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Abstract

Our aim is to find the general term of the analogue Euler zeta function in positive
integers by using Fourier series. We also figure out the generalized coefficients of
Fourier series and investigate some interesting relation in the integers.
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1 Introduction

Many mathematicians have studied various kinds of an analogue zeta function such as
Dirichlet L-function [1-28]. Friedman and Cohen constructed the p-adic analogue for
Hurwitz zeta functions [14]. By using multiple Volkenborn integrals, Tangedal and Young
defined a p-adic multiple zeta function and a log gamma function [1-18]. Ryoo, Kim and
Kim have defined various analogue zeta functions to combine the Euler numbers and
Bernoulli numbers [1-12, 17, 18].

Therefore one of the most important and fascinating functions is the zeta function in
mathematics [9, 10]. Bernhard Riemann (1826-1866) found something amazing; namely
the Riemann zeta function. He recognized the importance of the function onto the entire
complex plane C except s = 1.

If Rez > 1+ ¢, where € > 0, then

Xn:|k—z| < Xn:k—l—e
k=m k=m

implies that ) .-, |n7%| converges uniformly on {z € C|Rez>1+€}.
The Riemann zeta function ¢z(s) is defined usually by

tas) = | 2 =T Dy (Re) > D),
: 1

_1n-1 (11)
= o ( 1,33 (Re(s) > 0,s #1).

Some values can be calculated explicitly but £z(2k + 1), where k = 1,2, ... are still myste-
rious. The number {z(3) was demonstrated to be an irrational number by Apery (French
mathematician) and can be seen in Hardy, Grosswald, Zhang, Srivastava, and others [20—
28]. This Riemann zeta function is the Dirichlet zeta-function, the special case that arises
when we take y (n) = 1.
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In 1837, Lejeune Dirichlet modified the zeta function and he separated the primes into
separate categories. The primes depend on the remainder when divided by k. His modified
zeta function is of the form

_x@  x@  xB)

L(s, x) e + > + 3 +een,

where x (n) is a special kind of the function [20]. Any function of the form L(s, x) is known
as a Dirichlet L-series where s is a real number greater than 1 and  is called as Dirichlet
character.

Mathematicians have studied extensively the Riemann zeta function and the Dirichlet
zeta function because these functions play an important role in physics, complex analysis
and number theory efc. They also recognized that the discovery of these zeta functions
dates back to Euler.

Leonhard Euler (1707-1783) defined the zeta function for any real number greater than
1 by the infinite sum. After Euler defined this function, he showed that it had a deep and
profound connection with the pattern of the primes. He also calculated ¢(2) = %2, and
¢(2) has been researched, proved by mathematicians [26]. The values of the Riemann zeta
function were computed by the Euler zeta function at even positive integers. The analogue
Euler zeta function replaces the Euler zeta function by mathematician’s research. The Eu-
ler zeta function was originally constructed by Kim (see [3]) and Kim gave the values of
the Euler zeta function as positive integers (see [3, Theorem 3.1]). Kim, Choi, and Kim
researched to combine the Euler numbers and Bernoulli numbers in order to get values
or a generalized term [1].

The Euler zeta function is defined as follows.

Definition 1.1 Fors=1,s € C and Re(s) > 0,

o ()"
Ce(s) =2 Z - (see [1-3, 8]).
n=1

n

From Definition 1.1, we define the analogue Euler zeta function as follows.

Definition 1.2 Lets =1, s € C and Re(s) > 0.

Cae(s) = Z (_15)". (1.2)

n=1 n

We easily note that ¢£(s) = —2¢4£(s).

In this paper, we find out the generalized coefficients of Fourier series and investigate
some interesting relations in the positive integers. We also investigate values and a gener-
alized term of the analogue Euler zeta function £4£(s) in the same way by using the Fourier
series.

