
- + Py 3)— —— - - _
4 kst Poes 1681 10k = Por+e 1681 10k-1

4,442,760

+ Pyry7) — Wpalws + 8(Pigk+3 — Pok+3) + 10(Pigks2 — Pok+2)

7,344 2,124 30,226,500

P; -P — Prag — Poy) — ————(P1op—3 — P
il (Prak1 — Poks1) 1 (Prak — Po) Lesl (P1ok-3 — Pox+3)

12,507,840 4,442,760

— —————(Pyog_s + P: -——— P 3 x 8(P; P,
68l (Prok-a + Pogsa) Lesl ok + 3 X 8(Praksa + Proks2)

7,344 x 3 2,124 x 3

+3 x 10(Praks3 + Proks1) — T(P10k+2 + Pey) — T(Pwlm

Pect) 30,226,500 x S(P Pocs) 12,507,840 x 3(P Pys)
+ Popo1) — —————(Pok—2 + Pok-a) - ——————— (Pok—3 + Pok-
k-1 L8l 6k—-2 + P2k-4 1681 6k-3 + P2k—5

A = 8(Pigk+6 + Pok) + 10(Pigss + Pok-1) —

(Praksa + Pog_2)

4,442,760
1,681

7,344 x 3 2,124 x 3 30,226,500 x 3
PRt

P - P ——— (Pior — P, _ _
a1 (Prok+1 — Poks1) + 2 (Prok — Pei) + 681 (Psk-3

p ) 12,507,840 x 3(P p ) 4,442,760
— _ e — _ —_ _ + S —
2k-3) + 1,681 6k—4 2k—4 1,681 2k

=154Pygr,3 + 70P1gisn — 25,514 14k+1 — 38910 14k — 286,612,540 10k-3
41 41 1,681
201,554,538 977,366,722 344,423,038
T lesl Tk T e feks T T gg Toks
285,928,452 118,454,868

L681 T T 1681

Poii1 — 3 X 8(Praks3 — Proks+3) — 3 X 10(Prak+2 — Prok+2)

2k-55

78
B =378(Pisks2 + Pokra) + 154(Pigs1 — Pokss) — E(Pl4k+4 + Piogs2)

(5)
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318
- H(Plﬁlkﬁ% — Piojs3) — 6 X 378(Prajs1 + Pores) — 6 X 154(Prag — Pojia)
78 x 6 318 x 6
* (P1ok+3 + Pers1) + (P1ok+2 — Peks2) + 9 x 378(Prox — Pox—2)
78 x 9 318 x 9
+9 X 154(Pyox_1 — Pox-3) — T(P6k+2 + Py) — 4 (Pek+1 — Poks1)
78 X 4 318 x 4
+4 x 378P6k—1 +4 x 154'P6k—2 - —P2k+1 - P2k
41 41
154p 20P 95,514[) 38,910 158,064P
= St - +
18k+3 + 18k+2 41 14k+1 41 14k 41 10k
64,416 36,496P 14,880 225,516 92,796
+ 4 4 - - 3.
TR 4 ek a1 Dok TR TR

Observe that the major terms of A and B (above those of order Pyox) are in total agreement.

Note that P,., = 2P, + P,,, we have

41,028,234 17,049,300 |
= — + e — _
1,681 % 1,681 k!
348,025,790 290,016,982

1681 2T T 1eer Lok

39772560 , 16612800
9+ _
T Tlesr 2T T esr T

for all integers k > 1. So, inequalities (3), (4) and (5) hold for all integers k > 1.
Now, applying (3) repeatedly, we have

il_w<1+ 1)
P Py Pa

k=2m k=m
0
1
< Z 2 2 1
o PZkPZk—l + 3P2kP2k—1 - §(61P2k + 91P2k,1)
= 1

o Py Post + 3Pogsa Py g — $(61P2k+2 +91Pys41)

1
P2, Pot + 3PouPh,  — o5 (61Pyy + 91Py 1)

On the other hand, we prove the inequality

1 1 1

P P T pp 3Py P2, — L(61Py + 91P L

2k 2k+1 okt 2k-1 + 2L 4 = 82( 2% + 2k-1) + 82
1

P 2Poics1 + 3PotaPl,y — 55 (61Poksn + 91Pyi1) + o5

7)

This inequality is equivalent to

Ps3 + Pog + 3Pogs1 — 3P
Q12443 — 6Qsrs2 + IQuiy1 + 4
378Pgk_1 +154Pgr_ — B Pyt — 2Py

