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Abstract

In the present paper, we deal with the existence and multiplicity of homoclinic
solutions of the second-order self-adjoint discrete Hamiltonian system

Alp(mAuln - 1)] - Linu(n) + VW(n,u(n) = 0.

Under the assumption that W(n, x) is of indefinite sign and subquadratic as |x| — +o00
and p(n) and L(n) are N' x A real symmetric positive definite matrices for all n € Z,
and that

L v-2
||||m |nf[|n| ‘L‘nj (L(n)x,x)] >0

njl—+oo

for some constant v < 2, we establish some existence criteria to guarantee that the
above system has at least one or multiple homoclinic solutions by using Clark’s
theorem in critical point theory.
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1 Introduction
Consider the second-order self-adjoint discrete Hamiltonian system

A[p(n)Au(n - 1)] — L(n)u(n) + VW(n, u(n)) =0, 1.1)

where n € Z, u € RV, Au(n) = u(n + 1) — u(n) is the forward difference operator, p,L :
7 — RN*N and W : Z x RV — R. As usual, we say that a solution u(n) of system (1.1)
is homoclinic (to 0) if u(n) — 0 as n — Fo00. In addition, if u(n) # 0, then u(n) is called a
nontrivial homoclinic solution.

In general, system (1.1) may be regarded as a discrete analogue of the following second
order Hamiltonian system:

d

7 ®)is(£)) — L()u(t) + VW (¢, u(?)) = 0. (1.2)

Moreover, system (1.1) does have its applicable setting as evidenced by monographs [1,
2]. System (1.2) can also be regarded as a special form of the Emden-Fowler equation ap-
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pearing in the study of astrophysics, gas dynamics, fluid mechanics, relativistic mechanics,
nuclear physics and chemically reacting system, and many well-known results concerning
properties of solutions of (1.2) are collected in [3].

In papers [4—8], the authors studied the existence of homoclinic solutions of system (1.1)
or some of its special forms under the following superquadratic growth (AR)-condition on
W there is a constant u > 2 such that

0<uWnx) < (VW(n,x),x), V(n,x) € Z x RV \ {0},

or other superquadratic growth conditions, where and in the sequel, (-, -) denotes the stan-
dard inner product in R and | - | is the induced norm.

When W (n,x) is of subquadratic growth at infinity, Tang and Lin [9] recently established
the following results on the existence of homoclinic solutions of system (1.1).

Theorem A [9] Assume that p(n) isan N' x N real symmetric positive definite matrix for
all n € Z, and that L and W satisfy the following assumptions:
(L) L(n) isan N x N real symmetric positive definite matrix for all n € Z, and there
exists a constant B > 0 such that

(Ln)x,x) > Blal®,  V(mx) € Z x RY;

(W1) Forevery n e Z, W is continuously differentiable in x, and there exist two
constants 1 < y; < y < 2 and two functions a, ay € [¥*)(Z,[0,+00)) such that

|W(n,2)| <ai(m)x”, Y(n,x) e ZxRY, x| <1
and
‘W(n,x)! <a,(n)|x|?, V(n,x)eZx RV, x| > 1;

(W2) There exist two functions b € ¥ >(Z, [0, +00)) and ¢ € C([0, +o0), [0, +00))
such that

|VW(n,x)| < b(n)¢(|x|), Y(n,x) € Z x IRN,

where ¢(s) = O(s" ™) as s — 0%;
(W3) There exist an ny € Z and two constants n > 0 and y3 € (1,2) such that

W no,%) = nlx”®, VxeRV,|x <1.
Then system (1.1) possesses at least one nontrivial homoclinic solution.

Theorem B [9] Assume that p(n) is an N x N real symmetric positive definite matrix for
all n € Z, and that L and W satisfy (L), (W1), (W2) and the following assumptions:
(W4) There exist two constants n >0 and y3 € (1,2) and a set ] C Z with m > 0 elements
such that

W(n,x) > nlx|”, Vx)e] xRV, x| <1;
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(W5) W(n,—x) = W(n,x),¥(n,x) €Z x RV,
Then system (1.1) possesses at least m distinct pairs of nontrivial homoclinic solutions.

When L(n) satisfies (L) in Theorems A and B, assumption (W1) is optimal in some
sense, essentially, the summable functions aj,a, € [¥® (R, [0, +00)) are necessary; see
Lemma 2.2 in Section 2.