The Fourier series can be expressed as summation between sine series and cosine series

instead of complicated functions.
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If the function f(x) has period 2p, then the Fourier series of f(x) is

oo

do nrx . nmx

flx)=—+ E (a,, cos — + b, sin —), (1.3)
2 r b4

n=1

where coefficients of the Fourier series ay, a,, and b, are defined by the integrals

[ rwa

ag = — X)ax,
pPJyp
1 [P

a, = —/ f(x)cosﬂdx,
PJp V4
1 r?

by == / Fesin T dx (see [19]).
pJyp p

A special instance of the Fourier series is the cosine series. If f(x) = f(—x) is initially
defined over the interval [0, p], then it can be extended to [—p, p] and then extended pe-
riodically with period 2p. So, the cosine series of the Fourier series on [—p, p] is defined
by

o0
TX
fx)= %o + a, cos n—, (1.4)
2 P

n=1

where

1 p
ag = — / f(x) dx,
P Jyp

1 [r

a, = —/ f(x)cos aided dx, and in this case
pPJp p
1 [P

b, = —/ f(x)sin nrx dx=0 (see[l,19]).
pJyp V4

The sine series is a special instance of the Fourier series. Let f(—x) = —f(x). Then f(x) can
be extended to [-p,p]. The Fourier series for this odd, periodic function reduces to the

sine series in the form

o0
f@) =Y bsin 5, with
n=1 p
(15)

1 [P
b,=— / f(x)sin nx dx,
pJyp V4

because ag = }7 ffpf(x) dx=0,eacha, = }7 ffpf(x) cos 2% dx = 0.

We denote that gy = ag>, a, = aff), and b, = hSP when f(x) = x’.

The paper is organized as follows. In Section 2, we construct generalized coefficients
of sine series and cosine series in the positive integers and prove them. We also study
some interesting relations about sine series and cosine series in the positive integers. In
Section 3, applying these ideas, generalized coefficients will be used to obtain the main

results of this paper. We also find the general term of the analogue Euler zeta function.
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2 The coefficient’s rule of cosine series and sine series
In this section, we construct the coefficient’s rule of cosine series and sine series. We access
some relations about the coefficient sine series and cosine series.

The cosine series for f(x) is given by the following theorem.

Theorem 2.1 Let f(x) = &' for =2 < x < 2 and | be a positive even integer.
a > nwx
0
X)=—+ ) a,cos —,
1= 4 S aweos”

; 2 2l+l
ag) = / xldx="—,
0 +

I+1
2 7
nwx P,

ah = | ¥ cos —= dx = 2" cosnm Y (~1)k 2L
" 0 2 (nr ) 2k+1)

k=0

(-1)
= 2"t cos n )
pary (I = 2k + 1))!(mr ) 2(k+1)

n!
(n—-r)!*

where ,P, =

Proof We shall prove Theorem 2.1 using mathematical induction. We assume that f(x) = x/

for -2 <x < 2 and / is a positive even integer.
Clearly, aéz) and ang) hold when [ = 2 as follows.

. 2 23
aé)zf dex:E,
0

2 2 2 2

nmwx 2 . nmwx 2 . nmx

a®? =/ x%cos —— dx = | —x” sin —— ——/ xsin —— dx
0 2 nm 2 |y nmJo 2
2.28

= cosmr.
n’m?

Suppose that / = m is true for af)m) and 4" in the positive even integers. That is,

2 2 2
nwx 2 . nmx 2m . nmx
al™ = x"cos —dx=| —x"sin— | - — 2" Vgin —= dx
0 nmw 0 2

2 |y nmw

m-2

: P
_ om+l _1\k_m
=2"" cosnm Z( 1) 7(’1”)2(,“1)

k=0

(-1)
= 2"yl cos mr .
o= (m - (2k + 1))!(ra7r ) 2k+1)

Consider the case [ = m + 2 (m: even).

