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1 Introduction

The singular difference equations (SDEs), which appear in the Leontiev dynamic model
of multisector economy, the Leslie population growth model, singular discrete optimal
control problems and so forth, have gained more and more importance in mathematical
models of practical areas (see [1] and references cited therein). Anh and Loi [2, 3] studied
the solvability of initial-value problems as well as boundary-value problems for SDEs.

It is well known that stability is one of the basic problems in various dynamical systems.
Many results on the stability theory of difference equations are presented, for example,
by Agarwal [4], Elaydi [5], Halanay and Rasvan [6], Martynjuk [7] and Diblik et al. [8].
Recently, Anh and Hoang [9] obtained some necessary and sufficient conditions for the
stability properties of SDEs by employing Lyapunov functions. The comparison method,
which combines Lyapunov functions and inequalities, is an effective way to discuss the
stability of dynamical systems. However, this approach requires that the comparison sys-
tem satisfies a quasimonotone property which is too restrictive for many applications be-
cause this property is not a necessary condition for a desired property like stability of the
comparison system. To solve this problem, Lakshmikantham and Leela [10] initiated the
method of cone and cone-valued Lyapunov functions and developed the theory of differ-
ential inequalities. By employing the method of cone-valued Lyapunov functions, Akpan
and Akinyele [11], EL-Sheikh and Soliman [12], Wang and Geng [13] investigated the sta-
bility and the ¢o-stability of ordinary differential systems, functional differential equations
and difference equations, respectively.

However, to the best of our knowledge, there are few results for the ¢y-stability of sin-
gular difference equations. In this paper, utilizing the framework of the theory of singular
difference equations, we give some necessary and sufficient conditions for the ¢, -stability
of a trivial solution of singular difference equations via cone-valued Lyapunov functions.
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2 Preliminaries
The following definitions can be found in reference [10].

Definition 2.1 A proper subset K of R” is called a cone if
(i) AK €K, A>0;
(i) K+K CK;
(ii) K =K;
(iv) K° #@;
(v) KN (-K)={0},
where K and K° denote the closure and interior of K, respectively, and 9K denotes the
boundary of K. The order relation on R” induced by the cone K is defined as follows: Let
x,y €K, thenx <y yiffy—x € K and x <xo y iff y —x € K°.

Definition 2.2 The set K™ = {¢ € R", (¢,x) > 0, for all x € K} is said to be an adjoint cone
if it satisfies the properties (i)-(v).

xeK® iff (¢,%)>0,
and
xe€dk iff (¢p,x)=0 forsome¢eKS,K0:K—{0}.

Definition 2.3 A function g: D — R", D C R" is said to be quasimonotone relative to K
if x,y € D and y — x € 9K implies that there exists ¢y € K, such that

(Goy=2=0 and (90,20) ~g) = 0.

Definition 2.4 A function a(r) is said to belong to the class K if a € C[R,, R, ], a(0) = 0,

and a(r) is strictly monotone increasing function in r.

Consider the following SDEs:
Ayl + Byxy :fn(xn); n>0, (21)

where A,, B, € R and f,, : R” — R are given. Throughout this paper, we assume that
the matrices A, are singular, and the corresponding linear homogeneous equations

Apxp +Byxy, =0, n>0, (2.2)

are of index-1 [1-3], i.e., the following hypotheses hold.

(Hy) rankA,=r,n>0,
(Hy) S,NkerA,_1={0},n>1,whereS, ={¢ e R":B,£ €imA,},n>0.

For the next discussion, the following lemma from [9] is needed.

Lemma 2.1 Suppose that the hypothesis (H;) holds. Then the hypothesis (Hy) is equivalent
to one of the following statements:
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(i) the matrix G, := A, + B,Qy_1,, is nonsingular;
(ii) R =S, ®kerA,_;.

Let us associate SDEs (2.1) with the initial condition
Pn()—lxno =Lyg1Y, H > 0, (23)
where y is an arbitrary vector in R” and #, is a fixed nonnegative integer.

