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1 Introduction

In the last decades, cellular neural networks [1, 2] have been extensively studied and ap-
plied in many different fields such as associative memory, signal processing and some op-
timization problems. In such applications, it is of prime importance to ensure that the
designed neural networks are stable. In practice, due to the finite speeds of the switching
and transmission of signals, time delays do exist in a working network and thus should be
incorporated into the model equation. In recent years, the dynamical behaviors of cellular
neural networks with constant delays or time-varying delays or distributed delays have
been studied; see, for example, [3—11] and the references therein.

In addition to the delay effects, recently, studies have been intensively focused on
stochastic models. It has been realized that the synaptic transmission is a noisy process
brought on by random fluctuations from the release of neurotransmitters and other prob-
abilistic causes, and it is of great significance to consider stochastic effects on the stability
of neural networks or dynamical system described by stochastic functional differential
equations (see [12—23]). On the other hand, most neural networks can be classified as
either continuous or discrete. Therefore most of the investigations focused on the contin-
uous or discrete systems, respectively. However, there are many real-world systems and
neural processes that behave in piecewise continuous style interlaced with instantaneous
and abrupt change (impulses). Motivated by this fact, several new neural networks with
impulses have been recently proposed and studied (see [24—33]).

In this paper, we would like to integrate fuzzy operations into cellular neural networks.
Speaking of fuzzy operations, Yang and Yang [34] first introduced fuzzy cellular neural
networks (FCNNs) combining those operations with cellular neural networks. So far re-

searchers have found that FCNNs are useful in image processing, and some results have
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been reported on stability and periodicity of FCNNs [34—40]. However, to the best of our
knowledge, few author investigated the stability of stochastic fuzzy cellular neural net-
works with time-varying delays and impulses.

Motivated by the above discussions, in this paper, we consider the following stochastic
fuzzy cellular neural networks with time-varying delays and impulses

dxi(t) = [—emit) + 27 agfi(x(8) + N\ gl (¢ — (1))
+ Vi Biigi(xi(t — 7(t)) + L] dt
+ 2 04t xi(8), xi(t — Ti(2) day(t),  t # K,
Axi(te) = ( () =xi(te) — %), keZ*i=12,...,m,

@)

where 7 corresponds to the number of units in the neural networks. For i =1,2,...,n,
x;(t) corresponds to the state of the ith neuron. fi(-), gi(-) are signal transmission func-
tions. ¢; > 0 denotes the rate at which a cell i resets its potential to the resting state when
isolated from other cells and inputs; 7;(£) corresponds to the transmission delay. a;; repre-
sents the elements of the feedback template. J; = I; + N Tiju; + \/ Hyjuj, oy, Bij, Ty and Hy;
are elements of fuzzy feedback MIN template and fuzzy feedback MAX template, fuzzy
feed-forward MIN template and fuzzy feed-forward MAX template, respectively; /\ and
\/ denote the fuzzy AND and fuzzy OR operation, respectively; #; denotes the external
input of the ith neurons. J; is the external bias of the ith unit. 7;(¢) is a transmission delay
satisfying 0 < 7;(¢) < t;0(£,%,) = (03(t, %1, ¥i))uxn € R™*" is the diffusion coefficient matrix
and oy(t, x5, y;) = (00 (&, %, ¥:), 00t %, 1), - . ., 0im(t, x5, ¥;)) is the ith row vector of o (¢, %, y):
o(t) = (01(t), w3(t), ..., w,(t))T is an n-dimensional Brownian motion defined on a com-
plete probability space (2, F, {F;}:>0,P) with a filtration {F;};>¢ satisfying the usual con-
ditions (i.e., it is right continuous and Fy contains all P-null sets). Ax;(tx) = x;(£f) — x:(2;)
is the impulses at moment #, the fixed moments of time # satisfy 0 =ty <ty <tr <...,
limg_s 4 o0 £ = +00; x4(s) = x(¢ + 5), s € [-7,0].