Now a natural question is whether the conditions on the potential W (#, x) can be further
relaxed when one imposes stronger conditions on L(n)?

In the present paper, we give a positive answer to the above question. In fact, we employ
Clark’s theorem in critical point theory to establish new existence criteria to guarantee
that system (1.1) has at least one or multiple homoclinic solutions under the following
assumption instead of (L):

(L,) L(n)isan N x N real symmetric positive definite matrix for all # € Z, and there exists
a constant v < 2 such that

lirninf[|n|”’2 |ir|1—f1<L(n)x’ x)] > 0.

|n|—+00
Our main results are the following two theorems.

Theorem 1.1 Assume that p(n) is an N' x N real symmetric positive definite matrix for
all n € Z, that L satisfies (L,) and W satisfies the following assumptions:

(W1') There exist constants max{1,2/(3 —v)} < v < y» <2 and ay,a; > 0 such that
|W(n,x)| <alx" +aslx|?, V(m,x) € Z x RY;

(W2') There exists a function ¢ € C([0, +00), [0, +00)) such that
VW (n,%)| < o(lxl), Y(m,x) e Zx RY,

where ¢(s) = O(s”3™!) as s — 0%, max{1,2/(3 - v)} < y3 < 2;
(W3') There exist ng € Z and constants 8y,n >0 and max{1,2/(3 — v)} < y4 < 2 such that

W(no,x) > nlx|™, Vxe RV, |x] < &o.
Then system (1.1) possesses at least one nontrivial homoclinic solution.

Theorem 1.2 Assume that p(n) isan N x N real symmetric positive definite matrix for all
n € Z, and that L and W satisfy (L,), (W1'), (W2'), (W5) and the following assumption:

(W4') There exist constants 89,1 > 0 and max{1,2/(3 — v)} < y4 <2 and a set ] C 7 with

m > 0 elements such that
W(n,x) = nlx™,  Y(mx)e] x RV, x| < &.

Then system (1.1) possesses at least m distinct pairs of nontrivial homoclinic solutions.
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Remark 1.3 Obviously, assumptions (W1'), (W2'), (W3') and (W4’) are weaker than
(W1), (W2), (W3) and (W4), respectively.

The remainder of this paper is organized as follows. In Section 2, some preliminary
results are presented. In Section 3, we give the proofs of our theorems. In Section 4, we
give some examples to illustrate our results.

2 Preliminaries
In this section, we always assume that p(n) and L(n) are real symmetric positive definite
matrices for all n € Z. Let

S= {{”(”)}nez cu(n) € RV, ne Z},

E

{u esS: Z[(p(n +1)Au(n), Au(n)) + (L(n)u(n), u(n))] < +oo},

neZ

and for u,v € E, let

(u,v) = Z[(p(n +1)Au(n), Av(n)) + (L(n)u(n),v(n))].

nez
Then E is a Hilbert space with the above inner product, and the corresponding norm is
172
||| = {Z[(p(n +1)Au(n), Au(n)) + (L(n)u(n), u(n))]} , ueckE.
nez
As usual, for 1 < g < +00, set
lq(Z,]RN) = {{”(")}nez cu(n) eRV ne Z,Z|u(n)}q< +oo}
nez

and

ZOO(Z,RN) = [{u(n)} cu(n) eRN e Z,sup|u(n)|< +oo],

Z
ne nez

and their norms are defined by

1/
Ilullq:<2|u(n)|") q, Vu e 11(2,RV);

nez

, Yuel®(zZ,RV),

ll24]l oo = sup|u(n)
nez

respectively.

Lemma 2.1 [9] Foru € E,

letll oo < Izl (2.1)

1
V(B +4a)B

where o = inf{(p(n)x,x) : n € Z,x € RV, x| = 1} and B = inf{(L(n)x,x) : n € Z,x € RV,
x| = 1}.

