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Benjamin-Bona-Mahony-Peregrine-Burgers (BBMPB) equation, the
Oskolkov-Benjamin-Bona-Mahony-Burgers (OBBMB) equation, the one-dimensional
Oskolkov equation and the generalised hyperelastic-rod wave equation. By using the
tanh-coth method and symbolic computation system Maple, we have obtained
abundant new solutions of these equations. The exact solutions show that the
tanh-coth method is a powerful mathematical tool for solving nonlinear
pseudoparabolic equations.
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1 Introduction
Equations with a one-time derivative appearing in the highest order term are called pseu-
doparabolic and arise in many areas of mathematics and physics. They have been used, for
instance, for fluid flow in fissured rock, consolidation of clay, shear in second-order fluids,
thermodynamics and propagation of long waves of small amplitude. For more details, we
refer the reader to [1-5] and references therein.

An important special case of pseudoparabolic-type equations is the generalised Benja-

min-Bona-Mahony-Burgers (BBMB) equation
Ut — Uxxt — QUyy + Y Uy +f(u)x = 0: (1)

where u(x, t) represents the fluid velocity in the horizontal direction x, « is a positive
constant, y is any given real constant and f(u) is a C?>-smooth nonlinear function. For
fu)y = uu, with @ =0, y =1 in equation (1) was proposed as an alternative regularised
long-wave equation by Peregrine [6] and Benjamin et al. [7] for the well-known Korteweg-

de Vries equation

Uyp + Uy + Uy + Uthy, = 0. (2)
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If we take f (1), = Ouu, + By, in equation (1), then we obtain a general form of Benjamin-
Bona-Mahony-Peregrine-Burgers (BBMPB) equation

Up — Uyt — Oy + YUy + OUthy + Blhyyy = 0. (3)
Taking @ = 8 = 0 in (3), we get the general form of the BBM equation as follows:
Up = Upys + YUy + Outt, = 0, (4)

where y, 0 are constants and 6 # 0. Equation (3) includes several types of the BBM equa-
tion as seen in the literature. For more details, we refer the reader to [6-15]. We will study
the general form of Benjamin-Bona-Mahony-Peregrine-Burgers (BBMPB) equation (3)
using the tanh-coth method. We aim to extend the previous works especially in [6, 7] to
make further progress for obtaining abundant new travelling wave solutions.

For § = 0 in equation (3), we obtain a general form of the Oskolkov-Benjamin-Bona-

Mahony-Burgers equation
Uy — Uyyt — Aty + YUy + Ouisy, = 0. (5)

This nonlinear, one-dimensional and pseudoparabolic equation describes nonlinear sur-
face waves that spread along the axis Ox and «u,, is the viscosity term [16, 17]. In the
literature the inverse scattering method has been thoroughly used to derive the multiple
soliton solutions of equation (5) [8, 18—22]. In this work we developed these solutions in a
way that can be easily applied by using the tanh-coth method, which is less sophisticated
than the inverse scattering method.

The equation
Up — Ayt — Olyy + Ulhy = 0 (6)
is a one-dimensional analogue of the Oskolkov system
(l—kvz)utzavzu—(wV)u—V2p+f, V-u=0. 7)

This system describes the dynamics of an incompressible viscoelastic Kelvin-Voigt fluid. It
was indicated in [23, 24] that the parameter A can be negative and the negativeness of the
parameter A does not contradict the physical meaning of equation (7). We implemented
the tanh-coth method to solve equation (6) and obtained new solutions which could not
be attained in the past.