>
39 159 1 39 159 1
(Pex-1 + 3Pek—2 — 57 Pak — 31 Pric1 + 37) (Pokss + 3Poksa — 57 Paks2 — J1 Pk + 37)
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or
4 (P P, 3P 3Py) | 60P, 40P, 552P 396P 4
— + + - + -
a1 6k+3 6k 2k+1 2k 6k+1 6k — 41 2k a1 2k-1 t+ 41
>B-A
or
1,200 5,952 19,116 9,444
140Q12443 + 140Q12442 + Qsis2 + —— Qgre1 + Qux + Quar1
41 41 41
» » 12P 12, 47728 41 s @
+ — + —DPop + — — Py + —
a1 Lokes + g Pok + 77 Pokn = 22 Pok al

It is clear that inequality (8) holds for all integers k > 5, so inequality (7) is true. Now,
applying (7) repeatedly, we have

SRR
k=2m PZ k=m ng P§k+1

> .
P%mpzm_l + 3P2mP%m_1 - é(61pgm + 91P2m_1) + é

Combining (6) and (9), we may immediately deduce inequality (2).
Now we consider that # = 2m +1 is an odd number. It is clear that in this case our theorem

is equivalent to

P2

2m+1P2m + 3P2m+1P2 32 (61P2m+1 + 91P2m)
1) -1
L 1
< Z 3 P2m+1P2m + 3P2m+1P2 3 (61P2m+1 +91P,,,) + )
k=2m+1 " k
or
1
P2m+1P2m + 3P2m+lpz (61P2m+1 +91Pyy) + é
1
< Z I : (10)
k=2m+1 k 2m+1p2m + 3P2m+1P2 5(61P2m+1 +91P,,,)

First we prove the inequality

1 1 1
+ <
Py Py PyPu+ 3Py Pay + g5 (61Py + 91Py)
1
P2k+1P2k + 3P2k+1P2]( + (61P2k+1 + 91P2k)

(11)

It is easy to check that inequality (11) is correct for k = 1,2 and 3. So, we can assume
that k > 4. Note that P5; | = +(Petss + 3P2k+1), P,y = t(Poirs — 3Pats2)s Py + Popn =
§ (Poics6 + Porss + 3Pois1 — BPokaa), Py Py = 215 (Quakes + 6Qskas + 9Quias —4), Poy, Por +
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3Py Py = %(P6k+2 +3Pgi+1 — 5Poxs1 — 5P5), so inequality (11) is equivalent to the inequal-
ity
Peji6 + Poirs + 3Paki1 — 3Pogsa
Qu2k+9 + 6Q8kr6 + 9Qupi3 — 4
378P6k+2 + 154P6k+1 + BPyin + 2 P2k+1

<
(Poks2 + 3Pers1 + 22 Pogay + sz)(P6k+8 + 3P61<+7 + P Poras + 1 P2k+2)

12)

From the definition and properties of the Pell-Lucas numbers, we have

(Psi+2 + 3Peis1)(Pokss + 3Psis7) = (8Qur2kr9 + 10Q12448 +2,772)/8

and

39 159

39 159
(P6k+2 + 3Pejs1 + Epzku + szk> (P6I<+8 + 3Pers7 + Ep2k+3 + HPZIHZ)

7,344 2,124 31,844,565

8 +10 + — + — —————Qux-
(Q12k+9 Q12x+8 al Qsk+s l Qsk+a — 1631 Quak-1

13,186,923 4,442,760
gy k2t
1,681 1,681

By these two identities and (12), we deduce that inequality (11) is equivalent to

Peji6 + Poirs + 3Pog1 — 3Pagi2
Qu2k+9 + 6Q8k16 + 9Quksz — 4

378P6k+2 + 154P6k+1 + Eszarz + %szu

31,844,565 13,186,023 4,442,760 °
8Q12k+9 +10Quakss + 51 Qsrrs + 247 Qsins — 2IED% Quiy — 25572 Qury + 25580

(13)

For convenience, we let

7,344 2,124 31,844,565
= | 8Qi2k+9 + 10Qi2k+8 + ——— Qskss + —— Q8k+4 —————— Qa1
41 1,681
13,186,923 4,442,760 P p 3p 3p )
- Qupg + —— ) X + + -
1,681 4k—-2 1,681 6k+6 6k+3 2k+1 2k+2

and B' = (Qu2k+9 + 6Qsicr6 + 9Quiss — 4)(378Pis2 +154Psis1 + 22 P2 +3 38 Poks1). Then we

have
, 7,344
A" = 8(Pigis15 — Poks3) + 10(Prgis1a — Pois2) + (Praks+11 — Pox—1)
2,124 Pysy) 31,844,565 P Ponr) 13,186,923(
+ p— _ —_——— p— —_—_—
41 2k-2 1,681 10k+5 2k+7 1,681 10k+4
4,442,760
+Pyjys) + WPM% + 8(Pigk+12 + Poks6) + 10(Prgxsn1 + Pokss)
7,344 2,124 i, Pocr) - 31,844,565 P p )
+ + - -
41 41 14k+7 2k+1 1,681 10k+2 2k+4
13,186,923 4,442,760
(Proks+1 + Pagss) + ————Peis3 + 3 X 8(Plaks10 + Prok+s)