Page 4 of 16
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By (L), there exist two constants Ny > 0 and My > 0 such that
"™ inf (L(n)%,%) = Mo, |n| = No,
which implies
|n|"~2 (L(n)x,x) > Molx|%, |n|>Np,x € RV. (2.2)

Lemma 2.2 Suppose that L satisfies (L,). Then, for 1 < q € (2/(3 — v),2), E is compactly
embedded in 19(Z, RN); moreover,

> Jutn || I, VueEN=N, (2.3)

e
and

el < [( 3 [m] ) o, Ij\(f’)] lul!, VueEN >N, (2.4)

|n|<N
where
- % >0, K(g)= [%T‘g%m (2.5)

and

l(n) = xeR}\Iflﬁx\:l(L(n)x’ x). (2.6)

Proof Letr=[(3-v)q—2]/(2—¢g). Thenr>0.For u € Eand N > Ny, it follows from (2.2),
(2.5) and the Holder inequality that

Z lu(m)|? < (Z ||/ 2= q) B (Z In|*™| )

[n|>N [n|>N N
2 17% 1 %
< (rN’) [ATO ;W(L(n)u(n),u(n))]
22-9)/2 ( )

= lleell® = —= llaell .
- Mg/ZF(zfq)/zNK

This shows that (2.3) holds. Hence, from (2.2), (2.6) and the Holder inequality, one has

lalld = > utm)|* + Y ulm))|”

|n|<N |n|>N

s(Z[l(n) q’”) 2<Zln)!u ) Dy
|n|<N [n|<N
-4
S(Z[l(n)]_q/(z_q)) o7 + ()n 1.

[n|<N

This shows that (2.4) holds.
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Finally, we prove that E is compactly embedded in [%(Z, RM). Let {ux} C E be a bounded
sequence. Then by (2.1), there exists a constant A > 0 such that

lurl <A, keN. (2.7)

1
(7Y N p——
V(B +4a)p

Since E is reflexive, {u;} possesses a weakly convergent subsequence in E. Passing to a
subsequence if necessary, it can be assumed that u; — 1 in E. It is easy to verify that

lim ui(n) = ug(n), VmeZ. (2.8)
k— 00

For any given number ¢ > 0, we can choose N, > 0 such that

217K (q)

N {[V(B+4e)BA]" + lluoll?} <&. (2.9)

It follows from (2.8) that there exists ko € N such that

> Jun) —uo(m)|* <& for k = ko. (2.10)

|| <Ng

On the other hand, it follows from (2.3), (2.7) and (2.9) that

D i) = uo(m)|* <297 Y (Jue(m)|* + |uo(m)])
|n|>Ng |n|>Ng
_27K(g)
=

&

(el + oo 17)
=< J{[4(;3+4w);31\]q+ luoli?} <e, keN.  (211)

Since ¢ is arbitrary, combining (2.10) with (2.11), we get

(7 u0||Z = Z|uk(n) - uo(n)|q — 0 ask— +00.

nez

This shows that {u;} possesses a convergent subsequence in /4(Z,R"). Therefore, E is
compactly embedded in [4(Z, RN) for1 <ge (2/(3-v),2). O

Lemma 2.3 Suppose that L and W satisfy (L,) and (W1'). Then, for u € E,

D IW(mum)| < gr(N)llul™ + go(N)[[ull?, N = No, (2.12)
nez
where
_B-vn-2
K1 = f’
(2.13)
_B-vy-2
Ky=—"—""—;

2

Page 6 of 16
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_ -n/2-n) -4 K(n)
HN)=ar| ( D [lm)] o | (2.14)
|n|<N
7
0200 =aa| (X [100] %) 2] (215)
[n|<N

Proof For N > Ny, it follows from (2.4) and (W1’) that

Z|W(n,u(n))‘ <m z:|u(rz)|y1 +dy Z:‘u(n)|y2

nez nez neZ,
13
=4 [(Z (] ) + Ij\([“)]n &
[n|=N
-2
ra [(Z [1m)] -72/(2- yz> P N Ij\({):zz)]nunn
|n|<N
= o1 (N) (]| + o (N) [|e]|72.
This shows (2.12) holds. 0

Lemma 2.4 Assume that L and W satisfy (L,), (W1') and (W2'). Then the functional f
E — R defined by

S =Sl = Y Wnu(n), VueE 216)

nez

is well defined and of class C*(E,R) and

(f/(u), V) = Z[(p(n +1)Au(n), Av(n)) + (L(n)u(n), v(n))

nez

- (V W(n, u(n)), V(n))], Yu,veE. (2.17)
Furthermore, the critical points of f in E are solutions of (1.1) with u(£o0) = 0.

