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Abstract
In the present paper we study the operator defined by using the Ruscheweyh
derivative Rnf (z) and the Sălăgean operator Snf (z), denoted by Lnα :A → A,
Lnα f (z) = (1 – α)Rnf (z) + αSnf (z), z ∈ U, whereAn = {f ∈ H(U) : f (z) =
z + an+1zn+1 + · · · , z ∈ U} is the class of normalized analytic functions withA1 =A. We
obtain several differential subordinations regarding the operator Lnα .
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1 Introduction
Denote by U the unit disc of the complex plane, U = {z ∈ C : |z| < }, and by H(U) the
space of holomorphic functions in U . LetAn = {f ∈H(U) : f (z) = z+ an+zn+ + · · · , z ∈U}
with A = A and H[a,n] = {f ∈ H(U) : f (z) = a + anzn + an+zn+ + · · · , z ∈ U} for a ∈ C

and n ∈ N. Denote by K = {f ∈ A : Re zf ′′(z)
f ′(z) +  > , z ∈ U} the class of normalized convex

functions in U .
If f and g are analytic functions in U , we say that f is subordinate to g , written f ≺ g , if

there is a function w analytic in U , with w() = , |w(z)| < , for all z ∈ U , such that f (z) =
g(w(z)) for all z ∈U . If g is univalent, then f ≺ g if and only if f () = g() and f (U)⊆ g(U).
Let ψ : C × U → C and let h be a univalent function in U . If p is analytic in U and

satisfies the (second-order) differential subordination

ψ
(
p(z), zp′(z), zp′′(z); z

) ≺ h(z), z ∈U , (.)

then p is called a solution of the differential subordination. The univalent function q is
called a dominant of the solutions of the differential subordination, ormore simply a dom-
inant, if p ≺ q for all p satisfying (.).
A dominant q̃ that satisfies q̃ ≺ q for all dominants q of (.) is said to be the best domi-

nant of (.). The best dominant is unique up to a rotation of U .

Definition . (Sălăgean []) For f ∈A, n ∈N, the operator Sn is defined by Sn :A→A,

Sf (z) = f (z),

Sf (z) = zf ′(z),
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· · ·
Sn+f (z) = z

(
Snf (z)

)′, z ∈ U .

Remark . If f ∈A, f (z) = z +
∑∞

j= ajzj, then Snf (z) = z +
∑∞

j= jnajzj, z ∈ U .

Definition . (Ruscheweyh []) For f ∈A, n ∈N, the operator Rn is defined by Rn :A→
A,

Rf (z) = f (z),

Rf (z) = zf ′(z),

· · ·
(n + )Rn+f (z) = z

(
Rnf (z)

)′ + nRnf (z), z ∈U .

Remark . If f ∈A, f (z) = z +
∑∞

j= ajzj, then Rnf (z) = z +
∑∞

j=Cn
n+j–ajzj, z ∈U .

Definition . ([]) Let α ≥ , n ∈N. Denote by Lnα the operator given by Lnα :A→A,

Lnαf (z) = ( – α)Rnf (z) + αSnf (z), z ∈U .

Remark . If f ∈ A, f (z) = z +
∑∞

j= ajzj, then Lnαf (z) = z +
∑∞

j=(αjn + ( – α)Cn
n+j–)ajzj,

z ∈U .
This operator was studied also in [–].

Lemma . (Hallenbeck and Ruscheweyh [, Th. .., p.]) Let h be a convex function
with h() = a, and let γ ∈C\{} be a complex number with Reγ ≥ . If p ∈H[a,n] and

p(z) +

γ
zp′(z) ≺ h(z), z ∈U ,

then

p(z) ≺ g(z) ≺ h(z), z ∈U ,

where g(z) = γ

nzγ /n
∫ z
 h(t)t

γ /n– dt, z ∈ U .

Lemma . (Miller and Mocanu []) Let g be a convex function in U and let h(z) = g(z) +
nαzg ′(z), for z ∈U , where α >  and n is a positive integer.
If p(z) = g() + pnzn + pn+zn+ + · · · , z ∈U , is holomorphic in U and

p(z) + αzp′(z) ≺ h(z), z ∈U ,

then

p(z) ≺ g(z), z ∈U ,

and this result is sharp.