The generalised hyperelastic-rod wave equation

Uy — Uyys + AUy + 2BUlly + 30uu, — Y Uplyy — Ulyyy = 0 (8)
was first introduced in [25], in which the global existence of dissipative solutions were

established, where «, 8, 0 and y are constant parameters. This equation includes many

important physical models in mathematical physics.
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For B8 = %, 6 =0, y =2, we obtain the Camassa-Holm (CH) equation
Up — Uyyr + Ol + 3Uly — 2Uylyy — Ullyyy = 0, 9)

where u is the fluid velocity in the direction x (or, equivalently, the height of the water’s free
surface above a flat bottom), « is a constant related to the critical shallow water wave speed.
Camassa-Holm equation has been studied in [8, 18] and explicit travelling-wave solutions
were sought [19]. Besides, solitary wave solutions for modified forms of this equation were
developed by Wazwaz [20].

Taking 8 =2,6 =0, y = 3, equation (5) reduces to the Degasperis-Procesi (DP) equation

Up — Unys + Qlly + QU — Uyl — Ulhyyy = O. (10)

The recent study has revealed that the CH and DP equations can be used to describe the
long-term dynamics of short surface waves [21, 22, 26].
Fora=1,8= %, 0 =0, y = 3, the equation (5) leads to the Fornberg-Whitham (FW)

equation
U — Unxs + Uy + Uy — SUylyy — Ulhyyx = O. (11)

The FW equation was used to study the qualitative behaviour of wave-breaking. A peaked
solitary wave solution u(x, £) = Ae~2 =31

and Whitham [27, 28]. Using the tanh-coth method, we consider equation (8), which is

of this type of equation was obtained by Fornberg

a combined form of CH, DP and FW equations, and obtain new exact solutions. These
solutions can be seen as an improvement of the previously known data.

As stated before, pseudoparabolic-type equations arise in many areas of mathematics
and physics to describe many physical phenomena. In recent years considerable attention
has been paid to the study of pseudoparabolic-type equations, and to construct exact so-
lutions for this type of equations, several methods, for instance, the tanh-coth method,
have been developed. In [29, 30], we discussed some well-known Sobolev-type equations
and pseudoparabolic equations and obtained new travelling wave solutions by using the
tanh-coth method. Motivated by these studies, we employed the tanh-coth method to in-
vestigate new travelling wave solutions for the equations that were previously mentioned.

In what follows, we summarise the main features of the tanh-coth method as introduced

in [31, 32], where more details and examples can be found.

2 Outline of the tanh-coth method

(i) First consider a general form of the nonlinear equation

P(u, 1y, Uy, Uy, ...) = 0. (12)

(ii) To find the travelling wave solution of equation (12), the wave variable & = x — Vt is
introduced so that

u(x,t) = U(uE). (13)
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Based on this, one may use the following changes:

J v d
ot dg’
a d
ax 'udé ’ )
14
Y
dx2 dg?’
P
x3 dgs
and so on for other derivatives. Using (14) changes PDE (12) to an ODE
Qu,u,u",..)=o. (15)

(iii) If all terms of the resulting ODE contain derivatives in &, then by integrating this
equation, and by considering the constant of integration to be zero, one obtains a simpli-
fied ODE.

(iv) A new independent variable

Y =tanh(ué) (16)

is introduced that leads to the change of derivatives:

d d

— =u(1-Y?*)—,

ac -r9 2y

d? d 2 d?

— =2 Y(1-Y?)— + 2 (1-Y?) —, 17

dsz H® ( )dY+M( )de ( )

d® d 5 d? 3 d°

— =21 3(1-YH(3Y?*-1)— -6, Y (1 - Y?) — + 2 (1- V%) —,

d%—?; M ( )( )dY H ( ) dy2+u’ ( ) dy3

where other derivatives can be derived in a similar manner.
(v) The ansatz of the form

M M

U(ug) =S(Y) =Y acY*+ by ™ (18)
k=0 k=1

is introduced where M is a positive integer, in most cases, that will be determined. If M is
not an integer, then a transformation formula is used to overcome this difficulty. Substi-
tuting (17) and (18) into ODE (15) yields an equation in powers of Y.