Proof Lemma 2.3 implies that f defined by (2.16) is well defined on E. Next, we prove that
(2.17) holds. By (W2’), one can choose an M; > 0 such that

o(1xl) < Milx?™, Vxe RN, x|l <1 (2.18)

For any u,v € E, there exists an integer N; > Ny such that |u(n)| + [v(n)| <1 for |n| > Ni.
Then, for any sequence {0,},cz C R with |6,| <1 for n € Z and any number /4 € (0,1), by
(W2"), (2.3) and Lemma 2.2, we have

» hl'él[%l,)i] | (V W(n, u(n) + Onhv(n)), V(n)) |

< |n§z1 max [VW () + 0,hv() || ()|

Page 7 of 16
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+ |§lhg%§]|vw m,u(n) + O,hv(n))||v(n)|

=2
x| <

W(n,x)Hv(n)‘ + M, Z (’u(n)’ + ’V(n)’)ysflyv(n”

||u“oc+||V||oo

[n|<N1 |n|>Ny
V3
= Z |x|<||”“oc+||v||oo|VW(n * ||v(n)| + M Z |v(n)|
|n| <Ny |n|>Ny

w3 ) (3 o)
|n|>Ny |n|>Ny
= Z x| <

[n|<N1

MiK(ys)

W(n,x)| ‘v(n)‘ + NE

B v
max (I + vl o)

< 400, (2.19)

where k3 = [y3(3 — v) —2]/2 > 0. Then by (2.16), (2.19) and Lebesgue’s dominated conver-
gence theorem, we have

, . flu+hv)—f(u)
) -y P I

_ hlinol |:(u, W hv|? - ZZ(VW(n,u(n) + 9,,]’11/(1’1)),1/(1’1))]
= (u,v) — Z(VW(n, u(n)),v(n))
nez
= Z[(p(n + 1) Au(n), Av(n)) + (L(m)u(n), v(n)) - (VW (1, u(n)), v(n))].
nez

This shows that (2.17) holds. Observe that for u,v € E,

Z[(p(n +1)Au(n), Av(n)) + (L(n)u(n),v(n)) - (VW(n,u(n)), V(}’l))]

nez
= Z[A(p(n)Au(n -1),v(n)) = (A(p(n) Au(n - 1)), v(n)) + (L(n)u(n), v(n))
nez
- (V W(n, u(n)), v(n))]
= Z p(n)Au n— 1)) + L(n)u(n) - VW(n, u(n)), V(}’l))] (2.20)
nez
It follows from (2.17) and (2.20) that {f'(u =0 for all v € E if and only if

A(p(n)Au(n - 1)) — L(n)u(n) + VW(n,u(n)) =0, VmelZ.

So, the critical points of f in E are the solutions of system (1.1) with u(400) = 0.

Let us prove now that f” is continuous. Let ux — u in E. Then there exists a constant
8 > 0 such that

lull < V(B +4a) B8, luell < V(B +4)BS, k=12,.... (2.21)

Page 8 of 16
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It follows from (2.1) that

]l oo < 6, luklloo <8, k=1,2,.... (2.22)
By (W2'), one can choose an M; > 0 such that

o(1xl) < Mofal,  Vxe RV, |x| <. (2.23)

From (2.3), (2.17), (2.21), (2.22), (2.23), (W2’) and the Hoélder inequality, we have

(' i) = f (), )|

< Z[(p(n +1)(Aur(n) - Aun)), Av(n)) + (L(n) (ur(n) - u(n)),v(n))]
nez
+ Z‘ (V W(n, uk(n)) - VW(n, u(n)), V(I’l))‘
nez
= ’(uk - u, v)’ + Z‘ (VW(n, uk(n)) - VW(n, u(n)), v(n))|
nez
<N —ulllvll+ Y [VW (n,m(m)) = VW (m,u(n)) || v(n)|
[n|<N
+ Z (|VW(n, uk(n))| + |VW(V1, u(n))|)|v(n)|
|n|>N
<o)+ My Y (jux(m)|"™ + |ulm)[* ™) [v(n)|
|n|>N
1-L 1
<o() +MZ(Z |uk(n)|”> ? (Z |v(n)|"> ?
[n[>N [n|>N
+M2<Z|u(n)|y3) <Z|v(n)|y3>
|n|>N |n|>N
< o(t) + 2RO 1t 4 sty

=0o(1), k— +00,N — +00,VvEE,

which implies the continuity of /’. The proof is complete. g

Lemma 2.5 [10] Let E be a real Banach space and let f € C*(E,R) satisfy the (PS)-
condition. If f is bounded from below, then ¢ = infg f is a critical value of f.