2 Main results
Theorem . Let g be a convex function, g() =  and let h be the function h(z) = g(z) +
z
δ
g ′(z), z ∈U .
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If α, δ ≥ , n ∈N, f ∈A and satisfies the differential subordination(
Lnαf (z)

z

)δ–(
Lnαf (z)

)′ ≺ h(z), z ∈ U , (.)

then (
Lnαf (z)

z

)δ

≺ g(z), z ∈U ,

and this result is sharp.

Proof By using the properties of the operator Lnα , we have

Lnαf (z) = z +
∞∑
j=

(
αjn + ( – α)Cn

n+j–
)
ajzj, z ∈U .

Consider p(z) = ( L
n
α f (z)
z )δ = (

z+
∑∞

j=(αj
n+(–α)Cn

n+j–)ajz
j

z )δ =  + pδzδ + pδ+zδ+ + · · · , z ∈ U .
We deduce that p ∈H[, δ].
Differentiating, we obtain ( L

n
α f (z)
z )δ–(Lnαf (z))′ = p(z) + 

δ
zp′(z), z ∈U .

Then (.) becomes

p(z) +

δ
zp′(z) ≺ h(z) = g(z) +

z
δ
g ′(z), z ∈U .

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e.,
(
Lnαf (z)

z

)δ

≺ g(z), z ∈U . �

Theorem. Let h be a holomorphic function which satisfies the inequalityRe(+ zh′′(z)
h′(z) ) >

– 
 , z ∈U , and h() = .
If α, δ ≥ , n ∈N, f ∈A and satisfies the differential subordination(

Lnαf (z)
z

)δ–(
Lnαf (z)

)′ ≺ h(z), z ∈ U , (.)

then (
Lnαf (z)

z

)δ

≺ q(z), z ∈U ,

where q(z) = δ

zδ
∫ z
 h(t)t

δ– dt. The function q is convex and it is the best dominant.

Proof Let

p(z) =
(
Lnαf (z)

z

)δ

=
(z +

∑∞
j=(αjn + ( – α)Cn

n+j–)ajzj

z

)δ

=

(
 +

∞∑
j=

(
αjn + ( – α)Cn

n+j–
)
ajzj–

)δ

=  +
∞∑

j=δ+

pjzj–

for z ∈U , p ∈H[, δ].
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Alb Lupaş Advances in Difference Equations 2013, 2013:150 Page 4 of 12
http://www.advancesindifferenceequations.com/content/2013/1/150

Differentiating, we obtain ( L
n
α f (z)
z )δ–(Lnαf (z))′ = p(z) + 

δ
zp′(z), z ∈U , and (.) becomes

p(z) +

δ
zp′(z) ≺ h(z), z ∈U .

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e.,
(
Lnαf (z)

z

)δ

≺ q(z) =
δ

zδ

∫ z


h(t)tδ– dt, z ∈U ,

and q is the best dominant. �

Corollary . Let h(z) = +(β–)z
+z be a convex function in U , where  ≤ β < .

If α, δ ≥ , n ∈N, f ∈A and satisfies the differential subordination

(
Lnαf (z)

z

)δ–(
Lnαf (z)

)′ ≺ h(z), z ∈ U , (.)

then (
Lnαf (z)

z

)δ

≺ q(z), z ∈U ,

where q is given by q(z) = (β – ) + (–β)δ
zδ

∫ z


tδ–
+t dt, z ∈U . The function q is convex and it

is the best dominant.

Proof Following the same steps as in the proof of Theorem . and considering p(z) =
( L

n
α f (z)
z )δ , the differential subordination (.) becomes

p(z) +
z
δ
p′(z) ≺ h(z) =

 + (β – )z
 + z

, z ∈U .

By using Lemma . for γ = δ, we have p(z) ≺ q(z), i.e.,

(
Lnαf (z)

z

)δ

≺ q(z) =
δ

zδ

∫ z


h(t)tδ– dt

=
δ

zδ

∫ z


tδ–

 + (β – )t
 + t

dt =
δ

zδ

∫ z



[
(β – )tδ– + ( – β)

tδ–

 + t

]
dt

= (β – ) +
( – β)δ

zδ

∫ z



tδ–

 + t
dt, z ∈U . �

Remark . For n = , α = , δ = , we obtain the same example as in [, Example ..,
p.].

Theorem . Let g be a convex function such that g() =  and let h be the function h(z) =
g(z) + z

γ
g ′(z), z ∈U , where γ > .