System (1) is supplemented with the initial condition given by

xto (S) = (/)(S)r se [—'L',O], (2)

where ¢(s) is Fyp-measurable and continuous everywhere except at a finite number of
points &, at which ¢(¢{) and ¢(t;) exist and ¢(¢) = ().

Let PCY2([tx, trs1) x R™;R*) denote the family of all nonnegative functions V(£,x) on
[, tre1) x R™ which are continuous once differentiable in ¢ and twice differentiable in x. If
V(t,x) € PCY2([ty, trs1) X R"; R*), define an operator LV associated with (1) as

LV(t,x) = Vi(t,x) Z Vi, (% |:—c,'x, Z uf x( t) /\a,,g} x, t— r,(t)))

i=1 j=1 j=1
g 1
+ \/ ﬁi,'g,»(xj (t - 'Cj(lf))) + Ii:| dt + 5 trace[oTVxx(t, x)a], (3)
j=1
where
aV(t, aV(t, aV(t,

Vit = LBy 2 Dy = (D)

ot ! 39(3,' axi ij nxn
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For convenience, we introduce several notations. x = (x1,%3,...,%,). € R” denotes a col-
umn vector. x| denotes a vector norm defined by ||x|| = (37, |x:[")?; C[X, Y] denotes
the space of continuous mappings from topological space X to topological space Y. De-
noted by Cféo [[-7,0),R"] is the family of all bounded Fy-measurable, C[[-7, 0), R"]-valued
random variables ¢, satisfying ||¢||;» = sup_, gy Ell¢(6)]l < +00, where E(-) denotes the
expectation of a stochastic process.

Throughout the paper, we give the following assumptions.

(Al) The signal transmission functions fi(-), gi(-) (j =1,2,...,#) are Lipschitz

continuous on R with Lipschitz constants u; and v;, namely, for any u,v € R,

i) -] <wjlu=vl,  [gw)—gW)| <vlu-vl,  £(0)=g0)=0.

(A2) There exist non-negative numbers s;, w; such that for all x,y,%",¥ € R,
i=12,...,n

[0:(t,,5) - ot )] [0:(6%,5) = ot )] <sifad —2* + wily -3

(A3) Lic(xi(tr)) = —yuc(xi(tc) — x7), where %} is the equilibrium point of (1) with the initial
condition (2), y satisfies 0 < yi < 2.

Definition 1.1 The equilibrium point x* = (x},3,...,x%)7 of system (1) is said to be pth
moment exponentially stable if there exist positive constants M > 0, A > 0 such that

E(|) -2 ") < Ml - e, 121,

where x(t) = (x1(t), %2(£), ..., %,(¢))T is any solution of system (1) with initial value x;(t +s) =
@i(s) e PC([-7,0],R),i=1,2,...,n.

When p =2, it is usually said to be exponentially stable in mean square.

Lemma 1.1 [34] Suppose x and y are two states of system (1), then we have

<> leillg) - g0

j=1

N\ @igi®) - /\ 2igi©)

Jj=1 Jj=1

and

<> 1Billg@®) - g»)|.

Jj=1

\/ Big®) - \/ Bigi®)

Jj=1 Jj=1

Lemmal.2 Ifa;>0(i=1,2,...,m) denote p nonnegative real numbers, then

L td
aay Ay < w’ (4.)

where p > 1 denotes an integer. A particular form of (4), namely
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2 Main results
In this section, we consider the existence and global pth moment exponential stability of

system (1).

Lemma 2.1 For two positive real numbers a and b, assume that there exists a constant
number 0 < n <1 such that 0 < b < na. Then the equation

A=a-be" (5)
has a unique solution A > 0.