) 2 m+3
a(o"” ) = X2 dx = is trivial.
0 m+3
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By the above assumption, we get

9 2 2
nmwx 2 . nmx 2m+2 . nmx
alm+2) _ / 2008 — dx = | —a"*?sin — | — Um+2) / & sin —— dx
0 2 nr 2 nrw 0 2

- m+2)/ ’”+1d< — cos<n72m)>

243 (1 + 2) 2m+1)(m+2) (* (nrrx)
== ——Zcos(ur) - —F——= xcosde

n2m? () - n2m? 0

[

M=

2m+3 2 22 1 2 < P
= 7(7}1 +2) cosnmw — —(m +1)0m +2) <2”’Jrl COS NI (-1 )k m? 2kl

272 272 por (nr )2k D)

P
m+3 k m+2472k+1
=2"" cosnm E (-1) ()2 G

SN

(-D*
(m +2 = (2k + 1)) (mr )2*k+D

=2"*3(m + 2)l cos n
k=0

That is, ag) and aﬁ,l) hold for [ = m + 2 (m: even) if it holds for [ = m. Thus, we complete the

proof of the theorem. d
Remarks Let f(x) = x2 for —2 < x < 2. Then we have the following equation:

nmwx

f(x)— — +Zancos—,

. 2 23
ag) = / xrdx =", (2.1)
o 3

22

) 2 ””xd 92+ - (—1)¢ 2Pk 2.23
a,” = A X COST X = COSV[T[;— W—WCOSVUT,

Let f(x) = x* for —2 <x < 2. From Theorem 2.1, we get

nmwx

flx)=— 94 Zancos—

” 2 25
af)):/ xtdx=",
0 5

s (2.2)
(4) 2 nmwx h k 4P
4) _ 4 ATX . _ i+l k4%
a, —/0 X" cos 5 dx =2 cosnnZ( 1) ()20
k=0
4.2° 4.3.2.2°
= WCOSVIT( - Wcosnﬂ,

where ,P, = (nﬁ«)! =n-(n-1)-n=2)----- (n-r+1).
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From (2.2), we get an interesting rule of coefficient a®.

4 0 -1 PO -
aff) =2°cosnm ”21”2 =2 cosnm |+ ”21”2 .
0 -4-3-2)\.ix 0 —4Ps) \oiz

Let f(x) = x° for =2 < x < 2. The cosine series of f(x) is the following equation.

o0
ao nwx
X)=—+ a, COS —,
fx) ) n§=1 " )

6 2 27
af))zf x6dx=7,
0

(2.3)
. ©
©6) _ 6 e X _ 5641 k6P
a, —/0 % cos — dx =2°" cosnm kX_o:( 1) G2
6-27 6-5-4-27 6-5-4-3.2.27
= 3y COSMT — —— 4 COSHT + ——— o COS AT,

wherenPrz(n%’rﬂzn-(n—l)(n—Z) ----- (n—-r+1).

From (2.3), we are able to express the rule of coefficient .’ by using the matrix

6 0 0 21 2
n-m

a® =2"cosnm [0 -6-5-4 0 e
i

1 0 0 7
=2"cosnr | 0 —¢P3 0O n4§14
0 0 P5) \5

Let f(x) = x® for =2 < x < 2. Then the cosine series of f(x) is the following equation:

o0
ao nwx
=—+ cos —,
Sx) 5 nE:I an 5

s 2 29
aé) =/ x¥dx = 35
0
8-2

2 7
®) _ 8 vy TX 1 _ o841 k8P
a, —/(; % cos — dx =2 cosnmw kE_O( 1) ()26

8.2° 8.7.6-2° 8.7.6-5-4.2°
chosnﬂ—wcosnﬂﬁ'Tcosnﬂ
n

8.7.6:-5-4.3.2.2°
B ndm8

cosnrw,

where ,P, = (nﬁ«)! =n-(n-1)-n=2)----- (n-r+1).



http://www.advancesindifferenceequations.com/content/2013/1/182

Kang and Ryoo Advances in Difference Equations 2013, 2013:182
http://www.advancesindifferenceequations.com/content/2013/1/182

From the above equation, we are able to represent the rule of coefficient 4’ by using

the matrix
8 0 0 0 -
0 -8.7-6 0 0 -
aﬁ,s) = 2% cosnm }14]714
0 0 8.7-6-5-4 0 -
nvm
0 0 0 -8.7-6-5-4-3-2 -
nemw
sPr 0 0 0 -
0 —P; O 0 -
=2° cosnm 873 ”41”4
0 0 gPs O %
0 0 0 —sP;) \45

By using the matrix, we can display the coefficient a? of cosine series in Theorem 2.1 as

follows.