If α ≥ , n ∈N, f ∈A and the differential subordination

(γ + )z
γ

Lnαf (z)
(Ln+α f (z))

+
z

γ

Lnαf (z)
(Ln+α f (z))

[
(Lnαf (z))′

Lnαf (z)
– 

(Ln+α f (z))′

Ln+α f (z)

]
≺ h(z), z ∈U , (.)
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holds, then

z
Lnαf (z)

(Ln+α f (z))
≺ g(z), z ∈U ,

and this result is sharp.

Proof For f ∈ A, f (z) = z +
∑∞

j= ajzj, we have Lnαf (z) = z +
∑∞

j=(αjn + ( – α)Cn
n+j–)ajzj,

z ∈U .
Consider p(z) = z Lnα f (z)

(Ln+α f (z))
and we obtain p(z) + z

γ
p′(z) = (γ+)z

γ

Lnα f (z)
(Ln+α f (z))

+ z
γ

Lnα f (z)
(Ln+α f (z))

×
[ (L

n
α f (z))′
Lnα f (z)

–  (Ln+α f (z))′
Ln+α f (z)

].
Relation (.) becomes

p(z) +
z
γ
p′(z) ≺ h(z) = g(z) + γ g ′(z), z ∈ U .

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e., z
Lnαf (z)

(Ln+α f (z))
≺ g(z), z ∈ U . �

Theorem. Let h be a holomorphic function which satisfies the inequalityRe(+ zh′′(z)
h′(z) ) >

– 
 , z ∈U , and h() = .
If α ≥ , γ ∈ C\{} is a complex number with Reγ ≥ , n ∈ N, f ∈ A and satisfies the

differential subordination

(γ + )z
γ

Lnαf (z)
(Ln+α f (z))

+
z

γ

Lnαf (z)
(Ln+α f (z))

[
(Lnαf (z))′

Lnαf (z)
– 

(Ln+α f (z))′

Ln+α f (z)

]
≺ h(z), z ∈U , (.)

then

z
Lnαf (z)

(Ln+α f (z))
≺ q(z), z ∈U ,

where q(z) = γ

zγ
∫ z
 h(t)t

γ– dt. The function q is convex and it is the best dominant.

Proof Let p(z) = z Lnα f (z)
(Ln+α f (z))

, z ∈ U , p ∈ H[, ]. Differentiating, we obtain p(z) + z
γ
p′(z) =

(γ+)z
γ

Lnα f (z)
(Ln+α f (z))

+ z
γ

Lnα f (z)
(Ln+α f (z))

[ (L
n
α f (z))′
Lnα f (z)

–  (Ln+α f (z))′
Ln+α f (z)

], z ∈U , and (.) becomes

p(z) +
z
γ
p′(z) ≺ h(z), z ∈U .

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e., z
Lnαf (z)

(Ln+α f (z))
≺ q(z) =

γ

zγ

∫ z


h(t)tγ– dt, z ∈U ,

and q is the best dominant. �
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Theorem . Let g be a convex function such that g() =  and let h be the function h(z) =
g(z) + z

γ
g ′(z), z ∈U , where γ > .

If α ≥ , n ∈N, f ∈A and the differential subordination

(γ + )z

γ

(Lnαf (z))′

Lnαf (z)
+
z

γ

[
(Lnαf (z))′′

Lnαf (z)
–

(
(Lnαf (z))′

Lnαf (z)

)]
≺ h(z), z ∈ U , (.)

holds, then

z
(Lnαf (z))′

Lnαf (z)
≺ g(z), z ∈U .

This result is sharp.

Proof Let p(z) = z (Lnα f (z))′
Lnα f (z)

. We deduce that p ∈H[, ].

Differentiating, we obtain p(z) + z
γ
p′(z) = (γ+)z

γ

(Lnα f (z))′
Lnα f (z)

+ z
γ
[ (L

n
α f (z))′′
Lnα f (z)

– ( (L
n
α f (z))′
Lnα f (z)

)], z ∈U .
Using the notation in (.), the differential subordination becomes

p(z) +

γ
zp′(z) ≺ h(z) = g(z) +

z
γ
g ′(z).