Theorem 2.1 [9] Let f,,(x) be a Lipschitz continuous function with a sufficiently small Lip-

schitz coefficient, i.e.,
an(x) _fn(%) ” <Lyllx-%|l, VYxxeR",
where

o= Ly |QurnGyl|, ¥n>o0.

Then IVP (2.1), (2.3) has a unique solution.

Set Ay = {x € R": Q1% = Qu1,,G;, [fu(x) — B,P,_1x]}. If x = {«,,} is any solution of IVP
(2.1), (2.3), then obviously x,, € A, (1 > ny).

Definition 2.5 [9] The trivial solution of (2.1) is said to be A-stable (P-stable) if for each
€ >0 and any ng > 0, there exists a § = §(¢, np) € (0, €] such that

IAn-1vll <8 (1Puoryll <8) implies  |x,(10;¥)| < €1 = no.

Definition 2.6 The trivial solution of (2.1) is said to be

(S1) A-¢o-stable (P-¢o-stable) if for each € > 0 and any ny > 0, there exists a § = §(ng, €) €
(0, €] such that for some ¢ € K,

(#0, Ang-17) < 8((o, Pug-17) < 8)  implies  (¢o, (105 v)) <€, 1= no.

(S2) A-uniformly ¢g-stable (P-uniformly ¢o-stable) if § in (S;) is independent of ny.
(S3) A-asymptotically ¢o-stable (P-asymptotically ¢o-stable) if for any no > 0 there exist
positive numbers 8y = 89 (19) and N = N(ny, €) such that for some ¢ € K,

(90, Ang-17) < 8o (@0, Pug-1v) < 80)  implies  (¢o,xu(mo;¥)) <€, n=no+N.
(S4) A-uniformly asymptotically ¢¢-stable if 5o and N in (S3) are independent of #,.

LetKbeaconeinR™, S, = {x, € R", ||Ay.1%4]l < p, 0 > 0}. V : Z, xS, — K is continuous
in the second variable, we define

AV(n,A,1x,) = V(in+ 1, Aux,.1) — V(n,Auix,),

where x,, is any solution of system (2.1).
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3 Main results

Lemma 3.1 The trivial solution of SDEs (2.1) is A-uniformly ¢o-stable (P-uniformly ¢o-
stable) if and only if there exists a function € K such that for any solution x,, of SDEs
(2.1) and some ¢y € Ky, the following inequality holds:

(¢0,%4) < lﬁ[(%;Ano-lxno)]; n>ny
((¢0: %) < ¥[(d0, Pug-1%ny) ], 11 = 10).

(3.1)

Proof For each positive €, choose & = §(¢) € (0, €] such that ¥(3) < €. If x,, is an arbitrary
solution of (2.1) and (¢, Ay-1%4,) < 8, then

(B0, %n) < ¥[(P0,Ang-1%n))] < ¥ (8) <€, 1> ny.

Then (2.1) is A-uniformly ¢o-stable.

Conversely, suppose that the trivial solution of (2.1) is A-uniformly ¢,-stable, i.e., for
each positive €, there exists a § = §(¢) € (0,¢] such that if x, is any solution of (2.1)
which satisfies the inequality (¢o, Au,-1%4,) < 8, then (¢o,x,) < € for all n > ny. Denote
by a(e) the supremum of for the above é(¢). Obviously, if (¢g,A,,-1%,) < @(€) for some
1o, then (¢o,x,) < € for all n > ny. Furthermore, the function «(e) is positive and in-
creasing, and «(e€) < €. Considering a function B(¢) defined by B(e) := %foé a(t)dt and
B(0) := 0, it is easy to prove that 8 € K and 0 < S(¢) < a(€) < €. Then the inverse of
B, denoted by y will belong to K. For some ¢y € K, set €, := (¢o,x,) and consider
two possibilities: (i) If (¢o,x,) = 0, then (¢o,x,) = 0 < V¥ [(¢o, Any-1%n,)]; (ii) If for some
($0,Anyg-1%n,) < B(ey), in which €, := (¢o,x,) > 0, then (do,x,) < €, = (¢ho,%,), which is im-

possible, hence (¢o,A,y-1%4,) = B(€4), therefore, for some ¢y € I(g,

(¢Or xn) =€, = ,3_1 [(¢O)An0—lxn0)] = 1ﬁI:((150114;40—1~7‘:n()):|r
the proof of Lemma 3.1 is complete. O
Similar to the proof of Lemma 3.1, we have the following.