Corollary 2.2 Let [ be a positive even integer. Then one has

P00 0 L (25
0 =5 0 0 .||
a® =2" cosnm | O 0 /# 0 .. ﬁ
0 0 0 =P ..||=s

From now on, we will see the coefficients of the sine series. The sine series f(x) is given

by the following theorem.

Theorem 2.3 Let f(x) = ' for -2 < x < 2 and [ be a positive odd integer.

0
nmwx
f(x) = an Sin ’
n=1 2
. NTX 1Poy
bfql) = /0 xl Sin T dx = 2“1 cosnim Z(—l)k+l W

k=0

I 1771 (_1)k+1
—okp =
cosmn kZ; ([ = 2017 )2

n!

when ,P, = Tt

Proof (By mathematical induction) Where [ =1, b says that

) 2 nmx 2 nx? 2 [? nwx
b, :f x sin ——dx = | ——xcos —— +—/ cos — dx
0 2 ni 2 0 niw Jo 2

22 272 . nrx]? 22
nmw 2

=——0C0Snmw + — =—-———Cosnm,
nmw nmw

nmw 0

which is true.

Page 7 of 16
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Now fix that [ = m (m: odd) is true for b;m) and suppose that bﬁ,m) holds, that is,

2 m+1 2
. nmwx 2 2m B nwx
B = | ¥ sin —= dx = — cosnm + — [ x™cos — dx
0 2 nm nw Jo

2
m-1
: Py
_ +1 k+1 __m
=2"" cosnm Z(—l) W
k=0
5t k+l
(-1
= 2"yl cos nr _—
— (m = 2k))(nr)2k+1

By our hypothesis on ", we see that
I P T
by = / A" sin — dx
0 2

2m+3 2m+2) [ nTx
=— cosnmw + ————— 2" cos > dx
0

nr nmw

2m+3 22(m+1)(m +2) /2 . NTTX
=— cosngt — —————— | x™sin—dx

nm nm 0

m-1

23 22(m + 1)(m +2 — P
=- COS N — M 2" cos (—1)"”1%21

nmw nw — (m7r )2+

m+l

2
_ m+3 § : k+1 m+2P2k
=2 cosniw (—1) W
k=0

—

% (_1)k+1

=2"*3(m + 2)!cos nw .
i+ 2)tcosn — (m +2 - 2K)l(nm %41

>

Therefore b,, holds for [ = m + 2 (m: odd).
Thus, we conclude the proof of the theorem by the principle of mathematical induc-
tion. |
Let f(x) = x for —2 < x < 2. Then we have the following equation:

o0
niwx
=) bysin—:,
fx) ; sin 5

1-1

2 v
o _ 1 A7TX 14 vk 1P
by _/o x sm—2 dx=2" cosnm Z( 1) 7(}17{)2]“1 (2.4)
k=0
22
=——cosnm.
nmw

Let f(x) = &> for =2 < x < 2. From Theorem 2.3, we get

> . nmTx
fx)= ;bn sin —

Page 8 of 16
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3-1

2 p
3 _ 3 X o34 k1 3P
b, _/0 x” sin 5 dx =2 cosnm E (-1) 7('”)2]”1 (2.5)
k=0
24 3.2.24
= ——— COSHUTT + ———— COS T,
ni 37-[3

where,,P,:#’rﬂzn-(n—ly(n—D ----- (n-r+1).

