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1 Introduction
The generalized hypergeometric function ,F,, with p numerator and g denominator pa-
rameters is defined by [1]

al,...,ap;
»Fy |:b b zj| =, Fla,...,a,b1,..., by 2]
L Yg

= (@)n -~ (ap)n z"
=2 (bg)n 1!’ )

n=0

where (a), denotes the Pochhammer symbol (or the shifted factorial, since (1), = n!) de-

fined for any complex number a by

1, n=0,
(@) = (1.2)
ala+1)---(a+n-1), neN.

Using the fundamental relation I'(a + 1) = al"(a), (a), can be written in the form

r
@, =2 enu o)), (13)
[(a)
where T is the well-known gamma function.
It is well known that whenever a generalized hypergeometric function reduces to quo-

tient of the products of the gamma function, the results are very important from the ap-
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plication point of view. Thus in the theory of hypergeometric and generalized hypergeo-
metric series, summation formulas and transformation formulas play an important role.

In a very popular, interesting and useful research article, Bailey [2], by employing clas-
sical summation theorems such as those of Gauss, Gauss second, Kummer and Bailey for
the series yF;; Watson, Dixon, Whipple and Saalschiitz for the series 3F,, established a
large number of very interesting results (known as well as new) involving products of gen-
eralized hypergeometric series.

It is not out of place to mention here that recently a good deal of progress has been done
in the direction of generalizing the above mentioned classical summation theorems. For
details, we refer to [3-5].

In this research paper, we are interested in the following classical Saalschiitz summation

theorem [1]:

a,b,-n; (c = @)ulc - b)»
" [ 1} " (@ulc—a-b), (1.4)

Glva+b-c—m

By utilizing (1.4), Bailey [2] obtained the following three interesting quadratic transforma-

tions:
a, b; 2a,a—-b+ i
1-x)"2,F, o A =R |7 2 x|, 1.5
A= 1|:a+b+%; (1"‘)2:| 2 1|: a+b+3; (15)
N a, b; 2a-l,a+ia-b-1;
1-x)'"F 1. _(136)2 =3F T2 LYo (1.6)
a+b+3; a-s,a+b+s;
and
1
\l-2a a,a— 5,e + e —2a; 4
(1 x) BFZ |: e1, e; (l—x)z

=3F (1.7)

|:2a —1,2a - e,2a — ey; i|
=3l X |.
€1, €2;

The transformation formula (1.7) is originally due to Whipple [6] who obtained it by
other means.

It is interesting to mention here that in (1.7), (i) if we replace a by a + % and take e; —
a+b+1ande, > a+ ] and (i) if we take e, —> a — } and e; — a + b + § and simplify, we
respectively recover (1.5) and (1.6).

Very recently, Rakha and Rathie [7] established the extension of Saalschiitz summation
theorem (1.4) in the form

a,b,d+1,-m; _(c=a)u(c=b)u(g +1),
4F3 |:c+1,1+a+b—C—n,d; 1:|_(C+1)n(c—ﬂ—b)n(g)n, (1.8)
where
_f(b_c) _d(a—c)
g= b—f and f= -
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Also, in the same paper [7], as an applications, they have obtained the following results:

oy a,b,d+1; e
(l—x) 3F2 [a+b+%,d; T2

2a,a-b-11+a-Al+a+A4;
=afs 3 x| 1.9)
at+b+z,a-Aa+A;
where
1 1 1
A? = o d(azb—abd—ibd—zd) (1.10)
and
1-24 ﬂ,b,d‘l’l; 4
(1—96) BFZ |:ﬂ+b+%,d; _(lx)2:|
2a-la+3,a-b-3,a+i-Aa+;+4
=5F4[ O S DT (1.11)
2’ 2’ 2 ’ 2 ’
where
A=Y (b ab—d—abd-2pa+ Lo 1.12)
“b-d 274747 .

The results (1.9) and (1.11) may be regarded as the extensions of (1.5) and (1.6) as it can
be seen by takingd =a + b + 3.