Lemma 3.2 The trivial solution of SDEs (2.1) is A-$o-stable (P-¢o-stable) if and only if
there exist functions \, € IC such that for any solution x, of (2.1), each nonnegative integer

no and some ¢y € K, the following inequality holds:

(¢01xn) = 'S[fno [(¢O’An0—lxn0)]r n=ng
((¢0:xn) = 1;[/;'10 [(d)O’PVl()—lxno )],}’l > }’lo).

(3.2)

Theorem 3.1 Assume that
(i) VeClZ, x§,,K], V(n,0) =0, V(nr) is locally Lipschitzian in r relative to K, and
for each (n,r) € Z, x S,
AV'(I’I’An—lxn) <0;

(i) f € C[K,R™] is quasimonotone in x, relative to K;
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(i) al(¢o,%4)] < (¢o, V (1, A1) for some ¢pg € Ky and a € K, (n,r) € R, x S,.
Then the trivial solution of SDEs (2.1) is A-¢o-stable.

Proof Since V(n,0) =0 and V(n,r) is continuous in r, then given a;(€) > 0, a; € K, there

exists 87 such that
lAu -1yl <81 implies || V(no,A,,O_ly)H < ay(e).
For some ¢y € K,
g0l An1¥ Il <ligolld  implies o]l || V (10, Any17)] < lipollas(e).

Thus

(@0, Ang-17)| < oIl Ane-17 Il < lIoll5y
implies

| (b0, V (10, Ag1)) | < ol || V (10, Ag1) | < lidhollas(e).
It follows that

(¢0,Ang-1y) <8 implies (¢, V (10, Apy-1¥)) < ale),

where ||¢o||81 = &, ||pollai(e) = a(e), a € K. Let x, be any solution of (2.1) such that
(¢0,Any-17) < 8. Then by (i), V is nonincreasing and so

V(n,Ay1x,) < V(”O’Ano—ly), n=ng.
Thus (¢, A,-1Y) < § implies

a[(q)o,x,,)] =< (¢0: V(nrAn—lxn)) = (¢0: V(”O:Ano—ly)) < 61(6),

(¢0,Ang-1y) <8 implies (¢o,xs) <€, 1= no.
Then the trivial solution of (2.1) is A-¢y-stable. The proof of Theorem 3.1 is complete. [

Theorem 3.2 Let the hypotheses of Theorem 3.1 be satisfied, except the condition AV (n,
Au-1x,) < 0 being replaced by

(iv) (¢o, AV (n,A,1%4)) < —cl(¢po, V(n,A,_1x4))], c € K.
Then the trivial solution of SDEs (2.1) is A-asymptotically ¢o-stable.

Proof By Theorem 3.2, the trivial solution of (2.1) is A-¢o-stable. By (iv), V(n, A,-1x,) is a
monotone decreasing function, thus the limit

V' = lim V(n,Au_1%,)

n—00
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exists. We prove that V" = 0. Suppose V™ #0, then ¢(V") #0, ¢ € K. Since ¢(r) is a mono-
tone increasing function, then

cl (b0, Vm Aurin))] > e[ (60, V')],
and so from (iv), we get
(B0, AV (1,4, 1%,)) < =[ (b0, V)]
Then
(b0, V(1 A1) < —c[ (0, V') ] (n = 110) + (o, V (110, Ang-1%n))-

Thus as # — oo and for some ¢ € KS, we have (¢, V(n,A,_1x,)) — —o0. This contradicts
the condition (iii). It follows that V" = 0. Thus

(60, V(1,Aprxn)) = 0, 11— o0,

and so with (iii)
(¢0,%,) = 0, 1 — o0.

