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Abstract

In the present paper we study the operator defined by using the Ruscheweyh
derivative R"f(z) and the Saldgean operator S"f(2), denoted by L}, : A — A,

Lof(2) = (1 -a)R"f(2) + aS"f(2), z€ U, where A, = {f e H(U) : f(2) =

Z+ap 2" + -,z € U} is the class of normalized analytic functions with A; = A. We
obtain several differential subordinations regarding the operator L.
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1 Introduction

Denote by U the unit disc of the complex plane, U = {z € C: |z| < 1}, and by H(U) the
space of holomorphic functions in U. Let A, = {f € H(U) : f(2) =z + @y 2" +--- ,z € U}
with A; = A and Hla,n] = {f € H(U) : f(2) = a + a,2" + apu 2"t +--- ,ze U} forae C
and n € N. Denote by K = {f € A:Re ‘?,/;(Z) +1> 0,z € U} the class of normalized convex

z)

functions in U.

If f and g are analytic functions in U, we say that f is subordinate to g, written f < g, if
there is a function w analytic in U, with w(0) = 0, |w(z)| < 1, for all z € U, such that f(z) =
g(w(z)) for all z € U. If g is univalent, then f < g if and only if f(0) = g(0) and f(U) < g(U).

Let ¢ : C*® x U — C and let / be a univalent function in U. If p is analytic in I and
satisfies the (second-order) differential subordination

v (p(2),20'(2),2°p" (2);2) < h(z), zeU, (L.1)

then p is called a solution of the differential subordination. The univalent function g is
called a dominant of the solutions of the differential subordination, or more simply a dom-
inant, if p < ¢q for all p satisfying (1.1).

A dominant g that satisfies § < g for all dominants g of (1.1) is said to be the best domi-
nant of (1.1). The best dominant is unique up to a rotation of U.

Definition 1.1 (Saligean [1]) For f € A, n € N, the operator S” is defined by §” : 4 — A,
S°f(2) = f(2),
S (@) =2f'(2),
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S"™f(2) = 2(S"f(2)), zel.
Remark 1.1 Iff € A, f(z) =2+ 35, a7, then S"f (2) =z + 3, a7, z € U.

Definition 1.2 (Ruscheweyh [2]) Forf € A, n € N, the operator R” is defined by R" : A —
AY

Rf(2) =f(2),
R (2) = zf'(2),

(n+ DR™f(2) = 2(R'f(2)) + nR"f(2), zeU.
Remark 1.2 Iff € A, f(2) =z + Y7, a7, then R'f(2) =z + 35, a7, z € U
Definition 1.3 ([3]) Let o > 0, n € N. Denote by L” the operator given by L], : A — A,
Lf(z) = 1 - a)R"f(2) +aS"f(2), zel.

Remark 1.3 If f € A, f(z) =z + ;fz a7, then L'f (z) = z + Z;fz(aj” +(1- a)C:,’+j_1)ajzj,
zel.
This operator was studied also in [3-5].

Lemma 1.1 (Hallenbeck and Ruscheweyh [6, Th. 3.1.6, p.71]) Let h be a convex function
with h(0) = a, and let y € C\{0} be a complex number with Rey > 0. If p € H[a,n] and

p(2) + %Zp/(z) <h(z), zel,
then
p(z) <glz) <h(z), zel,

where g(z) = —L f(fh(t)l,"’/”’1 dt,ze U.

nzv/n

Lemma 1.2 (Miller and Mocanu [6]) Let g be a convex function in U and let h(z) = g(z) +
nazg'(z), for z € U, where a > 0 and n is a positive integer.
Ifp(z) = g(0) + puz" + pun2™t + - -+, z € U, is holomorphic in U and

p(2) +azp'(z) < h(z), zel,
then

p(2) <gla), zel,
and this result is sharp.

2 Main results
Theorem 2.1 Let g be a convex function, g(0) = 1 and let h be the function h(z) = g(z) +
g2, zelU.
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Ifa,8 >0,neN,f € Aand satisfies the differential subordination

€L

z

8-1
) (L'f(2)) < h(z), zel,

then

(LZZf (@)

z

S
) <gkz), zel,

and this result is sharp.