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e., z
(Lnαf (z))′

Lnαf (z)
≺ g(z), z ∈ U ,

and this result is sharp. �

Theorem. Let h be a holomorphic function which satisfies the inequalityRe(+ zh′′(z)
h′(z) ) >

– 
 , z ∈U , and h() = .
If α ≥ , γ ∈ C\{} is a complex number with Reγ ≥ , n ∈ N, f ∈ A and satisfies the

differential subordination

(γ + )z

γ

(Lnαf (z))′

Lnαf (z)
+
z

γ

[
(Lnαf (z))′′

Lnαf (z)
–

(
(Lnαf (z))′

Lnαf (z)

)]
≺ h(z), z ∈ U , (.)

then

z
(Lnαf (z))′

Lnαf (z)
≺ q(z), z ∈U ,

where q(z) = γ

zγ
∫ z
 h(t)t

γ– dt. The function q is convex and it is the best dominant.

Proof Let p(z) = z (Lnα f (z))′
Lnα f (z)

, z ∈U , p ∈H[, ].

Differentiating, we obtain p(z) + z
γ
p′(z) = (γ+)z

γ

(Lnα f (z))′
Lnα f (z)

+ z
γ
[ (L

n
α f (z))′′
Lnα f (z)

– ( (L
n
α f (z))′
Lnα f (z)

)], z ∈ U ,
and (.) becomes

p(z) +

γ
zp′(z) ≺ h(z), z ∈U .
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Alb Lupaş Advances in Difference Equations 2013, 2013:150 Page 7 of 12
http://www.advancesindifferenceequations.com/content/2013/1/150

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e., z
(Lnαf (z))′

Lnαf (z)
≺ q(z) =

γ

zγ

∫ z


h(t)tγ– dt, z ∈U ,

and q is the best dominant. �

Theorem . Let g be a convex function such that g() =  and let h be the function h(z) =
g(z) + zg ′(z), z ∈U .
If α ≥ , n ∈N, f ∈A and the differential subordination

 –
Lnαf (z) · (Lnαf (z))′′

[(Lnαf (z))′]
≺ h(z), z ∈U , (.)

holds, then

Lnαf (z)
z(Lnαf (z))′

≺ g(z), z ∈U .

This result is sharp.

Proof Let p(z) = Lnα f (z)
z(Lnα f (z))′ . We deduce that p ∈H[, ].

Differentiating, we obtain  – Lnα f (z)·(Lnα f (z))′′
[(Lnα f (z))′] = p(z) + zp′(z), z ∈U .

Using the notation in (.), the differential subordination becomes

p(z) + zp′(z) ≺ h(z) = g(z) + zg ′(z).

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e.,
Lnαf (z)

z(Lnαf (z))′
≺ g(z), z ∈U ,

and this result is sharp. �

Theorem. Let h be a holomorphic function which satisfies the inequalityRe(+ zh′′(z)
h′(z) ) >

– 
 , z ∈U , and h() = .
If α ≥ , n ∈N, f ∈A and satisfies the differential subordination

 –
Lnαf (z) · (Lnαf (z))′′

[(Lnαf (z))′]
≺ h(z), z ∈U , (.)

then

Lnαf (z)
z(Lnαf (z))′

≺ q(z), z ∈U ,

where q(z) = 
z
∫ z
 h(t)dt. The function q is convex and it is the best dominant.

Proof Let p(z) = Lnα f (z)
z(Lnα f (z))′ , z ∈U , p ∈H[, ].

http://www.advancesindifferenceequations.com/content/2013/1/150
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Differentiating, we obtain  – Lnα f (z)·(Lnα f (z))′′
[(Lnα f (z))′] = p(z) + zp′(z), z ∈U , and (.) becomes

p(z) + zp′(z) ≺ h(z), z ∈U .

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e.,
Lnαf (z)

z(Lnαf (z))′
≺ q(z) =


z

∫ z


h(t)dt, z ∈U ,

and q is the best dominant. �

Corollary . Let h(z) = +(β–)z
+z be a convex function in U , where  ≤ β < .

If α ≥ , n ∈N, f ∈A and satisfies the differential subordination

 –
Lnαf (z) · (Lnαf (z))′′

[(Lnαf (z))′]
≺ h(z), z ∈U , (.)

then

Lnαf (z)
z(Lnαf (z))′

≺ q(z), z ∈U ,

where q is given by q(z) = (β – ) + ( – β) ln(+z)z , z ∈U . The function q is convex and it is
the best dominant.

Proof Following the same steps as in the proof of Theorem . and considering p(z) =
Lnα f (z)

z(Lnα f (z))′ , the differential subordination (.) becomes

p(z) + zp′(z) ≺ h(z) =
 + (β – )z

 + z
, z ∈U .