The aim of this research is twofold. First, by utilizing the extension of Saalschiitz’s sum-
mation theorem (1.8), we obtain a natural extension of Whipple’s transformation (1.7).
Then, by employing the beta integral method, we obtain a new hypergeometric identity.
The results derived in this paper are simple, easily established and may be potentially use-
ful.

2 Demonstration of the beta integral method
The beta function B(w, 8) is defined by the first integral and is known to be evaluated as
the second one as follows:

[yl a-0ftdt (R@) > 0;R(B) > 0);

INCIINC)) -
s (@, B € C\Zp).

B(o, B) = (2.1)

Krattenthaler and Rao [8] made a systematic use of the so-called beta integral method, a
method of deriving new hypergeometric identities from old ones by mainly using the beta
integral in (2.1) based on the Mathematica Package HYP, to illustrate several interesting
identities for the hypergeometric series and Kampé de Fériet series in most cases of unit
arguments.

In this section, we also apply the beta integral method to the known results (1.7), (1.9)
and (1.11) to get new hypergeometric identities. However, we shall derive one identity in
detail and others can be obtained similarly.
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Thus, for example, let us consider (1.7) in the form

1 .
F a,a—i,el+ez—2a, 4
369

. T a2
€1,€2; (1=%)

(2.2)

(- x)z"_lgFg |:2a —-1,2a —ej,2a — ey; xi| ‘

€1, €2;

Now, multiplying both sides of equation (2.2) by x°1(1 — x)**7}, integrating the resulting
equation with respect to x from 0 to 1, expressing the involved 3F, as series, changing the
order of integration and summation (which is easily seen to be justified due to the uniform
convergence of the series involved in the process) and using the beta integral (2.1), then
after some simplification, summing up the resulting series, we get the following identity

(presumably new).

Corollary 1 For a to be a negative integer, the following hypergeometric transformation
holds true.

1
F a,a—i,el+ez—2a,c,l—e; 1
5L4 1 1

1 1 1
é1,67, 3 + —2C— —26,1 + _26_ —26;

- I'(e—c)F(2cz+e—1)4 3

FefRa+e-c-1) 2a—1,2a —e,2a — e, ¢ 1
e, e,2a+e—1; ’

Following the same procedure, from (2.1) and known results (1.5) and (1.6), we get the

following identities (presumably new).

Corollary 2 For a to be a negative integer, the following hypergeometric transformation
holds true.

F a,b,c,1—¢; 1
i lavbellile le1loLg
202 T20 73617367536

~ IF'e)F2a+e—-c) |:2a,a—b+%,c; 1:|

= -~ = 2.4
F(e—c)I‘(261+e)3 > a+b+%,2a+e; 24)

Corollary 3 For a to be a negative integer, the following hypergeometric transformation
holds true.

F|: a,b,c,1—-¢; 1
443 11,1 1 1 1
at+b+3,5+5c-56l+50- 56

(2.5)

_F(e)F(2a+e—c—1) 2a—1,a+%,a—b—%,c; 1

TT-ola+e-1)*? a-ia+b+32a+e-1; '
We conclude this section by remarking that the results (2.4) and (2.5) can also be obtained
from (2.3) by (i) replacing a by a + % and takinge; - a+b+ % ande; —> a+ % and (ii) taking

el — a— % andey; —>a+b+ % respectively.
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3 Extension of Whipple’s transformation (1.7)
The extension of Whipple’s quadratic transformation (1.7) to be established in this paper
is given in the following theorem.

Theorem 1 The following extension of Whipple's transformation (1.7) holds true.