Proof Let F(L) = > —a + be’™. 1t is easy to see F(0) = —a + b < 0, F(a) = be”* >0, F'(A) =
1+ bre*® > 0. Thus, F()) is strictly increasing on [0, 00). Therefore, Eq. (5) has a unique
positive solution A > 0. d

Lemma 2.2 [18] For two positive real numbers a and b, assume that there exists a con-
stant number 0 < n < 1 such that 0 < b < na. Assume that z(t) is a nonnegative continuous
function on [ty — t,ty] and satisfies the following inequality:

D'z(t) < —az(t) + b||z||, fort>DO0, (6)

then z(t) < ||z, ||le*¢=%), where A is a solution of (5) and the upper right Dini derivative of
z(t) is defined as

t+98)—z(t
D*2(t) = Tim sup L) =20
50+t )

Theorem 2.1 Under conditions (Al)-(A3), if there exist constants K; >0 (i =1,2),0<n <1
such that

0 < K, < nkKi, (7)

where

Ky = lfgifn[PCi -p-1 Z(Mﬂﬂzﬂ +vj(lagl +1B3))

Jj=1

. -1) -D(p-2)
—;W/ﬂﬂi—p(pz Sz'—(p 219 Wi},

K = lnglgq{wzwﬂ +1Bil) + (P—l)si]-

j=1

T

Then x* = (x5,%%,...,x5)" is a unique equilibrium which is globally pth moment exponen-

tial stable.

Proof The proof of existence and uniqueness of equilibrium for the system is similar to
that of [39]. So we omit it. Suppose that x* = (x},x3,...,x%)T is the unique equilibrium of

system (1).
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Let

yi(t) = xi(t) — x5,

c?l,'(t,yi(t),yi(t - Ti(t))) = Gi/(t,yt(f) + x?:}’i(t -7(t) + xf)) - Uij(t¢ xf,xf),
then system (1) can be transformed into the following equation, for i =1,2,...,n

dy;(t) = [—ciyi(t) + Z, 1ﬂl1(f(y}(t Tz](t)) X ) f(x
+ (N @igi () +27) = Ny “t/gl(x )
+ (V2 Bigly(s) + x;‘) - V2 Bigi(x)] dt (8)
+ 20 0650, yit - (@) day(t),  tFtk=12,...,

Ayiti) = T (t)) = T ((t) + 5%) = T ().

We define a Lyapunov function V(¢,5(¢)) = Y=, |y:()P. Let t > to, t € [tx_1, ), then we
can get the operator LV (¢, y(¢)) associated with system (8) of the following form:

LV (6y®) =p Y _|ye)]" sgn(i() [—Ciyt(f) + > ag(fiy(e -7 (0) + %) - fi(x))

]
i=1

j=1
</\ ;g (j(s) + %7) /\a,,g/ )
j=1
<\/ Pigi0j(s) +)) \/ Biigi (x; ﬂ
j=1
¥ p(pz_ 2 PG Z & (t,y:8), yi(t - w(0)))
i=1 =

—chz &) +p Z Z lagl iy @) |y (®)]

i=1 j=1

£ (lagl + 185 vy (£ - 70)]

i=1 j=1

+ @ D@ (sly @[ + wilyi(e - m)[)
i=1

< —PZCi Ly + Z Z lagliy (= D]y @) + |y,0[)
i=1

i=1 j=1

+ZZ|al,|+|ﬂl, v(@ =Dy + |yt - 5)[)

i=1 j=1

+ p(PZ‘ s Zsi‘yi(t)‘p " l%l Z wi(( =Dy +2]yi(t - () [")
i=1 =1

- Z|:Pci -p-1) Z(M;’|ﬂi;| +(le| + 1B41))

i=1 j=1
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- -1 -p-2
j=1

n

+ Zn:[vi Z(|Ol;‘i| +1Bil) + (- 1)Sij| lyi(e—u@)["

j=1

<-KV(ty(0) + Ky sup V(s,5(5)),
t—-T<s<t
where

Ky = min [pc,- ~@=1) Y (wlagl + vi(loyl + 1841))

j=1

—Z|ﬂji|ﬂi—p(p_l)si— (p—l)(p—Z)Wi},
j1

2 2

K3 = max {WZU%’J +185il) + (0 - l)s,-].

