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Abstract

In this paper, we study the controllability problem of the semi-discrete internally
controlled one-dimensional wave equation with the finite element method. We
derive the observability inequality and prove the exact controllability for the
semi-discrete internally controlled wave equation, with the controls taken from a
finite dimensional space.
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1 Introduction

In this paper, we discuss the topic related to the controllability for the semi-discrete in-
ternally controlled one-dimensional wave equations. First of all, we introduce certain no-
tations. Let @ be an open and nonempty subset of (0,1). Define an operator E : L2(w) —
12(0,1) by

| fw) ifxeo,
ENW =10 rc 01\ 0

for any f € L?(w). Let T > 0. The controlled wave equation, which we study in this paper,
is as follows:

atty(x’ t) - 8xxy(x’ t) = Eu(x» t)» (x» t) € (0’ 1) X (0» T):
¥(0,¢) =y(1,¢) =0, te(0,7), 1.1)
¥(x,0) = yo(x), 9y(x,0) =y1(x), x€(0,1),

where the initial value (yo, 1) belongs to H}(0,1) x L2(0,1) and u(-) is a control function
taken from the space L2(0, T; L?(w)).

System (1.1) is said to be exactly controllable from the initial value (yo,71) € Hy(0,1) x
1%(0,1) in time T if there exists a control function u(-) € L2(0, T; L?(w)) such that the solu-
tion of (1.1) matches that (y(T'), 3,%(T)) = (0,0). We have already known that the control-
lability property for the above continuous one-dimensional wave equation holds for any
given T > 2 (see [1]).

In this work, we mainly focus on the issue of the controllability property of (1.1) under
numerical approximation schemes with the finite element method. To this end, now we
introduce the basis functions of the finite element space. Let & be a small enough positive
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number. Corresponding to each given /4, we take nodal points x;, with i = 0,1,..., Ny, over
the interval [0,1] such that

0=wg<x < - <an,—1<xN, =1
and
h= 1Lnax hj, where i = (x; — xj_1).
<j<Nj
Let

w = (X, %k4p)  for some k and p with k > 1,p > 1 and (k + p) < Nj,. (1.2)

Then we can define the basis function ¢; by

xi;c,/}.‘_l; x € [xj-1, %],
¢](x) = xl;[i;xr X € [x]; xj+1]1 (1'3)
0; PAS [0: 1] \ [xj—hxj+1]'

Corresponding to the state space L2(0,1), we build the finite element space as

Vél = span{¢1, ¢2, e ’¢Nh*1}'

Obviously, it is a subspace of H}(0,1). Let P;, be the L-projection from L?(0,1) to V7,

namely
(PhV»Vh> = <V;Vh>1 VVGLZ(O,I),Vh € V(l;"

Corresponding to the control space L2(w), we define the finite element space by

V= {wh;wh = oV for some v, € Vé‘}.

Throughout this paper, x,, will be treated as an operator from L?(0,1) to L*(w), by setting
Xo(f) =flo for all f € L%(0,1). Clearly, Vhisa subspace of H'(w).

Write Ej, for the restriction of the operator E over V", and project equation (1.1) into the
following controlled ordinary differential equations:

(1.4)

Yu(t) = Dpyu(t) = Py oo Ef(up(t)), t>0,
y©0) =55 ¥,(0) =y

Here, the initial value (y{, y) belongs to V¢ x V{, the control uy,(-) is taken from the space
L2(0,+00; V"), and the operator —A;, : V{ — V{ is defined by

(=Dpvp, wy) = / Vv, - Vwydx  for any vy, wy € Vé’. 1.5)
Q

In this paper, we mainly deal with the controllability for semi-discrete system (1.4). The
main result of the paper is presented as follows.
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Theorem 1.1 For each T > 0, controlled system (1.4) is exactly controllable in time T.
Namely, there exists a control function vy(-) € L*(0, +oc; VhY such that the solution of (1.4)
satisfies (yn(T),y,(T)) = (0,0).

Remark 1.2 Inthis paper, our main purpose is to discuss whether or not the semi-discrete
internally controlled systems have the exactly controllable property which the original
controlled systems have. This is a very valuable problem in control theory. In [2], the
authors established such a controllability result for the semi-discrete one-dimensional
boundary controlled wave equation by the numerical approximation method. The authors
also got that the semi-discrete systems are not uniformly controllable as the discretization
parameter /1 goes to zero. The main differences between [2] and our paper are as follows.
In [2], the authors focused on a one-dimensional boundary controlled wave equation and
they obtained the controllability for the semi-discrete wave system, with the controls taken
from an infinite dimensional space. In our paper, we discuss an internally controlled one-
dimensional wave equation. In this case, we obtain the exact controllability of the semi-
discrete wave equation, with the controls taken from a finite dimensional space. Regarding

other works related to this problem, we would like to mention (3, 4], and [5].

The rest of the paper is structured as follows. In Section 2, we give a sufficient condition
for controllability. By making use of this sufficient condition presented in Section 2, we

provide the proof of Theorem 1.1 in Section 3.