1 .
(1= 02, aa-ge+e-2a,d+1l; s
e +1,e,d; (=)

2a-1,2a—-e,-1,2a—ey,a+ L —A,a+ i+ A4
_.F, a a-—e; aleza+21 a+y+ x|, 3.1)
el+1,e2,a—§—A,a—§+A;
where A is given by
1\? dey-2a)2a-e -1
A2: a-- _ (2 )( 1 ) (32)
2 el+e,—2a—d

Proof In order to establish (3.1), we proceed as follows. Denote the left-hand side of (3.1)
by S, then upon expressing the 4,F; as a series given by the definition (1.1), after some
simplification, we have

o @nla - 3)aler + ey —2a),(d +1),(-1)"2%"
5= e+ Dulean(d)r!

P (1 _ x)l—2a—2n'

Using the well-known binomial theorem

aff oo E e

’ m=0

we have

© X _1 — _ _1\192n
S:ZZWW Diler + e~ 2a),(d +1),Qa + 21 = D)1V

=0 m=0 (61 + 1)n(€2)n(d)nn!m!

S

Now, replacing m by m — n, making use of the result [1]

ZZA(k, n) = ZZA(k,n—k)

n=0 k= n=0 k=0

(=]

and then using the identity

m!

(_m)n’

(m - n)! = (~1)"

we have, after some simplification,

_ = 2a-Dm o (—m)uler + €3 —2a),2a + m—1),(d +1),
5= % m ZO (e1 + 1)ulex)u(d)n!
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Summing up the inner series, we have

o0
2a-1),, —m,e1+ey—2a,2a+m-1,d+1;
S= Z Iy e 1].
m! ei+1,e,d;

m=0
Finally, using the extension of Saalschiitz’s summation theorem (1.8) and after much sim-

plification, we get

m
’

S- i Qa-1)uQRa-e -1)uQRa-e)ula+z-Ama+; +Am
(e1 + Dm(e2)m(a— 3 = A)mla— 5 + A)um!

m=0

where A is the same as given in (3.2). Finally, summing up the series with the definition
(1.1), we easily arrive at the right-hand side of (3.1). This completes the proof of Theo-
rem 1. 0

Remark If we equate the coefficients of x” on both sides of equation (3.1), we get the

following interesting identity (presumably new):

-n,e1 +e,—2a,2a+n-1,d+1;
4F3 1
e1+1,e,d;

Qa-e-1)ua-edala+z —Aula+ 3 +A)n

1 1 ’ (3.3)
(e1 +Dylex)ul@— 35 —A)ul@a— 35 +A),
where A is the same as given in (3.2).
Further, in (3.3), if we take d = e;, we get the following identity (presumably new):
—n, —2a,2a+n-1; 2a — e1),(2a — e3),
\F) ne +e —2a,2a+n :(a e1)n(2a 62)’ (3.4)
€1,€2; (e1)n(€2)n

which can also be obtained directly by equating coefficients of #” in Whipple’s transfor-
mation (1.7).
We remark in passing that if in Theorem 1 we take d = e}, so that A =a —¢; — %, after

little simplification, we recover Whipple’s transformation (1.7).

4 Application

As already explained in detail in Section 2, using the beta integral method to our main
result (3.1), it is not difficult to obtain the following hypergeometric identity which is given
here without a proof.

Corollary 4 For a to be a negative integer, the following hypergeometric transformation
holds true.

F a,a—%,el+eg—2a,d+1,c,1—e; 1
645 dlsl 1 1 1.
er+l,e,d, 5 +5c-561+5c- 36

2
_I(@r2a+e-c-1)
"T(e-c)lQa+e-1)



http://www.advancesindifferenceequations.com/content/2013/1/157

Wang and Rathie Advances in Difference Equations 2013, 2013:157
http://www.advancesindifferenceequations.com/content/2013/1/157

2a—1,2a—e;—1,2a—ey,a + % —-Aa+ % +A4A,c

X 6F5 ) (4.1)

e1+1,e,a— % —-A,a- % +A,2a+e-1;
where, of course, A is the same as defined in (3.2).

Here we mention two interesting special cases of (4.1).
(1) In (4.1), if we replace a by a + % and takee; > a+ b + % and ey —> a + %, we get the

following transformation.