Lemma 2.6 [11] Let E be a real Banach space, let f € C'(E,R) with f even, bounded from
below, and satisfying the (PS)-condition. Suppose that f(0) = 0, there is a set K C E such
that K is homeomorphic to S< by an odd map, and supy f < 0. Then f possesses at least k

distinct pairs of critical points.


http://www.advancesindifferenceequations.com/content/2013/1/154

Lin and Tang Advances in Difference Equations 2013, 2013:154 Page 10 of 16
http://www.advancesindifferenceequations.com/content/2013/1/154

3 Proofs of theorems
Proof of Theorem 1.1 In view of Lemma 2.4, f € C}(E,R). In what follows, we first show
that f is bounded from below. Choose N, > Nj, it follows from (2.12) that

> W (nmu(m) < (N[l + do(No)l|ul)?,  Vu€E. (31)

nez

By (2.16) and (3.1), we have

S = 3l = 32 W) = 2l = gn (N — () a2 (3.2)

nez

Since 1 < y1 < y» <2, (3.2) implies that f(u) — +00 as |u|| — +o0o. Consequently, f is
bounded from below.

Next, we prove that f satisfies the (PS)-condition. Assume that {u }xen C E is a sequence
such that {f(#;)}ren is bounded and f'(u;) — 0 as k — +00. Then by (2.1) and (3.2), there
exists a constant A > 0 such that

lucl <A, keN. (3.3)

[ pep——
V(B +4a)B

So, passing to a subsequence if necessary, it can be assumed that u; — u, in E. It is easy
to verify that

kl_i)r+noO ur(n) = upg(n), VmnelZ. (3.4)
Hence, we have by (3.3) and (3.4)

lluolleo < A. (3.5)
By virtue of (W2'), one can choose a M3 > 0 such that

o(1xl) < M3lx7Y,  Vx e RV, |x| < A. (3.6)

For any given number ¢ > 0, we can choose an integer N3 > N, such that

K(ys)
N;?

{[V(B+42)BA]” + [luo|?} <& (3.7)

It follows from (3.4) and the continuity of VW (#,x) on x that there exists ko € N such that

N3
Z !VW(n, uk(n)) - VW(n, uo(n)) ‘ !uk(n) - uo(n)’ <g fork=>ko. (3.8)
n=—N3

On the other hand, it follows from (3.3), (3.5), (3.6), (3.7) and (W2') that
> VW (1, i) = VW (11, u0(m)) || i () — w0 ()|
|n|>N3

= 2 [o(lmt]) + o (luo e )] 0m)] + [uo)])

[n]>N3
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<Mz > (Ju)[*™ + |uo ()| 7) (|us(m)| + | (m)])

|n|>N3
<2M; Y (|| + |uo(m)|”)
[n|>N3
gﬁ%ﬁ%mwwmm
< %}Ws){[mfx]” + lluo 17}
<2Mse, keN. (3.9)

Since ¢ is arbitrary, combining (3.8) with (3.9), we get

Z(VW(VI, ui(n)) = VW (n,uo(n)), ur(n) — uo(n)) > 0 as k — +oo. (3.10)

ne’z

It follows from (2.17) that

(" (ux) = f' (w0, ux — o)

= llux — uol|® - Z(V W (1, ux(n)) = VW (1, u0(n)), ux (1) — 1o (n)). (3.11)

nez

Since (f'(ux) — f'(uo), ux — uo) — 0, it follows from (3.10) and (3.11) that ux — up in E.
Hence, f satisfies the (PS)-condition.

By Lemma 2.5, ¢ = infg f(u) is a critical value of f, that is, there exists a critical point
u* € E such that f(u*) = c.