Proof By using the properties of the operator L], we have

oo
Lif(z)=z+ Z(aj” +(1- a)CZ+j_1)a,z7, zel.
j=2

L1 (2) )8 _ (z+Z/»°:°2 (aj”+(1—a)C;‘+j71)ajzj
z z

Consider p(z) = (
We deduce that p € H[1,3].

Differentiating, we obtain (@)‘H(Lﬁf (2)) = p(z) + %zp’(z), zel.
Then (2.1) becomes

p(z) + %zp/(z) < h(z) =g(z) + gg/(z), zel.

By using Lemma 1.2, we have

n )
pz) <gl2), zel, ie, (@) <g(z), zel.

2 =1+psz® +psaz®t+---

,zel.

d

Theorem 2.2 Let h be a holomorphic function which satisfies the inequality Re(1 + ZZ;;(;)) >

-3,z€ U, and h(0) =1.
Ifa,8 > 0,n €N, f € A and satisfies the differential subordination

n 5-1
(L(Z)) (L'f(2)) < h(z), zel,

z

then

" s
(@) <qz), zel,

(2.2)

where q(z) = Z% foz h(t)t’~Y dt. The function q is convex and it is the best dominant.

Proof Let

p(2) = (L‘;’q‘f(z))(S _ <Z+ (e + (1 —a)CZ+j—1)ajz/>5

V4 z

oo s o0
- (1 + Z(aj” +(1- oz)C,’j+j1)ajzj‘1> =1+ Zp,zj‘l

j=2 j=6+1

forze U, peHt[L,$].
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Differentiating, we obtain (@)‘H(Lﬁf (2)) = p(z) + %zp’(z), z € U, and (2.2) becomes

p(2) + %ZP'(Z) <h(z), zel.

Using Lemma 1.1, we have

n 3 z
p2)<qlz), zel, ie, (w) <q(z) = %/ w1 dt, zel,
z z° Jo

and ¢ is the best dominant. 0

Corollary 2.3 Let h(z) = L@z pe 4 convex function in U, where 0 < < 1.

1+z

Ifa,8 >0,n €N, f e Aand satisfies the differential subordination

EC

z

5-1

L'f(2)) < h(z), zel, (2.3)
) )
then

" )
(%(z)) <q(z), zel,

201-B)5 [z 51
zZ 0 1+t

where q is given by q(z) = (2 - 1) + dt, z € U. The function q is convex and it

is the best dominant.

Proof Following the same steps as in the proof of Theorem 2.2 and considering p(z) =

(@)‘3, the differential subordination (2.3) becomes
1+(28-1
p@) + 2p/(2) < h(z) = M, zel.
) 1+z

By using Lemma 1.1 for y = §, we have p(z) < ¢q(2), i.e.,

n 8 z
<M> <q(z)=%/ Rt dt
z z° Jo

8 [P a1+t 8 [F 51 £
—/Ot 7dt_z—afo[(2ﬁ—1)t +2(1—,3)m1|dt

% 1+t

2(1-p)8 (7 t°!
=(2ﬂ-1)+(—6’3)f —dt, zell. 0
zZ 0 1+t

Remark 2.1 For n =1, @ =2, § =1, we obtain the same example as in [7, Example 2.2.1,
p-26].

Theorem 2.4 Let g be a convex function such that g(0) =1 and let h be the function h(z) =
g(z) + %g’(z), ze€ U, wherey > 0.
Ifa>0,neN,f e Aand the differential subordination

(v+Dz Lifx) > Lyf(2) [(L,’;f(Z))/_z(LZ“f(Z))’

z
Y W@? Ty P L@ L) ]”“(Z)’ ceth 24
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holds, then

L,f(2)

Sy 8 el

and this result is sharp.

Proof Forf € A, f(2) =z + 37 a7, we have L'f(z) = z + > + (1 - a)C,’q’ﬂ_l)a,«zj,

zel.
: z + . 22 n
Consider p(z) = z T f‘l;(zz)) > and we obtain p(z) + Zp () = ¥ yl)z (Lgf‘f;((zz)))z + (Léﬁ’}((zz)))z X
[wa Ln+1f ]
Lif(2) Ln+1f
Relation (2.4) becomes
z / J
p@)+ My (2) <h(z) =gz) + yg'(2), zel.
By using Lemma 1.2, we have
L
p(z)<glz), zel, ie, Lnfi'ff((z))z glz), zel. O

zh' (z) )

Theorem 2.5 Let h be a holomorphic function which satisfies the inequality Re(1 + ie)

—3,z€ U, and h(0) =

Ifa >0, y € C\{0} is a complex number with Rey > 0, n € N, f € A and satisfies the

differential subordination

(y+Dz Lif(2)

(Ln+1f(z

z
v W@)E Ty )R
then

Lif@)

Sy “1@ 2ot

Lif(2) [ (Lif(2))
Lif(z)

me ] <h(z), zel, (2.5)

where q(z) = ZLV foz h(t)t L dt. The function q is convex and it is the best dominant.