1<i<n
j=1
Firstly, for ¢ € [ty, 1), applying the Ito formula, we obtain that

V(t+8,y(t+8) - V(ty(@)

t+8 t+8
= f LV (s,p(s)) ds + / Vy(5,5(5))o (5, (), y (s — T(5))) deo(s).

)

(10)

Since E[V/(s, y(s))o (s, y(s), y(s— 7 (s))) dw(s)] = 0, taking expectations on both sides of equal-

ity (10) and applying the inequality (9) yields
E(V(t + 8,5t +98)) - E(V(6,3(0)))

< /[ M[—KlE(V(s,y(s)))+K2E( sup v(e,y(e)))]ds.

s—T<0=<s

Since the Dini derivative D" is

E(V(£+38,y(t +38))) - E(V(£,(9))
)

DYE(V (£,x(2))) = alilg sup ,
denote z(t) = E(V (¢, 5(2))), the preceding result (11) leads directly to
D*z(t) < —Kiz(¢) + Ks || z:|P.
Hence, from Lemma 2.2, we have
2(t) < | 2(to) || e ).

Namely,

Est) - |7] = M- e,

(11)

12)

(13)
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where M =1, A is the unique positive solution of the following equation:

= 1(1 — 1(26)\1.

Next, suppose that for k =1,2,...,m, the inequality

E(V(£,y(1))) < Mljg||Pe 1),

holds. From (A3), we get

E(V (tmry(tm)) ZElyl ) +L(i(5,) +27) [ = EZu Vil |yi(6,) [

<EY |t =
i=1

This, together with (14), leads to

E(V(t,5(0))) < Mllg|lre ¢,

On the other hand, for ¢ € [¢,, t,41), applying the Ito formula, we get

= f LV (s,5(s)) ds + / Vy(5,5(5))o (5, 5(5), y(s — 7(5))) deo(s).

Then, we have

te [tk_l,tk),k=l,2,...,

te[-t,tul.

EV(t,y(t)) - EV(tm,y(tm)) = / ELV(s,y(s)) ds

tm

So, for small enough § — 0%, we have

t+8
EV(t +8,9(t + 8)) - EV(tm,y(tm)) = / ELV(s,y(s)) ds.

From (16) and (17), we have
EV(t+8,y(t+68) - EV(t,y(t))

t+8
= / ELV (s,y(s)) ds

t+4
- / I:_KIE(V(s,y(s)))+K2E( sup  V(60,5(0))

Similarly, we obtain

E(V(t,5(0)) < Mllg|Pe ),

S—T<0<s

te [trrn tm+1)-

i=1

V(£,).5(8,)) < Mlg|pe im0,

)]as

Page 7 of 11
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Hence, by the mathematical induction, for any k =1,2,..., we conclude that
E(V(6y(0)) < Mllg|pe™ ), &> 1,

which implies that the equilibrium point of the impulsive system (1) is pth moment expo-

nentially stable. This completes the proof of the theorem. O

3 Comparisons and remarks
It can be easily seen that many neural networks are special cases of system (1). Thus, in
this section, we give some comparisons and remarks.

Suppose that [;(x) = x € R", system (1) becomes the stochastic fuzzy cellular neural net-

works with time-varying delays.

dxi(t) = [—eit) + 271 ayfi(x(2) + N\ gt — (1))
+ \/;11 Bigi(xi(t — Ty(t))) + I;] dt
+ 7:1 o(t,%:(t), x:(t — 7:(2))) dwy(t),  t = Lo,
xi(to +5) = @i(s), -00<s5<0,i=1,2,...,n.