From (2.5), we also get an interesting rule of coefficient b,,.

-1 0 1 P 0 L
b =2* cos nm mr ) =2%cosnm >0 o
0 32/ \=5= 0 3P) \:55

Let f(x) = x° for —2 < x < 2. The sine series of f(x) is the following equation:

ad . nmx
fx) = ;bn sin — =,

5

—1
2

2
nmx P.
bf) = | x°sin—=dx=2""cosnn Y (1) _ank (2.6)
0 2 (nn-)Zlﬁ-l
k=0
20 5.4.2° 5.4.3.2.2°
= ——— COSHTT + ——=—5— COS T — —————— COS T,
nm

nmw n’m

where,,P,:(n%!r)!:m(n—l)-(n—Z) ~~~~~ (n-r+1).

From (2.6), we are able to express the rule of coefficient B by using the matrix

-1 0 0 o
bf) =2cosnr | 0 5-4 0 nglns
0 0 -5-4-3.2 o
Py 0 0 L
=2%cosun | 0 5Py 0 nég

0 0 -sPs) \is

Let f(x) = &7 for =2 < x < 2. Then the sine series of f(x) is the following equation:

nmwx

flx) = 21: bysin ==,

7-1
2

2
. nmx P
bg) = | «’sin—dx=2""cosnr Y (-1)k* Tk
0 2 (nn)2k+1
k=0
28 7.6-28 7-6.-5-4.28
= —— COSHTT + ———— COSHUTT — cos N
nw 33 nm’

7-6-5-4.3.2.28
* n’m?

cos nr,

where ,P, = (nﬁ«)! =n-(n-1)-n=2)----- (n-r+1).
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From the above equation, we are able to represent the rule of coefficient b, by using the
matrix

-1 0 0 0 s
0 7-6 0 0 L
b7 =28 cos nrr ”31” °
0 0 -7-6-5-4 0 =
0 0 0 7-6-5-4-3.2 7
—~Py 0 0 0 L
0 P, 0 0 L
=28 cosnm 2 ”31”3
0 0 —Py O 2
0 0 0 P) \F

By using the matrix, we can arrange the coefficient b of sine series in Theorem 2.3 as
follows.

Corollary 2.4 Let | be any positive odd integer. Then we get

-Py 0 0 0 ..\[ =+

0 L 0 0 .||

bY =2 cosnm | O 0 —Py 0 .. ,,5;5
1

0 0 0 P

From Theorem 2.1 and Theorem 2.3, we get the relation of coefficients between a?
and bg).

Theorem 2.5 Let a\’: the coefficient of cosine series, b the coefficient of sine series, and
meN.

nw
b =4V, wherel=2m—-1,meN.
4m

Proof Take l=2m —1 (m € N) in Theorem 2.3. Then we easily see that

m-1

~D)F(2m - 1)!
b5,2m_1) — 22m COS 1T Z (2 ( ) ( m )
k=0

m — 2k —1)(nm )+

-1
D D mX: -1k @2m)! (-
= (2m — 2k — D)!(nm)2*+D  4an

We also use / = 2m (m € N) from Theorem 2.1. Then we obtain the following equation:

m-1

k |

o) oot (—1)k(2m)!

@, =27 cosnm Z (2m = 2k = 1))(nm )2k+D)
k=0

If / is an even integer, then b =o0.

Page 10 of 16
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Hence,

nmw
b = ——a®V wherel=2m—1,meN. O

4m
Example 2.6 We state the relation of / =3 and [/ = 4. Let an : the coefficient of cosine

series, bY): the coefficient of sine series, and m € N. By using Theorem 2.5, we derive that

P, 1 nm 4P 4Py
¥ =2tcosmm| 2 - — )= 2cosnr | 22 - L
n Y — 8 nirt  nim?