Finally, we show that u* # 0. Let u,(n9) = (1,0,...,0)" € RV and u.(n) = 0 for n Z np.
Then by (W1'), (W3') and (2.16), we have

2
Sl) = a2 = Y2 W (msie, )
nez
s )
= E”u*” - W(”O;SU*(VI()))
S2
= 5 el = s |y (o)™, 0 <5 <. (3.12)

Since 1 < y4 < 2, it follows from (3.12) that f(su,) < 0 for s > 0 small enough. Hence
fu*) = c <0, therefore u* is a nontrivial critical point of f, and so u* = u*(n) is a non-
trivial homoclinic solution of system (1.1). The proof is complete. O

Proof of Theorem 1.2 In view of Lemma 2.4 and the proof of Theorem 1.1, f € C}(E,R)
is bounded from below and satisfies the (PS)-condition. It is obvious that f is even and
£(0) =0.In order to apply Lemma 2.6, we prove now that there is a set K C E such that K
is homeomorphic to $”~! by an odd map, and sup, f < 0. Let

J={m,na,...,n,},
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where 1 < 1y < - - - < n,,. Define

1,0,...,0)T eRN, n=m,
u;(n) = i=1,2,...,m (3.13)

0, n#n;

and
E,, = span{uy, Uy, ..., Uy}, Kn={u€Ey:|ul=1}. (3.14)

For any u € E,,, there exist A; € R, i =1,2,...,m such that
m
u(n) = Zkiui(n) for n € Z. (3.15)
i=1

Then

1/ys m 1/ya
”I/l”y4 = (Z’u(n)‘m) _ (Z |)\i|y4‘ui(ni)’y4) (316)
i=1

nez

and

llu|? = Z[(p(m +1)Au(n), Au(n)) + (L(n)u(n), u(n))]

nez

m

= (P(” +1)Y hibun), Y )»jAM;‘(ﬂ)) + Y W (Ln)ui(m), i)
j1

i=1 i=1

m

= Z Aikj Z(P(”l +1) Aui(n), Aui(n)) + Z A7 (L(my)ui(ny), wi(ny))

i=1 j=1 nez i=1

=F(A, 25005 Am), (3.17)

where F(Aq, Ay, ..., Ay) is @ quadratic form. Since

2

F()‘-h)‘-wa’)‘-m) = ZO: v()‘-l:)\Zr'-'r)‘-m)T eRm

m
E Aild;
i1

and
m
FOud k) =0 & Y Au(n)=0, VnelZ <& dy=hy=:=ky=0.
i=1

Therefore, F(A1,Ag,...,\y) is a positive definite quadratic form. It follows that there exists

an invertible matrix A € R"*" such that

(Ml! Mz,...,pbm)T ZA()‘-I:)\ZI"")‘WI)T: F()VII)VZ!””)”W!) = ZM;Z (318)
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Since all the norms of a finite dimensional normed space are equivalent, there is a constant
¢ > 0 such that

lull < |lully, foruekE,. (3.19)

By (W1'), (W4), (3.14), (3.16) and (3.19), we have

2
S
flsu) = 5 flae]|* - Z W (1, su(n))
nez
s “
= Sl = 32 W (s shai0)
i=1
s* 2 va S 4 V4
< Sl =™ Y Al ()|
i=1
2
S
= 5l = sl 2
52 2 / o\ V4 va
= o Ml —n(cs) " llul
s? “ -
- E—n(c/s)m, Vue](m,0<s§80(2|ki|> ) (3.20)
i=1

For 1 < y4 <2, (3.20) implies that there exist ¢ > 0 and o > 0 such that
flou)<—¢ forueK,,. (3.21)

Let

I(gfl = {UI/! ‘u eI<m}’ Sm71 = {(Mlt“’%u-t“’m)-r eR™: Zuﬁz = 1}
i=1
Then it follows from (3.17) that
m
[(:; = Zkiui :F()»l,)ug,...,)»m) =Gz}.

i=1

By (3.18), we define a map ¥ : Kg, — S as follows:

V() =07 (1 oo )5 Y €K,

It is easy to verify that ¢ : K& — S is an odd homeomorphic map. On the other hand,
by (3.21), we have

flu)<—-e forucekj,
and so supge f < —¢ < 0. By Lemma 2.4, f has at least m distinct pairs of critical points,

and so system (1.1) possesses at least m distinct pairs of nontrivial homoclinic solutions.
The proof is complete. g
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4 Examples
In this section, we give three examples to illustrate our results.