(vi) To determine the parameter M, the linear terms of highest order in the resulting
equation with the highest order nonlinear terms are balanced. With M determined, one
collects all the coefficients of powers of Y in the resulting equation, where these coeffi-
cients have to vanish. This will give a system of algebraic equations involving a; and by
(k=0,...,M), V,and u. Having determined these parameters, knowing that M is a posi-

tive integer in most cases and using (18), one obtains an analytic solution in a closed form.
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3 The Benjamin-Bona-Mahony-Peregrine-Burgers (BBMPB) equation
The Benjamin-Bona-Mahony-Peregrine-Burgers (BBMPB) equation is given by

Up — Ugyr — OlUgx + Y Uy + euux + ﬁuxxx =0, (19)

where « is a positive constant, 0 and 8 are nonzero real numbers. Using the wave variable
& =x—Vtin (19) then integrating this equation and considering the constant of integration

to be zero, we obtain
! 0 2 1/
~V+y)U-al +§U +(V+pU" =0. (20)

Balancing U? with U” in (20) gives M = 2. The tanh-coth method admits the use of the

finite expansion

2 2
U(ug) =S(Y) =Y acY*+ ) by ™, (21)
k=0 k=1

where Y = tanh(u&). Substituting (21) into (20) and collecting the coefficients of ¥ and

setting it equal to zero, we find the system of equation:

Y8 30 + 12Vayu® + 12a,8u* = 0,
Y7: 241000 + darap + 4Varu® + da Bt = 0,
Ye: 2ay + af@ —2Vay + 2a0a20 + 2ai1a /0 — 16 Vay u* — 16a, > = 0,
Y®o: 2a1y — 2Vay + 2b1az60 + 2a9a,0 — 4aou — 4Va1,u2 - 4a1,3,u2 =0,
Y*: 2a0y + a0 — 2Vag + 2b1a10 + 2byar6 — 2byap — 2aa i + 4Vbypi?,
+4Vaypu* + 4by B’ + 4arfu’ = 0, (22)
Y3 2b1y — 2Vby + 2b1agl + 2byan0 — 4byoe — 4Vbypu® — 4by u® = 0,
Y2:2byy + b0 — 2Vhy + 2byaoh + 2biaju —16Vbyu* —16byfu* = 0,
Y1 2b1b,0 + 4byap + 4Vby u® + 4b1 u® = 0,

Y0: b26 +12Vhyu* +12b, 14> = 0.

Using Maple gives eighteen sets of solutions:

p— — + — p—
a0 = )/0 ﬁ’ “1—}/9’8, ay=by=by =0, V=-8, n= Vzaﬂ’
(,10:611:_7/_'3’ dy=by=by =0, V=_p, M=y+ﬂ,