= —%aﬁfn form = 2.
3 The analogue Euler zeta function in the integers
In this section, we get the value and generalized term of the analogue Euler zeta function.
We derive {ag(2),Lap(4),...,L4e(m) by using the coefficient of cosine series and obtain
> (2(;1 i)m using the coefficient of sine series.
Using f(x) = x’, Theorem 2.1 can be written as

I
21

P. niwx
2 : + H2k+1
xl——+ 211
[+1
n=1

k
k,o( 1) W COS 17T COS — (3.1)

Taking x =1 in (3.1), we easily find the following equation:
L =
_ 2 I+1 k 1Pars1 -1)"
1= m +2 Z( ) 2(k+1) Zl (21’1)2(1”1)’ (3.2)

since cos(nr) cos(%") is (=1)" if n = 2m and 0 if n = 2m — 1 with m € N. Therefore, we have
the results as follows:

-2

LD S AN T i (-1)"
2l+1 2(l+ 1) - 77 2(k+1) - (2n)2(k+1)
n=

k=0
52 .
y (-1 (-1 53
- 9 — 2(k+1) 2(k+1) * :
— (I =2k = 1)!1(27 )2+ —~
From (3.3), we get some analogue Euler zeta functions as follows.
[o¢]
(-1)" 1 /1 1 11 1,
9) = -2 —_ ) =n?lz =——n?
£az(2) 21: it Coved a2l AR R e 12"
where Z(Z,l) = %
o (-1)" WP 1 1 1 1 /1 1
4) = 2T i [ (e
CAE( ) ; }14' ( ) 4P3 2P1 23 4P3 25 2-5

SRS 7 (S TR (E S | S
B @237 2.3) "N\ 5 T2 )T 20
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where
7 4P1 1 1 Pz
41) = — — = ——4P1Zp)),
@D 4P3 2P 4P @1
7 1
4,2 =
(4,2) P

o0
-1)" P 1 P; P 1 1 1
oL {2 5
= n 6Ps 2P 6PsaP32P J\2° 2-3
¢P3 -1 (1 1 1 1 1
+——lG )+ — = - —
6Ps4P3\2° 2-5) Ps\27 2.7

6 1 1 1 1
=(2m) Zs,) ? - ﬁ +Z62) ? - ﬁ +Z63)

where
Ze,) = b L + ofs sy 1. = L(61’12(2,1) +6P3Z41)),
6P5 2P 6P5 4P3 2P ¢Ps
Ze2) = ofs 1. i61’32(4 2)s
6P5 4P3  6Ps
Z63) = L
6Ps

Hence, we find out the following generalized term ¢ (m2), when m is a positive even integer.
m =3 nyrd z (L L) 4z (2 -
= = _ + —_—
Cap(m - 7 | 55 573 )\ 55 =55

n=1
5 11 s 1 1
+ ——— )+t ml — - —— ||,
m3A\ 97 " 97 D\ 2md T 2 (m+1)

where recursively we define (for an even positive integer m)

3
IS

N
)T L = 2k 1)) D
7 mT% (_l)mT’éH( 7
(m2) = 2 m— 2k +3))! 2(k+2),2)s
m-8
P T C
(m,3) = — m (2(k+3),3)t
1
Zim,m2) = 31 %,y
m+1 1
Z(m,m+l) = —1) _—

From the above, we obtain the following theorem.
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Theorem 3.1 Let m be any positive even integer. Then we have
m=2

n N k
o Zowp \(L 1
=(27) { ( Z (m— 2k+/)+1) )(22’” 2(27+1)>

j=1 \ k=0
, 1 1
FEmH\ 1 T 2w+ 1) ) [

where Z,, m) :(—1)%"1%.

t\.z

By observing Theorem 3.1, we can easily understand the relation between the Euler zeta

function and the analogue Euler zeta function.

Example 3.2 From Theorem 3.1, in case of m = 6 we derive that

00 6-2 6‘22/"2 6-2j-2 4
)3 D" _ e D72 " Zagepp \ (L1
= (6-2(k+j)+1) J\2%  2(2j+1)

k=0

3 ) ok ) (1 1) Zas (1 1
(5 -2k)! 23 2.3 3! 25 2.5

2oy Za) 1 1 Zap (1 1
+ — |+ =-—
5! 3! 23 2.3 31 \25> 2.5

where Zg 3) = é.