Thus for given € > 0, ny € R,, there exist § = §(np) and N = N(ny, €) such that
(Po, Ang-1%ny) < 8o implies (o, x,) <€, n>mno+N.

Then the trivial solution of (2.1) is A-asymptotically ¢o-stable. The proof of Theorem 3.2
is complete. 0

Theorem 3.3 The trivial solution of SDEs (2.1) is P-¢o-stable if and only if there exist
functions y,, € K and a Lyapunov function V € C[Z, x S,,K] such that for some ¢, € K,
(i) V(n,0)=0,n>0;
(i) (¢0,9) =< (¢0, V(1,Pp1)) < Vul(Bo, Pa-1y)], ¥y € Ay, and some ¢o € K,
(ili) AV(n,Pyo1yn):= V(n+1,Pyyu1 — V(n,Py_1yn)) < 0 for any solution y, of (2.1).

Proof Necessity. Suppose that the trivial solution of (2.1) is P-¢y-stable, then, according to
Lemma 3.2, there exist functions v, € K (n > 0) such that for any solution x,, of (2.1) and
for some ¢y € Ky,

(¢01xn) = 1ﬁno [(d)O:Pno—lxng )] (33)

Define the Lyapunov function

V(n,y) = sup |xni(my)|; v eR"neZ,
keZ,

where %,k := %,,4(n; ) is the unique solution of (2.1) satisfying the initial condition
P,_1x, = P,_1y. Moreover, for some ¢o € Ky, (o, V(1,7)) < V¥u(do, Ps_1y), which implies
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V(n,0) = 0 and the continuity of function V in the second variable at y = 0. For each

y € A,, we have

)

V(nrpn—ly) = ISUZP ||xn+l(n;Pn—1y) || > ||xn(n;Pn—1y)
€L+

where x4 (n; P,_1y) denotes the solution of (2.1) satisfying the initial condition P,_1x,(#;
P, 1y) = P, 1(P,_1y) = P,_1y. Since x,,y € A, it follows x,(n; P,_1y) = y, hence, for some
¢0 € KS}

(¢Or V(n:Pn—Ly)) = (¢O’xn(n;Pn—1y)) = (¢0,J’)

Further, the inequality (3.3) gives

(00, V(1, Py1y)) < Vn(bo, Pury)-

On the other hand, for an arbitrary solution y, of (2.1), by the unique solvability of the
initial value problem (2.1) and (2.3), we have

V(W;Pn—lyn) = Sup ||xn+l(n;Pn—1y)” = sup |yl
leZy >0

Thus
Vn+ l»PnynJrl) = Sup |¥u+s+1 1l = sup [yl
>0 >1

< sup |yusill = V1, Pyory),
=0
hence AV (n, P,_1y,) < 0. The necessity part is proved.

Sufficiency. Assuming that the trivial solution of (2.1) is not P-¢¢-stable, i.e., there exist
a positive €y and a nonnegative integer 19 such that for all § € (0, €o] and for some ¢ € K,
there exists a solution of (2.1) satisfying the inequalities (¢, Pyy—1%4,) < 8 and (¢o, %) > €0
for some n; > ng.

Since V(no,0) = 0 and V(no, y) is continuous at y = 0, there exists a §; = 8y(€,19) > 0
such that for all £ € R, ||| < §;, we have V(n,§) < €9. Choosing §o < min{8;, €o}, we can
find a solution x,, of (2.1) satisfying (¢o, Pyy-1%4,) < 80. However, (¢o,%,,) > €, for some
ny > ng. Since (o, Puy-1%n,) < 80 < 83, we get

(90, V(10, Puy-1%n,)) < €0

for some n; > ny. On the other hand, using the properties (iii) of the function V, we find