2 The controllability and observability property

We first introduce the following auxiliary system.

() = Apyu(t) = P o E(u(t)), >0, (2.1)
w(0) =yt ,(0) =91,

where the initial data (y%,y%) € V¥ x V. Clearly, it is a controlled system governed by
ordinary differential equations. However, the control functions for this system are taken
from the infinite dimensional space L2(0, T; L?(w)).
In this section, we discuss some controllability result for system (2.1). More concisely,
a sufficient condition for the exact controllability property of (2.1) will be presented. The
proofs of the following Lemmas 2.1, 2.2 and 2.4 can be found in [6].
For any (¢}, p!) € V¥ x VI, consider the following homogeneous equation:
{ 60~ Lug(® =0, t>0, 02
on0) =5 ¢, (0)=gf.

Lemma 2.1 The control u € L*(0, T; L*(w)) drives the initial data (yé,yi’) of controlled sys-
tem (2.1) to zero in time T if and only if

T 1 1
| [ owmdsae= [ etnorax- [ iy ax (23)
0 w 0 0

Sor all (94, ¢}') € VI x V!, where ¢y, is the corresponding solution of equation (2.2).
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Next, we define a functional J from V' x V¥ to R by setting

1 T 1 1
gieit) =5 [ [P asdes [ dporas- [ lomoas (2.4

where g, is the solution of (2.2) with initial data (¢, ¢]") € V¥ x VE.
We have the following result.

Lemma 2.2 Suppose that (¢, 3!) € VI x V¥ is a minimizer of J . If g, is the corresponding
solution of equation (2.2) with initial (@é’, @f’), then

U= XoPh (2.5)
is a control which drives the initial data (y{.,y") of controlled system (2.1) to zero in time T.

To get the sufficient condition that ensures the existence of a minimizer for 7, we need

to give the following definition.

Definition 2.3 Equation (2.2) is observable in time 7 if there exists a positive constant L

such that the following inequality holds:

T
L||(gog,fplh)||23(0,1)XH71(0,1)5 /0 / lon|? dx dt (2.6)
w

for any (¢l, pI') € Vi x Vi, where g, is the solution of (2.2) with initial data (¢, ).

Inequality (2.6) is called observability inequality. The following conclusion shows that
observability inequality (2.6) is the sufficient condition for the exact controllability of sys-
tem (2.1).

Lemma 2.4 Suppose equation (2.2) is observable in time T. Then the functional J defined
by (2.4) has a unique minimizer ((’ﬁé‘,(ﬁf‘) € Véq X Vg.

3 The proof of Theorem 1.1

Before giving the proof of the main result, we first present some preliminary lemmas.
Assume that all distinct eigenvalues of the operator —A,, are A%, A%, ..,Az, 0 <A<l <
s < AZ. For any given eigenvalue A", s € {1,2,...,q}, let [; be its multiplicity and W be its
eigenspace, with an orthogonal basis {eﬁ”l, eﬁz, oo eZ .} It is easy to see that the family

h /i h h
{el,l"‘"el,ll’""eq,l""’eq,lq}

forms an orthogonal basis of V. The following two results are quoted from [7]. They will
be used later.

Lemma 3.1 For any non-zero vector &, in the space V', we have &, = Y"1, rf", where f",
s€{1,2,...,q}, isa normalized eigenfunction in the eigenspace W, andry,r,,...,r, arereal
numbers satisfying Y L, r? = |&,||?, where || - || denotes the usual norm of L*(0,1).


http://www.advancesindifferenceequations.com/content/2013/1/160

Zheng and Yu Advances in Difference Equations 2013, 2013:160 Page 5of 8
http://www.advancesindifferenceequations.com/content/2013/1/160

Theorem 3.2 Suppose that X" is an eigenfunction to the operator —/y, and w is an open
and nonempty subset of (0,1). Then x,X" #0.

Now, we will prove the controllability for system (2.1).

Theorem 3.3 Foreach T > 0, the solution of semi-discrete system (2.2) satisfies the follow-
ing inequality:

T
L” (9"3’9"{4)”;(0,1)@2(0,1)5/0 f|¢h|2dxdt. (3.1)
w

Remark 3.4 Since V{ x V! is a finite dimensional space, thus all norms of this space are
equivalent, and then we can get that inequality (3.1) implies observability of semi-discrete
system (2.2).