By using Lemma . for γ = , we have p(z) ≺ q(z), i.e.,

Lnαf (z)
z(Lnαf (z))′

≺ q(z) =

z

∫ z


h(t)dt =


z

∫ z



 + (β – )t
 + t

dt

=

z

∫ z



[
(β – ) +

( – β)
 + t

]
dt = (β – ) + ( – β)

ln( + z)
z

, z ∈U . �

Example . Let h(z) = –z
+z be a convex function inU with h() =  andRe( zh

′′(z)
h′(z) + ) > – 

 .
Let f (z) = z + z, z ∈ U . For n = , α = , we obtain Lf (z) = –Rf (z) + Sf (z) = –zf ′(z) +

zf ′(z) = zf ′(z) = z + z.
Then (Lf (z))′ =  + z,

Lf (z)
z(Lf (z))′

=
z + z

z( + z)
=
 + z
 + z

,

 –
Lf (z) · (Lf (z))′′

[(Lf (z))′]
=  –

(z + z) · 
( + z)

=
z + z + 
( + z)

.

We have q(z) = 
z
∫ z


–t
+t dt = – +  ln(+z)

z .
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Using Theorem ., we obtain

z + z + 
( + z)

≺  – z
 + z

, z ∈ U ,

induce

 + z
 + z

≺ – +
 ln( + z)

z
, z ∈ U .

Theorem . Let g be a convex function such that g() =  and let h be the function
h(z) = g(z) + zg ′(z), z ∈U .
If α ≥ , n ∈N, f ∈A and the differential subordination

[(
Lnαf (z)

)′] + Lnαf (z) ·
(
Lnαf (z)

)′′ ≺ h(z), z ∈U , (.)

holds, then

Lnαf (z) · (Lnαf (z))′
z

≺ g(z), z ∈U .

This result is sharp.

Proof Let p(z) = Lnα f (z)·(Lnα f (z))′
z . We deduce that p ∈H[, ].

Differentiating, we obtain [(Lnαf (z))′] + Lnαf (z) · (Lnαf (z))′′ = p(z) + zp′(z), z ∈U .
Using the notation in (.), the differential subordination becomes

p(z) + zp′(z) ≺ h(z) = g(z) + zg ′(z).

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e.,
Lnαf (z) · (Lnαf (z))′

z
≺ g(z), z ∈U ,

and this result is sharp. �

Theorem . Let h be a holomorphic function which satisfies the inequality Re( +
zh′′(z)
h′(z) ) > – 

 , z ∈ U , and h() = .
If α ≥ , n ∈N, f ∈A and satisfies the differential subordination

[(
Lnαf (z)

)′] + Lnαf (z) ·
(
Lnαf (z)

)′′ ≺ h(z), z ∈U , (.)

then

Lnαf (z) · (Lnαf (z))′
z

≺ q(z), z ∈U ,

where q(z) = 
z
∫ z
 h(t)dt. The function q is convex and it is the best dominant.
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Proof Let p(z) = Lnα f (z)·(Lnα f (z))′
z , z ∈U , p ∈H[, ].

Differentiating, we obtain [(Lnαf (z))′] +Lnαf (z) · (Lnαf (z))′′ = p(z) + zp′(z), z ∈U , and (.)
becomes

p(z) + zp′(z) ≺ h(z), z ∈U .

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e.,
Lnαf (z) · (Lnαf (z))′

z
≺ q(z) =


z

∫ z


h(t)dt, z ∈U ,

and q is the best dominant. �

Corollary . Let h(z) = +(β–)z
+z be a convex function in U , where  ≤ β < .

If α ≥ , n ∈N, f ∈A and satisfies the differential subordination

[(
Lnαf (z)

)′] + Lnαf (z) ·
(
Lnαf (z)

)′′ ≺ h(z), z ∈U , (.)

then

Lnαf (z) · (Lnαf (z))′
z

≺ q(z), z ∈U ,

where q is given by q(z) = (β – ) + ( – β) ln(+z)z , z ∈U . The function q is convex and it is
the best dominant.

Proof Following the same steps as in the proof of Theorem . and considering p(z) =
Lnα f (z)·(Lnα f (z))′

z , the differential subordination (.) becomes

p(z) + zp′(z) ≺ h(z) =
 + (β – )z

 + z
, z ∈U .