_ . Laf@
Proof Let p(z) =z R

(y+Dz _ Lyf(2) + 2 Laf(z) [(Lgf(z)/ 2(L”+1f(z)
voWE@? Ty WfER L@ L)
Z /
p2)+ =p(z) < h(z), zel.
14
Using Lemma 1.1, we have
Lfe)
z2)<q(z), zel, ie,
P B

and g is the best dominant.

qwzlfhmwwa
ZVO

z € U, p € H[1,1]. Differentiating, we obtain p(z) + fp’(z) =
1, z€ U, and (2.5) becomes

zel,
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http://www.advancesindifferenceequations.com/content/2013/1/150

Alb Lupas Advances in Difference Equations 2013, 2013:150 Page 6 of 12
http://www.advancesindifferenceequations.com/content/2013/1/150

Theorem 2.6 Let g be a convex function such that g(0) = 1 and let h be the function h(z) =
g(z) + fg/(z), z€ U, wherey > 0.
Ifa>0,neN,f € Aand the differential subordination

(y +2)22 (Lif 2)) 22 [ (Lif (2) (Lf(2)\*
e e (g ) e wew 26
holds, then
L 7
Z(szf(zz))) <g(2), zel.

This result is sharp.

Proof Let p(z) = 22% (z)),. We deduce that p € H[0,1].

Lif(2)
Differentiating, we obtain p(z) + £p/(2) = (y+y2 LL":};(Z) [ T Z)) - ((LL‘QI;((ZZ))) 2l zel.
Using the notation in (2.6), the dlfferentlal subordination becomes
1 / Z /
p@) + —zp'(2) < h(z) = g(2) + —¢'(2).
Y Y
By using Lemma 1.2, we have
. 2 (Laf (2))
p(z)<glz), zel, ie, z e <gk), zel,
and this result is sharp. O

Theorem 2.7 Let h be a holomorphic function which satisfies the inequality Re(1 + o (Z))
—5, ze U, and h(0) = 1.
Ifa >0, y € C\{0} is a complex number with Rey > 0, n € N, f € A and satisfies the

differential subordination

N2 (L" ’ 31 (L" " L" /N 2
oY 2T (W] e an
y  Lif@ v Lif@@ Lyf (2)
then
2 (Lof(2)
<q(z), zel,
e 17
where q(z) = fo (t)t" "L dt. The function q is convex and it is the best dominant.
2 (Lyf(2)
Proof Let p(z) = 2% e L zel, p € H[O0,1].
. . (y+2)2% (L4 (2) 31 (Laf(2)” Lef @)
Differentiating, we obtain p(z) + £p'(z) = 14 b LJ(Z) . ol LZIJ(ZZ) - (7 (ZZ) ¥l zel,

and (2.7) becomes

p(2) + %Zp’(z) <h(z), zel.
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Using Lemma 1.1, we have

pl2)<qlz), zel, ie, 2z (LL%;((ZZ)))/ <q(2) = ZLV /Ozh(t)t”‘1 dt, zel,

and g is the best dominant. d

Theorem 2.8 Let g be a convex function such that g(0) = 1 and let h be the function h(z) =
g(2) +zg'(2), z e U.
Ifa>0,neN,f € Aand the differential subordination

_Lif(2) - (Lef(2)”

(L) < h(z), zel, (2.8)
holds, then
% <g(z), zel.
This result is sharp.
Proof Let p(z) = ——%=+. We deduce that p € H[1,1].
D1fferent1at1ng, we obtam 1- W =p(z) +zp'(z), z€ U.

Using the notation in (2.8), the differential subordination becomes

p(2) +2p'(2) < h(z) = g(z) + zg'(2).