Proof For any given T > 0, consider the following function F : V¥ x V¥ — R defined by

T
F(gg, 1) = fo / \onl? dxdt,

where ¢, is the solution of (2.2) with initial data (¢, ¢}"). Clearly, F is continuous. To
prove inequality (3.1), it suffices to show that we can find a positive constant L(/, T'), where
L(h, T) only depends on / and T, such that

. b h hoh
mm{F(‘/’o"Pl ); (¢0’¢1) ||L2(0,1)xL2(o,1) = 1} > L T). (3.2)
To this end, we will give a proof by contradiction. Suppose that there is a unit vector
(wg,w{‘) in Vg X Véq such that F(wﬁ,w’f):O. Since ||(w13, Wf)||L2(o,1)xL2(o,1) =1, at least one of
wi and w/ is not 0. Without loss of generality, we can assume that w/ # 0. According to
Lemma 3.1, w/ can be presented by

q
h h
wo = &
s=1

where f", with s € {1,2,...,4}, is a normalized eigenfunction in the eigenspace W/, and
&1,&2,...,&, are real numbers satisfying

q

D8 = Wil 70

s=1

Now, noting that V} is an Nj, — 1 dimensional space, we can choose fqhﬂ, ces fﬁh_l which are

h

normalized eigenfunctions of —A, such that flh ey fqh, R

. fIf}h_l constitute a complete
standard orthogonal basis of V. Let P }‘th—l be Nj, — 1 corresponding eigenvalues to
eigenfunctionsflh, .. ,fqh, qh+1, e ,fIf}h_l.

Now, for (wh, w?) € V¥ x VI, we can write
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and we can rewrite

Nj-1
Wé = Z é&fghy
s=1
where &;,1 = --- = &y, .1 = 0. By the classical theory of ODEs, equation (2.2) has a unique

solution

Ny-1
on(t) = szzl {Ss cos(\/gt) + \}7—;_? sin(\/gt) }fsh. (3.3)

This, together with the definition of the function F and the assumption that F(w/, w/) = 0,
indicates that

dt.

L2(w)

Hence, we necessarily have that

Np-1
Szzl {gs COS(\/)\ZIt) + \;})\8‘7 Sin(\/;é"t) }Xazfsh =0 in Lz(a)) forall £ € [0, TJ. (34)

In the following, we are going to prove that
&=0 foreachse{l,2,...,q}, (3.5)

which leads to a contradiction to the assumption that w # 0, and then we can complete
the proof of (3.2).
By taking ¢ = 0 in (3.4) and noting ¢;,(0) = W}, we can get

Njp-1 q
D Exf! =) Exaf! =0 inL*(w),
s=1 s=1

where we use the fact that £,,; = --- = &y, _1 = 0. Calculating the derivations twice to (3.4)
and taking ¢ = 0, we can get

Np-1 q

D O MExS =Y MEK S =0 in ().
s=1 s=1

Thus, by induction, we can get that

q

D (MY Exof =0 in (o), (3.6)

s=1

wherer=0,1,2,....

Page 6 of 8
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Noting that f* #0, 5 =1,2,...,q, are the eigenfunctions of —A, we can see from Theo-
rem 3.2 that x,f" #0 for s = 1,2,...,q. Therefore, we can assume, without loss of general-
ity, that XJ{’, e, wa(f with 1 < o < g are linear independent in L*(w), and

span{ xofs ..., Xofi' } = span{xmflh,...,ij;h}.

With regard to the number «, there are only two possibilities: it either is equal to g or is
less than ¢. If & = g, (3.5) follows immediately from (3.6). If « < g, we have the following

presentation:
o
Xwﬁh:Zajsxwah, j=a+l,...,q, (3.7)
s=1

where aj, s =1,2,...,a, j = a +1,...,q, are real numbers. Since Xaz];h #0 forallj=o+
1,...,q, we derive, from (3.7), the following fact:

Foreachje {a +1,...,q}, there is a number s(j) € {1,...,a} such that a;; #0. (3.8)

On the other hand, combining (3.6) with (3.7) leads to

q
0= (M) &oxaf
s=1
o q
= 2 el + 30 () Gl
s=1 j=a+l
o q
=2 <(’\? )&+ ) (3 )r"?/“js) Xof!  inL*().
s=1 j=a+l
Since xof!",..., xof" are linear independent in L%(w), it follows from the above identity
that
q
0= (5 e+ > (M)ga foralls=1,...,0,r=0,1,2,.... (3.9)
Jj=a+1

Because k{’, . ..,AZ are distinct positive numbers, we can deduce immediately from (3.9)
that

&=0 foralls=1,...,a
and that
§ajs=0 foralls=1,...,a, andallj=a+1,...,q.
In the above second identity, corresponding to each j € {o + 1,...,g}, we can take s as the

number s(j) given in (3.8). Then it follows that & = 0 for all j € {« + 1,...,¢q}. Hence, we
prove (3.5) and finish the proof for this theorem. d


http://www.advancesindifferenceequations.com/content/2013/1/160

Zheng and Yu Advances in Difference Equations 2013, 2013:160 Page 8 of 8
http://www.advancesindifferenceequations.com/content/2013/1/160

Proof of Theorem 1.1 According to Lemma 2.2, Lemma 2.4, and Theorem 3.3, we have
that system (2.1) is controllable in time 7'. Suppose that (94, ¢V') € V¢ x V¢ is a minimizer
of J. If ¢y, is the corresponding solution of equation (2.2) with initial data (@é’, @), then

= Yol (3.10)

is a control which drives the initial data (yg, ) of controlled system (2.1) to zero in time 7.
It is easy to see that x,@;, € L*(0, +oc; V). This completes the proof of this theorem. [
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