Example 4.1 Insystem (1.1), let p(#) be an N x N real symmetric positive definite matrix
for all n € Z, L(n) = (1 + sin® n)|n|**I, and let

4/3 3/2

W(n,x) = cos n|x|*'° + sin n|x|

Then L(n) satisfies (L, ) with v = 4/3, and

4cosn

3sin
VW(n,x) = T|x|_2/3x + 2

2
(W (n,2)| < |x*® +1x>%, ¥(n,x) e Z xRV

|x|—l/2x,

and

8|x|1/3 +9|x|1/2

6 ) V(n,x)erRN.

|VW(n,x)| <
For any m € N, there exist m integers n; € Z,i=1,2,...,m such that

cosn; >0, sinn; >0, i=1,2,...,m.
Let] = {m,ny,...,n,} and

n = min{cos 1; + Sin#1y,COS My + Sin#y,...,COS 1,, + Sinn,,}.
Then

W(nx) > nlx*?, Ynx) e] x RV, x| <1.

These show that all conditions of Theorem 1.2 are satisfied, where

4 3
1<§=7/1=V3<V2=V4=§<2, ap=a;=1, @(s) =

By Theorem 1.2, system (1.1) has at least m distinct pairs of nontrivial homoclinic solu-
tions. Since m is arbitrary, it follows that system (1.1) has infinitely many distinct pairs of

nontrivial homoclinic solutions.

Example 4.2 Insystem (1.1), let p(n) be an A/ x N\ real symmetric positive definite matrix
for all n € Z, L(n) = (1 + cos® n)|n|lr, and let

W(n,x) = sin(n + |x|2)(|x|3/2 - 2|x|7/4)‘
Then L(n) satisfies (L,) with v =1, and
e (3 2. 7 -1
VW (n,x) = sin(n + |x]*) 5 e M2 — 1 |oe| %

+2cos(n + |x*) (Ix>? - 2|x""*)x,
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|W(n,2)| < 122 + 21x%,  V(n,x) e Z x RV,

6x1/2+7x3/4+8x5/2+16x11/4
|VWMw”§|| Ll 4" M Ve ez x RV,

For any m € N, there exist m integers n; € Z, i =1,2,...,m such that

sin#n; > 0, sin(m; +1)>0, i=12,...,m.
LetJ = {ny,ny,...,n,,} and

1 .. . ,

n= imm{smn,’,sm(ni +1):i=1,2,...,m}.

Then
3/2 N 1
W(n,x) > nlx|>’*, V(m,x)e] xRY, |x| < 256"

These show that all conditions of Theorem 1.2 are satisfied, where

3 7 1
l<—=pY1=yY3<Va=Ys=—<2; a =1, as =2; 8o = —;
) V=V3<)Y2=YVa 2 1 2 0 256
6S1/2 + 7S3/4 + 855/2 + 16S11/4-
p(s) = ) .

By Theorem 1.2, system (1.1) has at least m distinct pairs of nontrivial homoclinic solu-

tions. Since m is arbitrary, it follows that system (1.1) has infinitely many distinct pairs of

nontrivial homoclinic solutions.

Example 4.3 Insystem (1.1), let p(n) be an A/ x N real symmetric positive definite matrix

for all n € Z, L(n) = In(3 + n?)|n|**I 5, and let

W(n,x) = sinnln(l + |x|3/2).

Then L(n) satisfies (L,) with v = 2/3, and

3sinn
VWn,x)= —— |« _l/zx,
( )20+Mmﬂ|

3|x|1/2

<——— V(mx)eZ RV,
)| 201+ |x[3?) (%) x

|W(n,x)| < x>2, |VW(n,x
For any m € N, there exist m integers n; € Z, i = 1,2,...,m such that

sinn; >0, i=1,2,...,m.

LetJ = {m,ny,...,n,} and

. [ sinnm;
n:mln{ ) :1:1,2,...,141}.
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Then
W(nx) > nlx*?, Y(mx)e] xRV, x| <1.

These show that all conditions of Theorem 1.2 are satisfied, where

3S1/2

3
1< = = = :—<2, a:l, a ZO, S)=———F-C.
n=r=ys=yi=g 1 2 @(s) 20157

By Theorem 1.2, system (1.1) has at least m distinct pairs of nontrivial homoclinic solu-
tions. Since m is arbitrary, it follows that system (1.1) has infinitely many distinct pairs of
nontrivial homoclinic solutions.
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