6 20
-y-B y+B —y-B
= , _b = , _b :O, V:— , = ,
ao 0 ay 1 Y ay D :B w i
“v-F -y -8B y+B
= ’ - —b —07 b = ’ V—_ ) = ’
ao P a)=day =b, 1 5 B m -
—y-8 —y -8 y+8
= , = , =by =0, by = — )
% 0 o 20 42 =2 ! 2
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y+8
V=-F "= 4a ’
-v-B y+8
ag = , a;=day=by =0, b = s
0 P 1=4dy =03 1 0
y+8
Vi==b H== 20
-10yu—-108u + o 12a 1 6a
ao = 2010 ’ ay =— 59’ ﬂ2:—¥> bi=by=0,
7
= —Bu 5y +58 4+ /25y2 + 50y + 2562 — 240>
10
V= - M= )
24«
3(-10yu —108u + ) 1204 60 (L
ap = ’ ar=———-—"> a)=——1 by =by =0,
206 56 560
= —Bu -5y =584+ ,/25y2 + 50y 8 + 2582 + 240>
V= 10 _
- wo H= 240 ’
-10yu -108u — o 12a1 6o
ap = 2006 ) ay=— =0 ﬂ2=¥, bi=by=0,
Ve -5 - Bu =5y =58 +,/25y2 + 50y B + 254> — 24a?
oon w= 24 ’
3(-10yu —10B8u — ) 12am 6a L
ao = ) a=-——, ay = —-, by =by =0,
206 56 56
Ve - - Bu 5y +58+,/25y2 + 50y B + 254 + 24a’
N uw ’ m= 24a ’
-10yu —-108u + o 12a 1 6a
ao = 20046 ’ ay=a =0, b =- 59’ b2:—5—0;
&= Bu 5y +58 £ /2572 + 50y B + 2552 — 24a?
V= ) n= ’
24«
3(-10yu - 1081 + «) 1204 60 (L
aop = ) aj=ay =0, by =——rm, by =——-+,
206 56 56
Vo - Bu =5y =58 +,/25y2 + 50y B + 2547 + 24a?
=T W= o ,
3(-10yu —108u — a) 12au 60 1L
ao = ) a;=a=0, by = - by = ——,
206 56 56
-&-Bu 5y +584+ /2592 +50y8 + 2582 + 240>
V= _10 _
N " ’ w= 240 ’
-10yu-108u — o 12au 6a
ao = ’ ay=ay=0, by =- ’ 2= —
2016 56 56
& -Bu -5y =58+ /2592 +50y8 + 2582 — 24a?
V= _10 _
== W= o )
3(=20yu —-208u —«a) 12au 3o
ap = ’ ay=by=- ) ay=by=—-,
80ub 56 56

il - -5y =58 +/25y2 + 50y + 258 — 24a?
" ’ 48«
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4(-5yu-5B81 —a) 12ap 3o
ao = ’ ay=by=- , ay=by=——,
166 56 560
Ve —55 =B 5y +5B8+,/25y2 + 50y B + 254 + 24a’
- " ’ t= 48 ’
3(=20yu —208u + «) 12au 3o
= ’ a=b; =- ’ ay=by=—-———,
806 56 56
Ve 35 — Bu M:5y+5;3:l:\/25y2+50y,3+25,32—24a2
wo 48« ’
20y —-208u + 1201 3au
ap = ’ ﬂlzblz_ ’ 612=b2:——,
16u60 560 56
Vo 36— B - -5y =58 4 /25y2 + 50y 8 + 2542 + 24a>
wo 48« '
These sets give the solutions respectively:
ui(x, t) = _ye_ p + v+b tanh w(x — Vt),
us(x, t) = _ye_ p i p tanh w(x — Vt),
uz(x, t) = _ya_ p + )/2;/3 tanh p(x — V#) + y2+9,3 coth u(x — Vi),
ug(x,t) = - _re p coth u(x — Vi),
0 0
us(x, t) = v-F Y p tanh p(x — V) — y+p coth u(x — Vt),
0 0 26
ug(x,t) = _ye_ p + Y ; p coth u(x — Vi),
-10 -10 12 6
u;(x,t) = Yi pura el tanh w(x — V) — hdadad tanh® ju(x — V2),
206 560 560
3(-10 -10 12 6
ug(x, t) = 10y u P+ s tanh p(x — V) — oK tanh? u(x — V),
2016 50 56
-10yu-108u — 12 6
Uo(x, t) = yi u-a iules tanh p(x — V#) + iulad tanh? u(x — V#)
2006 56 56
3
- H coth pu(x — V&) - % coth? u(x — Vi),
3(-10yu-108u — 12 6
uy(x,t) = 10y u ) el tanh p(x — V¥) + bl tanh? u(x — Vt),
206 56 56
-10ypu-10Bp+a 12ap 6a i 2
) = - th — Vt) — —— coth - Vi),
un (%, t) 2000 =5 ° ulx - Vi) =g O plx — V)
3(-10yu-108u + ) 12au 60 1L N
) = - th — Vt) — —— coth - Vi),
urz (%, £) 2000 =g p(x = Vi) =g O p(x = Vi)
3(-10yu-108u —a) 12au 60 1L )
) = - th — Vt) + ——coth - Vi),
ur3(x,7) 2000 =g plx = Ve) + g O w(x = Vi)
10y -108u—a 12 6
wia (%, £) = Yr Pr-o iules coth u(x — Vi) + il coth? u(x — Vi),
200 560 56
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3(-20 -20B8u — 12 3
us(x, t) = (=207 Br-a) il tanh w(x — V¥) + b tanh? ju(x — V2)
80u0 50 50
12 3
il u coth pu(x — V&) + % coth? u(x — V2),
4(-5yu-58u — 12 3
(%, t) = 5y —5hp=a) _ 2O anh wix = Ve) + 2O anh? w(x — Vi)
160 50 56
12 3
— ;{;M coth u(x — V&) + % coth? u(x — V2),
3(=20yu —20 12 3
ur7(x,t) = (=201 Pr+a) _ oK tanh p(x — Vi) - b tanh? ju(x — Vz)
80u0 50 50
12 3
— O ot e — Vi) — % coth? pu(x — Vi),
-20 -20 + 12 3
ug(x, t) = yul6,u6ﬁlu *_ S‘ZM tanh p(x — V) — _;x@,u tanh? ju(x — V)
1201