1,681 1,681
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+ 3 x 10(Prars9 + Proks7) + %(Hok% + Perra) + % (Prokss
+P6k+3) B 31,844,565 x 3(P(,1< + Pyy) 13,186,923 x 3(P5k_1 4 Pys)
1,681 1,681
4,442,760 x 3
TPZIGI — 3 x 8(Puk+11 — Proks+7) — 3 X 10(Prags10 — Prok+6)
- 77’34441 x3 (P1ok+7 — Pek+3) — 72’12:;( > (P1ok+6 — Pok+2) + —31,84;%’658615 x 3( 6k+1
B sz_3) N 13,186,923 x 3 (Pet — Pots) — 4,442,760 x 3P2/<+2
1,681 1,681
=154Pigis12 + 70P1gisn + 95,514 14k+8 + 28910 14k+7 = 206,756,250 10k+2
41 1,681
209,906,976 983,915,086
T e8I T egr ok
407,692,984 771,966,210
1681 T 1es1 AP
304,496,118
T T les A

, 78
B’ = 378(Pigi+11 — Por+7) + 154(Pigk+10 + Poks) + H(Pmkm — Piok+7)

318
+ H(Pmkuo + Piokss) + 6 X 378(Praksg — Poksa) + 924(Praks7 + Pokis)
468 1,908
+ H(Plolws — Perra) + T(Pmkn + Poji5) + 9 x 378(Piok+s — Pox-1)
702 318 x 9
+1,386(Prok+a — Pok—2) + H(Pslws — Poji1) + al (Psk+a + Paks2)
78 x 4 318 x 4
—4 X 378P¢jy2 — 4 X 154Pg,1 — 2k = Pokny
154P 20P 95,514P 38,910 158,064
= + = + +
18k+12 18k+11 41 14k+8 41 14k+7 41 10k+5
64,416 36,496 14,880 225,516 92,796
a1 10k+4 41 6k+2 41 6k+1 41 2k-1 a1 2k-2-
Note that P,,» = 2P,,1 + P,,, we have
B oA - 597,729,018 s 247,592,208 992,616,926
= T lesl 10k+2 68l 10k+1 68l ok
411,295,736 718,126,158 282,199,170
I P Py —— Py
1681 L6813 Le81 X
_ 3,483,829,506 992,616,926 1,443,050,244
- 1,681 10k 681 1,681 10k
411,295,736 718,126,158 282,199,170P 0
1,681 oK1 1681 3T T 1eg  *H7

for all integers k > 4. So, inequalities (11), (12) and (13) hold for all integers k > 4.
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Now, applying (11) repeatedly, we have

k %,;Jrl Ps Z( 2k+1 P2k+2>

oo

1
— P Pok + 3Poi1 Py + 55 (61Psg,1 + 91Py)

[e¢}

1
5 5 T . (14)
= PoriaPoksz + 3Posi3 Py + 55 (61Poks3 + 91Poy2)
On the other hand, we prove the inequality
1 1 1
P§k+1 P§k+2 P§k+lp2k + 3P2k+1P§k + 81_2(611)2]“'1 + 91P2k) + 81_2
1
(15)

P2y 3Pokss +3Poy3P3y 5 + 55 (61Pgys + 91Psi0) + 55

It is easy to check that inequality (15) is correct for k =1,2 and 3. So, we can assume that
k > 4. This time, inequality (15) is equivalent to

Pspv6 + Pejss + 3Pajs1 — 3Poxsa
Qu2k+9 +6Qsgis6 + 9Qars3 — 4

378P6k+2 +154Pgp 1 + @P2k+2 + wpzku
(P6k+2 +3Peks1 + 2 Porsr + 2Py + 1) (Poiss + 3Peks7 + 29 Poiss + 22 Pogan + o)

or
4 552 396 4
H(Pakw + Peis3 + 3Pois1 — 3Poxs2) | 60Pejra + 40Psr 3 + szkn * —DPor + a1
>B - A
or
17,904 8,352 19,116 9,444
140Q12k+9 + 140Qu2k+8 — —— Qgisa — a1 Qsks3 + I Qa2 + Quks1
4 P 4 p 12 p 12P 21,152 41 (B/ A/) (16)
+— +— +—= -= + =5 (B -A.
a1 6k+6 a1 6k+3 a1 2k+1 a1 2k+2 41 4

It is clear that inequality (16) holds for all integers k > 4, so inequality (15) is true. Now,
applying (15) repeatedly, we have

Z Z <P:2’)k+1 P;k+2>

k=2m+1 k

> » (17)

2m+1

Py + 3Pyni1P3,, + 55 (61Psyns1 + 91Poy) + o5

Combining (14) and (17), we may immediately deduce inequality (10).
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Now our theorem follows from inequalities (2) and (10). This completes the proof of our
theorem.
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