Corollary 5 For a to be a negative integer, the following hypergeometric transformation
holds true.

a,b,d+1,¢,1-¢

3 71,1, 1 1
a+b+3,d5+5c-561+5c—

5Fy 1

26

(el 2a+e-c) 2a,a—b—%,1+a—A,1+a+A,C;

= 4.2
I’(e—c)F‘(26l+~e)5 * a+b+%,a—A,a+A,2a+e; (42)

(2)In (4.1), if we takee; > a+ b + % and ey —> a— %, we get the following result.
Corollary 6 For a to be a negative integer, the following hypergeometric transformation

holds true.

a,b,d+1,¢c,1—-¢

sFa 3 71,1 1 1 1
a+b+3,d,5+5c-561+5c-56

1

_I'(@r'2a+e-c-1)
" Te-olQRa+e-1)

3
27

a—%,a+b+%,a—A—%,a+A—%,2a+e—l;

2a—1,a+%,a—b— a+%—A,a+%+A,c;

X 6F5 (43)

We conclude this section by remarking that the results (4.2) and (4.3) can also be obtained
from (1.9) and (1.11) by applying the beta integral method.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally to this paper. They read and approved the final paper.

Author details

'Department of Mathematics, Shanghai University, Shanghai, 200444, PR. China. ?Department of Mathematics, School of
Mathematical and Physical Sciences, Central University of Kerala, Riverside Transit Campus, Padennakkad PO. Nileshwar,
Kasaragod, Kerala State 671314, India.

Acknowledgements

This work was, in part, supported by the National Natural Science Foundation of China (No. 11201291), Natural Science
Foundation of Shanghai (No. 12ZR1443800) and a grant of ‘The First-class Discipline of Universities in Shanghai’ The
authors are grateful to the worthy referees for giving certain very useful suggestions.

Received: 7 March 2013 Accepted: 20 May 2013 Published: 4 June 2013
References

1. Rainville, ED: Special Functions. Macmillan, New York (1960) Reprinted by Chelsea Publishing, Bronx, New York (1971)
2. Bailey, WN: Products of generalized hypergeometric series. Proc. Lond. Math. Soc. 28(2), 242-254 (1928)

Page 7 of 8


http://www.advancesindifferenceequations.com/content/2013/1/157

Wang and Rathie Advances in Difference Equations 2013, 2013:157 Page 8 of 8
http://www.advancesindifferenceequations.com/content/2013/1/157

3. Kim, YS, Rakha, MA, Rathie, AK: Extensions of certain classical summation theorems for the series 5 F, 3F; and 4F3 with
applications in Ramanujan’s summations. Int. J. Math. Math. Sci. 2010, 3095031 (2010)

4. Rakha, MA, Rathie, AK: Generalizations of classical summation theorems for the series ,f; and 3F5. Integral Transforms
Spec. Funct. 22(11), 823-840 (2011)

5. Vidnunas, R: A generalization of Kummer identity. Rocky Mt. J. Math. 32(2), 919-936 (2002)

6. Whipple, FJW: Some transformations of generalized hypergeometric series. Proc. Lond. Math. Soc. 26(2), 257-272
(1927)

7. Rakha, MA, Rathie, AK: Extensions of Euler type Il transformation and Saalschtz's theorem. Bull. Korean Math. Soc.
48(1),151-156 (2011)

8. Krattenthaler, C, Rao, KS: Automatic generation of hypergeometric identities by the beta integral method. J. Comput.
Appl. Math. 160, 159-173 (2003)

doi:10.1186/1687-1847-2013-157
Cite this article as: Wang and Rathie: Extension of a quadratic transformation due to Whipple with an application.
Advances in Difference Equations 2013 2013:157.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://www.advancesindifferenceequations.com/content/2013/1/157

	Extension of a quadratic transformation due to Whipple with an application
	Abstract
	MSC
	Keywords

	Introduction
	Demonstration of the beta integral method
	Extension of Whipple's transformation (1.7)
	Application
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