By using Lemma . for γ = , we have p(z) ≺ q(z), i.e.,

Lnαf (z) · (Lnαf (z))′
z

≺ q(z) =

z

∫ z


h(t)dt =


z

∫ z



 + (β – )t
 + t

dt

=

z

∫ z



[
(β – ) +

( – β)
 + t

]
dt

= (β – ) + ( – β)
ln( + z)

z
, z ∈U . �

Example . Let h(z) = –z
+z be a convex function inU with h() =  andRe( zh

′′(z)
h′(z) +) > – 

 .
Let f (z) = z + z, z ∈ U . For n = , α = , we obtain Lf (z) = –Rf (z) + Sf (z) = –zf ′(z) +

zf ′(z) = zf ′(z) = z + z, z ∈ U .
Then (Lf (z))′ =  + z,

Lf (z) · (Lf (z))′
z

=
(z + z)( + z)

z
= z + z + ,[(

Lf (z)
)′] + Lf (z) ·

(
Lf (z)

)′′ = ( + z) + (z + z) ·  = z + z + .
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We have q(z) = 
z
∫ z


–t
+t dt = – +  ln(+z)

z .
Using Theorem ., we obtain

z + z +  ≺  – z
 + z

, z ∈U ,

induce

z + z +  ≺ – +
 ln( + z)

z
, z ∈U .

Theorem . Let g be a convex function such that g() =  and let h be the function
h(z) = g(z) + z

–δ
g ′(z), z ∈U .

If α ≥ , δ ∈ (, ), n ∈N, f ∈A and the differential subordination

(
z

Lnαf (z)

)δ Ln+α f (z)
 – δ

(
(Ln+α f (z))′

Ln+α f (z)
– δ

(Lnαf (z))′

Lnαf (z)

)
≺ h(z), z ∈ U , (.)

holds, then

Ln+α f (z)
z

·
(

z
Lnαf (z)

)δ

≺ g(z), z ∈ U .

This result is sharp.

Proof Let p(z) = Ln+α f (z)
z · ( z

Lnα f (z)
)δ . We deduce that p ∈H[, ].

Differentiating, we obtain ( z
Lnα f (z)

)δ Ln+α f (z)
–δ

( (L
n+
α f (z))′
Ln+α f (z)

– δ
(Lnα f (z))′
Lnα f (z)

) = p(z) + 
–δ

zp′(z), z ∈U .
Using the notation in (.), the differential subordination becomes

p(z) +


 – δ
zp′(z) ≺ h(z) = g(z) +

z
 – δ

g ′(z).

By using Lemma ., we have

p(z) ≺ g(z), z ∈U , i.e.,
Ln+α f (z)

z
·
(

z
Lnαf (z)

)δ

≺ g(z), z ∈U ,

and this result is sharp. �

Theorem . Let h be a holomorphic function which satisfies the inequality Re( +
zh′′(z)
h′(z) ) > – 

 , z ∈ U , and h() = .
If α ≥ , δ ∈ (, ), n ∈N, f ∈A and satisfies the differential subordination

(
z

Lnαf (z)

)δ Ln+α f (z)
 – δ

(
(Ln+α f (z))′

Ln+α f (z)
– δ

(Lnαf (z))′

Lnαf (z)

)
≺ h(z), z ∈ U , (.)

then

Ln+α f (z)
z

·
(

z
Lnαf (z)

)δ

≺ q(z), z ∈U ,

where q(z) = –δ

z–δ

∫ z
 h(t)t

–δ dt. The function q is convex and it is the best dominant.
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Proof Let p(z) = Ln+α f (z)
z · ( z

Lnα f (z)
)δ , z ∈U , p ∈H[, ].

Differentiating, we obtain ( z
Lnα f (z)

)δ Ln+α f (z)
–δ

( (L
n+
α f (z))′
Ln+α f (z)

– δ
(Lnα f (z))′
Lnα f (z)

) = p(z) + 
–δ

zp′(z), z ∈ U ,
and (.) becomes

p(z) +


 – δ
zp′(z) ≺ h(z), z ∈U .

Using Lemma ., we have

p(z) ≺ q(z), z ∈U , i.e.,

Ln+α f (z)
z

·
(

z
Lnαf (z)

)δ

≺ q(z) =
 – δ

z–δ

∫ z


h(t)t–δ dt, z ∈ U ,

and q is the best dominant. �
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1. Sălăgean, GS: Subclasses of Univalent Functions. Lecture Notes in Math., vol. 1013, pp. 362-372. Springer, Berlin (1983)
2. Ruscheweyh, S: New criteria for univalent functions. Proc. Am. Math. Soc. 49, 109-115 (1975)
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