By using Lemma 1.2, we have

pz) <g(z), zel, ie, iz)/ <g(z), zel,

z(Ltf (2))

and this result is sharp. 0

Theorem 2.9 Let h be a holomorphic function which satisfies the inequality Re(1 + 2 e (Z))
-3,z€ U, and h(0) =
Ifa>0,neN,f € Aand satisfies the differential subordination

_Lif(2) - (Lef (2)”

L < h(z), zel, (2.9)

then

L)
dfy “1@ el

where q(z) = % foz h(t)dt. The function q is convex and it is the best dominant.

Proof Letp(z)— o/ (@) oy 2 € U, p e H[0,1].

(Z)

Page 7 of 12
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Differentiating, we obtain 1 — %W =p(z) + zp'(2), z € U, and (2.9) becomes

p(2) +2p'(2) < h(z), zel.

Using Lemma 1.1, we have

pl2) <qz), zel, ie, %<q(z)=%/ozh(t)dt, zel,

and g is the best dominant. |

Corollary 2.10 Let h(z) = % be a convex function in U, where 0 < B < 1.

z

Ifa>0,neN,f € Aand satisfies the differential subordination

1 LS @) - Laf (@)

(L) T2 <h(z), zel, (2.10)
then
Lyf(2)
W < q(Z), ze U,

where q is given by q(z) = (28 -1) +2(1 - ﬁ)@, z € U. The function q is convex and it is
the best dominant.

Proof Following the same steps as in the proof of Theorem 2.9 and considering p(z) =

%, the differential subordination (2.10) becomes

1+(28-1)z

, zel.
1+

p(2) +2zp'(z) < h(z) =

By using Lemma 1.1 for y =1, we have p(z) < g(2), i.e.,

Lif(z) 1 z _1 1+(28-1)t
z—(Lgf(z))’<q(z)_Z/0 h(t)dz,‘—zf0 ST dt

1/2[(2/3—1)+Z(I_ﬁ)]dtz(2,3—1)+2(1—ﬁ)]n(1+z), zel. [
0

Tz 1+¢ z

Example 2.1 Let /(z) = }fz be a convex function in U with 4#(0) = 1 and Re(zli’//;g) +1) > —%.
Letf(z) =z+2%, z€ U.For n =1, o = 2, we obtain L}f(z) = —R'f(2) + 25 (2) = —zf'(2) +
22f(2) = zf'(2) = z + 22°.

Then (Lif(2)) =1 + 4z,
Lif(z)  z+22° 1+2z

2L (2))  z(1+4z) 1+42

Lif(2) - (L3 f (2))” 1 (z+22%) -4 ~ 822 +4z+1
TUEfRYE T (14422 (L+42P

We have g(z) = % oZ }_:; df=—1+ 21n(Zl+z).

Page 8 of 12
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Using Theorem 2.9, we obtain

822 +4z+1 1-z
-< b
(1 +4z)? l+z

zel,

induce

1+2z 2In(1 + z)
<-1+ —,

el.

1+4z z

Theorem 2.11 Let g be a convex function such that g(0) = 0 and let h be the function
h(z) =g(2) +zg'(z), z € U.
Ifa>0,neN,f € Aand the differential subordination

(L @) +Lif ) - (Lf @) < hiz), zelU, (2.11)
holds, then
WO ey
This result is sharp.
Proof Let p(z) = 2@ L/@) \Ye deduce that p € H[0,1].

Differentiating, we obtain [(L"f(2))']*> + L"f(z) - (L"f(2))" = p(z) + zP/(2), z € U.
Using the notation in (2.11), the differential subordination becomes

p(2) +zp'(2) < h(z) = g(z) + z¢ (2).

By using Lemma 1.2, we have

Lif(2) - (Lif (2))
z

plz) <gl2), zel, ie, <gla), zel,

and this result is sharp. O

Theorem 2.12 Let h be a holomorphic function which satisfies the inequality Re(1 +

2y > -1 ze U, and h(0) = 0.

Ifa > 0,n €N, f € A and satisfies the differential subordination

[(Lif )T + L) - (L 2) < hiz), zell, (2.12)
then

Lif(2) - (Lyf (2))
- <qz), zel,

where q(z) = % f(f h(t) dt. The function q is convex and it is the best dominant.
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Proof Let p(z) = w, zel, peH[0,1].

Differentiating, we obtain [(L"f(2))']* + L"f (z) - (L"f(2))" = p(z) + zP/(2), z € U, and (2.12)
becomes

p(2) +zp'(2) < h(z), zel.