By Theorem 2.3, we note that

~ 2 P. nwx
1Pax .
2k E (1)1 ()% COS 17T Sin - (3.4)
=1 k=0

i =

Let x =1, then we have the following equation:

-1

T Z 2 = (3.5)

_ol+l k+1 !
1=2 (-1) 7 2k+1 n—1)2k+1’

~

since cos(nmr) sin(5-) is (-1)" if n = 2m —1and 0 if n = 2m with m € N.
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Hence, we have equation (3.6) from (3.5).

-1

2

1 (1) Pok
21+1 Z 7-[2k+1 Z (2,,[ 1 2k+1

k=0

-

:l'
k=0

™
T

( 1)k+1 o
(I- 2k)‘712k+1

(="

(2,,1 _ 1)2k+1 : (36)

From (3.6) with / = 1, we obtain the following.

3P0 -1\1 1 1
—_— + [ —
3Py 1Py ) 22 3Py 2%

5 1 1
=T Z(31)—+Z32
1

22 24
_ ——7T3
3277
where
3Py -1 1
0 pz
Gy 3Py 1Py 3Py 0 .y
7 1
32) = —~
(3,2) 5P,
iﬂ :,TS{(_ﬂ‘_l ﬂﬂi) 1 <5P2 1 )i_ii}
~ (2n-1p 5Py 1Py 5Py 3Py 1Py 5Py 3Py ) 2% 5Py 24
=n°{Z ! Zism) = + Zis
=T G152 + 6253 + 6356
__ L s
512"’
where
5Py -1 5P2 3P0 -1 1
Zsy=——— —(=5PoZ,1) + 5P2Z31))s
5P4 1P 5P4 3Py 1Py 5P4
5Py 1
Zom =2 = (=sPyZ3),
62 =5 5P4( 5P2Z(3,2))
1
Zs3) = ——

5Py
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From the above equations, we have the generalized term.

00 (—1)" 1 1 1 7 1
m _— 2 - -
Z,l @uonyn Py T A et Amdgg t et Lty i

where recursively we define (for an odd positive integer m)

Zimy) = 5 ()% Z( k+L1)
m,l) = | 2k+1,1)»
2 G =2k
m-5
2 ( 1) 54k
Z, = —_—
(m,2) — (m—2(k + 1))' 2(k+1)+1,2)»
53
()= 1)
Z(Wlﬁ) = (2(k+2)+1,3)»
P (m 2k)
1
Zim,m2) = 31 % m-3,m5
ma 1
Z(m’ m2+1) = (—1) 2 %.

Thus, we have Theorem 3.2.

Theorem 3.3 Let m be a positive odd integer. Then one has

m-1 m—(2j+1)

0o 5 5 2/+1
(=1)" " 1 ()2 1
. 1oy 0 F Z,,
;(2;1—1)”‘ T\ L ok Dy T T
m+1 1

where Z(m,mTﬂ) =(-1)7

Example 3.4 By using Theorem 3.3, in case of m = 5 we have

5-1 5-(2j+1) "
=y e 1
Z =7° Z — - ZQk+j-1)+1,)) T Z 551
T (2n -1)° = 2% o G-2k+j- 1))‘ 25+1
s 1 oh (1 1
=7 Z ﬁZm 2(k+j-1)+1,) +Zs3)26
j=1 k=0

1 k+1
s (-1) 1 1 1 1
=2 >z —+(=Zsy | = + Zs3)—
{( £ (5 - 2k)! W*”’”) 22 "\ 31702 )1 T B 96
-1 1 1 1 1 1
—' Z(l,l) + 52(3'1) —22 B'Z(B 2) 24 + Z(5 3) =7 2

where Z53) = (-1)° %
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