(20)

For (20), we have the following corollary by Theorem 2.1.
Corollary 3.1 If (A1)-(A2) hold, if there exist constants K; >0 (i =1,2), 0 < n < 1 such that

0<K; <nky,

where

Ky = lrggln[l%i -p-1 Z(Mﬂﬂzﬂ + v (legl + [By1))

j=1

- Z |ajil i — p(pz— 1)31' - (p—l)z(p—Z) Wi} >0,

j=1

K, = max {viZ(mﬁl + |,3ji|) +(p- 1)Si},

1<i<n -
j=1

then the unique equilibrium x* = (x,x3,...,x%)7 of system (20) is globally pth moment
exponential stable.

If we do not consider fuzzy AND and fuzzy OR operations and when [x(x) =x € R” in
system (1), then system (1) becomes impulsive stochastic cellular neural networks with

time-varying delays

dxi(t) = [=coxi(t) + 312 ayfi(x(8) + 2201, g (xi(t — 7;(2)))
+ 2 Bigila(t — (1)) + L] dt
+ ;11 oij(t, xi(2), %;(t — 7:(2))) dwy(t), t > to,

xi(to +5) = @i(s), —-00<s5<0,i=1,2,...,n.

(21)
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Remark 3.1 The stability of system (21) has been investigated in [31]. In [31], authors
required the differentiability and monotonicity of a time delays function which satisfied
7/(t) < & <1. Hence, this assumption may impose a very strict constraint on the model
because time delays sometimes vary dramatically with time in real circuits. Obviously,
Theorem 2.1 does not require these conditions.

Remark 3.2 In Theorem 2.1, if we do not consider fuzzy AND and OR operation, it be-
comes traditional cellular neural networks. The results in [32] are the corollary of Theo-
rem 2.1. Therefore the results of this paper extend the previous known publication.

4 An example
Example 4.1 Consider the following stochastic fuzzy neural networks with time-varying
delays and time-varying delays and impulses

dxy(t) = [-11x1(£) + 0.1f1(x1(2)) + 0.7f1(x2(2)) + /\f=1 ayfj(xi(t — 7i(2)))
+ Vi Bufi(t = () + A7y Ty + \/7- Hyjuj) dt
+ o1 (8, x1(8), %1 — 71 (£))) den
+on(t,x(t),x1( - n@)dws, t#k,
dxy(t) = [-17x5(t) — 0.6f2(x1(2)) + 0.3/ (x(2)) + /\]-2=1 ot fi (i ( — (1))
+ \/1.2=1 Boifi (xi(t — 7;(1))) + /\1,2=1 Toju; + \/Jz=1 Hoju;] dt
+021(6,%2(2), %2 (¢ — 72(¢))) don
+02(8,%2(8), %2t — 12(2))) dwy,
Ax1(t) = —(1 + 0.3 sin(1 + k*)x1(57)),
Axy(tr) = —(1 + 0.6 sin(1 + k)xa (£)),

t#tk,

where to =0, tx = t;_1 + 0.2k, k=1,2,...,and

) =g = S (r 11 -1r-1)),

7(t) = 0.3]sint| +01<0.4, i,j=1,2,
5 1 1 3
on = g, 01 = g, o2 = _E’ Q2 = Z;
Bu=z  Baz2  Bu=—3 o=
11—37 21—31 12 — 4, 22—4)

onx,y) =0.2x — 0.1y,

o91(x,y) = 0.1x + 0.2y,

o12(x,9) =0.3x + 0.1y,

092(x,7) = 0.2x + 0.1y,

and Tl‘]‘ =Hl‘]‘ = Sl‘]‘ =Li]‘ =U; = M/' =1 (i,j= 1,2)
Let p = 2, obviously, u; = ; =1, i = 1,2. By simple computation, we can easily get that
K; =minf{19.4,31.6} =19.4, K; = max{6,2} = 6. Letting = 0.4, we have

nK; > Ky =6>0. (23)
Thus, system (22) satisfies assumptions (A1)-(A3). It follows from Theorem 2.1 that system

(22) is exponentially stable in mean square.
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