(Po, V(10, Pug-1%n0)) = (G0, V (111, Py 1%6,)) = (0, %) > €05
which leads to a contradiction. The proof of Theorem 3.3 is complete. d

Theorem 3.4 The trivial solution of SDEs (2.1) is P-uniformly ¢o-stable if and only if there
exist functions a,b € K and a Lyapunov function V € C[Z, x S,,K] such that for some
$o € Ky,
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(@) al(¢o,x)] < (¢o, V (1, Py1%)) < b[(po, Pu1x)], Vx € Ay, 1> 0;
(i) AV(n,P,_1x,) <0 for any solution x, of (2.1).

Proof The proof of the necessity part is similar to the corresponding part of Theorem 3.3.
For € > 0, let § = b™![a(e)] independent of n for a, b € K, and x,, be any solution of (2.1)
such that (¢o, Pyy-1%4,) < 8. Then by (ii), V' is nonincreasing and so

(60, V (1, Pucrxn)) < (o, V0, Pug-1%ny)), 1= .

Thus

ﬂ[(d’O’xn)] = (¢0: V(ann—lxn)) = (¢0: V(VIO’PnO—lxno))
< b (o, Pry1%0)] < B(6) < ale),

(¢0, Puy-1%4,) <8 implies (¢o,x,) <€, 1> ny.

Then the trivial solution of (2.1) is P-uniformly ¢q-stable. The proof of Theorem 3.4 is
complete. O

4 Example
Consider SDEs (2.1) with the following data:

3 0 1 0
A, = " H B, = , n>=-1,
0 0 0 n+2

and

1
n+2

(07 1)T; X = (xler)T; n=> 0.

Jax) =

As ker A, = span{(0,1)7}, imA,, = span{(1,0)7}, » > -1 and S,, = span{(1,0)7}, n > 0, the
hypotheses (H;), (Hz) are fulfilled, hence SDEs (2.2) is of index-1. Clearly, the canonical

projections are

1 0 0 0
Pn:Po: (0 0)’ Qn:Q~: (0 1)1

therefore

0 0 n+3 0
Qu-in = <0 1) =Q Gy=A4,+B,Qu1n = ( 0 n+ 2) ’

L9
hence G;! = ( "(*)3 L ) Further, the function f;(x) is Lipschitz continuous with the Lips-
2

chitz coefficient L, = (n +2)~!. Moreover, f,,(0) = 0 and w,, := L, [|Q,-1,,G; || < 1. According
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to Theorem 2.1, IVP (2.1), (2.3) has a unique solution. We have x € A, if and only if

Qnax= Qn—l,nG;zl {fn(x) - Bnpn—lx},

it leads to xzzm.Thus
X1
Ap=dx=(,a) tp=——"— 4 u>0
n { (1 2) 2 (Vl+2)(l’l+3)}

Let V(n,y) := 2||x||, we get for each x € A,

1

2 2
) < 2[x1| = 2| Ppax].

Il = (a2 + ——a
(n+2)%(n + 3)2

Further, V(n, P,_1x) = 2||P,_1x|| = 2|x1|. Thus, for some ¢, € K,

a[(¢0,%)] < (¢0, V (1, Py1%)) < b[($o, Pr1) ),

where a,b € K and a(r) = r, b(r) = 2r. Suppose that x, is a solution of (2.1) and putting
U, = P,_1x, = Px,, v, = Q,_1x, = Qx,, then we have

AV(n,Py_1x,) = V(n+1,Pux,.1) — V(n,Py_1x)

= 2(I1Px1 [l = 1P 1) = 2(taa Il = lotl)-

Using equation (2.8) in [9], we find

1 1 0
Upsl = _PnG,;anun + PnG;lfn(xn) = _m 0 0 Up,

n+2

1
=Sl < 5 llunll, then

hence [u,1 |l = llunll =
AV (1, Py1xy) < —||Ppoayll.

According to Theorem 3.4, the trivial solution of (2.1) is P-uniformly ¢,-stable.
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