Using Lemma 1.1, we have

Lif@) - Lf@) a2) = 1

z V4

p(2)<qlz), zel, e,

and g is the best dominant. d

Corollary 2.13 Let h(z) = % be a convex function in U, where 0 < B < 1.
Ifa>0,neN,f e Aand satisfies the differential subordination

[(Lf )T + L 2) - (L 2) < hiz), zell, (2.13)
then

Lif(2) - (Lyf (2))
- <qz), zel,

where q is given by q(z) = (28 -1) +2(1 - ﬂ)@, z € U. The function q is convex and it is
the best dominant.

Proof Following the same steps as in the proof of Theorem 2.12 and considering p(z) =

w, the differential subordination (2.13) becomes
1+(28-1)z
p(@) +2p'(2) < hiz) = %Z) zel.

By using Lemma 1.1 for y =1, we have p(z) < g(2), i.e.,

Lif@) - Lif @) “
z

<q(z)=§/02h(t)dt=1/02#f;1)t

z

1 [* 2(1- B)
In(1 + 2)

=(28-1)+2(1-p) . , zel. N

Example 2.2 Let h(z) = }fz be a convex function in U with #(0) = 1 and Re(ZZ,/;g) +1)> —%.
Let f(z) =z +2%,z€ U. For n =1, a = 2, we obtain L} f(z) = —R'f (2) + 25'f(2) = —zf"(2) +
2zf'(2) = zf'(2) =z + 222, z € U.

Then (Lf(2)) =1+ 4z,

Lif(2) - (Lyf (2))  (z+22°)(1 + 42)

V4 V4

[(L;f(z))/]2 + L;f(z) . (L;f(z))” =(1+42)°+(z+22%) -4 =242 +12z + 1.

=822 +6z+1,
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We have q(z) = %f()z L_; dt=-1+ 2ln(1+z)

Using Theorem 2.12, we obtain

9 1-z
24z +12z+1< ——, zel,
1+z

induce

2In(1+z
82 +6z+1=<-1+ ¥, zel.
z

Theorem 2.14 Let g be a convex function such that g(0) = 0 and let h be the function
h(z) = g(2) + 158'(2), ze U.
Ifa>0,8€(0,1), neN,f € Aand the differential subordination

( z )‘SLZ”f(z)((Lz”f(z))/ (Lf(2))
) 1-5 \Lr''fz) ° Lif(2)

holds, then

L3 (2) z
" .(Lgf(z)> <g(2), zel.

) <h(z), zel, (2.14)

This result is sharp.

_@ 2z s
Proof Let p(z) = - (7%=)°. We deduce that p € H[1,1].

z Lif(z)
5Ln+1f Lg*lf(z me Z)
Differentiating, we obtain (%) (¢ e ) = p@)+ &

Using the notation in (2.14), the dlfferential subordlnatlon becomes

520 (2),ze l.

1 , z
— h(z) = ——d(2).
p) + (&) < h(e) = g(2) + 1—£'(2)
By using Lemma 1.2, we have

. Lif(z) z 1\
plz) <glz), zel, e, . . <Lgf(z)) <glz), zel,

and this result is sharp. O

Theorem 2.15 Let h be a holomorphic function which satisfies the inequality Re(l +
g9y s -1 zel, and h(0)=1.
Ifa > 0,68 €(0,1), n e N, f € A and satisfies the differential subordination

( z )5LZ“f(Z)<(Lz“f(z))/ s (Lif @)

I'fz)) 1-8 \ L*if(z) L7 @) ><h(z)’ zel, (2.15)

then

L™ (z) . < z

s
" Lg’f(z)) <q(z), zel,

where q(z) = 1 y 0 “h(t)t™® dt. The function q is convex and it is the best dominant.

Page 11 of 12
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n+l
Proof Let p(z) = L' /@ (#=), ze U, p e H[0,1].

Differentiating, we obtain (

z Laf(2)

) Lyt'f () ( U@ _ s Laf@)
Lif(2) 1-68

and (2.15) becomes

and g is the best dominant.

p(2) + ﬁzp’(z) <h(z), zel.

Using Lemma 1.1, we have

pz)<qlz), zel, e,

L@ ( :
z Lif(z)

’ 1-8 [#
<q(z)=zl—_5 | h(Ot°dt, zel,
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