3
coth u(x — V) — % coth? u(x — V).

4 The Oskolkov-Benjamin-Bona-Mahony-Burgers (OBBMB) equation
We consider the Oskolkov-Benjamin-Bona-Mahony-Burgers (OBBMB) equation

Up — Uyt — QlUyy + YUy + Ouuy, = 0, (25)

where « is positive and 0 is a nonzero constant. Using the wave variable £ = x — V¢ in (25)
then integrating this equation and considering the constant of integration to be zero, we
obtain

0
V+y)U+ Euz—au’+\/ " =0. (26)

Balancing the second term with the last term in (26) gives M = 2. Using the finite expan-

sion

2 2
U(ug) =S(Y) =Y acY*+) by, (27)

k=0 k=1

where Y = tanh(u§). Substituting (27) into (26) and collecting the coefficients of ¥ and
setting it equal to zero, we find the system of equations:

Y8 a0 +12Vayu® = 0,
Y7 2a1a,60 + darou + 4Va1p.2 =0,
Y®: 2a,y + af@ —2Vay + 2apa30 + 2a;a L — 16Va2u2 =0,
Y®: 2a1y — 2Vay + 2b1az0 + 2a0a,60 — 4aopu — 4Vaput =0,
Y% 2a0y + a0 — 2Vag + 2b1a10 + 2byaz6 — 2bjap — 2aa
+4Vbyu? + 4Vau? =0, (28)

Y3 2biy — 2Vby + 2b1agl + 2byan0 — 4byap — 4Vby 2 = 0,
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Y22 2b2)/ + b%e - 2Vb2 + 2b2ﬂ09 + 2b10[ﬂ - 16Vb2u2 =0,
YL 2b1by0 + dbyapn + 4Vb pu? = 0,

Y0: b6 +12Vhyu” = 0.

Maple gives twelve sets of solutions:

-10yu +« 12a1 6au b= by =0
ag= ——— a;=— , Gy = —— =b,=0,
7 " 20u6 ! 50 *7 T 5p e
o« _ 5y /2572 - 24a?
- 10u "= 24« ’
3(-10y n + 12 6
o= 2WOypr) o Ran bk L,
2016 560 50
o« _ =5y £/25y% + 24a?
Tl M7 24 ’
. _—yp-« az_lzoé,u g _ bapu b= by =0
0 20“9 1 50 ) 2 50 ) 1 2 )
a -5y +,/25y2 - 242
V:_—; n= )
101 24a
3(-10yn — 12 6
o= 2Oz o R bk L,
2010 50 560
o« _ 5y /2572 + 24a?
o0 - 24a ’
-10yu +« 120 6au
T e - B
o« _ 5y £,/25y? - 2402
- 10’ H= 240 ’
3(-10y u + @) 12au 6a
ap=——(——7, a=a=0, by =- ) 2= ——
201460 50 50
o« _ =5y £,/25y% + 24a?
T "= 24 ’
3(-10y u —a) 1200 60 (L
ﬂozw, ay=ay =0, by =- =0 b2=¥,
(29)
o« _ 5y /2572 + 24a?
N 10’ - 24« ’
-10yu -« 12ap 6au
ﬂo=W, a=a;=0, b1=—5—0, 2=¥,
o« _ =5y & /25y% - 2402
- 10u° - 24a ’
4 =3(—20yu—a) 4=b =_12au b =3au
0 80/,1,9 ) 1 1 50 ) 2 2 50 )
o« _ =5y £,/25y% - 2402
20 - 48a ’
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4(-5yu —a) 1204 R
ag=———-—"" ay=b =——n—, ay=by=——,
166 56 56
o« _ 5y £/25y? + 240
T M7 48 ’
3(=20yu + ) 1204 3o
ao=—"o~ o ay=by=——, ay=by=-———,
80uo 56 560
a 5y +./25y2 - 242
V= P M= )
20 48
20y + o 12au 3ou
ap=——— " a=b; =- ’ ay=by=—-———,
16,10 50 50
o« _ =5y £/25y% + 2402
Toon M7 430 :

These give the following solutions:

-10ypu-108u+a 12ap

6
ui(x, t) = 200 ) tanh u(x — Vt) — % tanh® ju(x — V2),
3(-10 -10 + 12 6
uy(x,t) = ( yl;O,ueﬁM o) - SO;M tanh u(x — Vt) — % tanh? u(x — V),
-10 —-108u — 12 6
us(x, t) = yu-10pp-a  12au tanh u(x — V£) + 20 anh? wix — Vi)
2016 56 560
21 3au 9
- coth p(x — Vi) — = coth” w(x — Vi),
3(-10 -108u — 12 6
ug(x,t) = (1071 u-a) iales tanh p(x — V¥) + hulad tanh? u(x — V#),
20146 50 50
-10 -10 + 12 6
us(x, t) = )/MZO,LLGIBM @ SO;'M coth pu(x — V&) - % coth? u(x — V2),
3(-10 -10 + 12 6
ug(x, t) = ( W;O,ueﬂu o) - soéz),u coth pu(x — Vi) — % coth? ju(x — V),
3(-10 -108u — 12 6
u;(x,t) = ( w;O;wﬂM ) - S(ZM coth pu(x — V&) + % coth? u(x — Vt),
-10 -108u — 12 6
us () = ”‘zowﬂ F= - - coth e = Vi) + — = coth’ pu(x = V), (30)
3(-20 -208u — 12 3
ug(x,t) = (=20y 1 pr-o) 12ap tanh p(x — V) + 22K anh? wix — Vi)
80146 50 50
20 oth pux = VE) + - coth? (- V)
—_ — + _ a— 5
= coth pu(x = coth” u(x
4(-5 -58u— 12 3
wio(x, £) = (5yp—5pu—a) L2an tanh g (x — V) + 22K anh? wlx — Vi)
1610 50 50
12 3
- S(ZM coth pu(x — Vi) + % coth? u(x — Vi),
3(-20 -20 12 3
uy(x,t) = ( yl:g() J Pr+a) - :M tanh p(x — Vi) — —;@M tanh? u(x — V#)
W

3
e coth pu(x — Vi) — % coth? u(x — Vi),
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20y -208pu+a  12ap
1616 50
12au

3
U (x,t) = tanh p(x — V) — % tanh? u(x — Vt)

3
coth u(x — V&) — % coth? ju(x — V).

As can be seen easily, these solutions can be obtained by taking 8 = 0 in the solutions of

previous equations.

5 The one-dimensional Oskolkov equation

The one-dimensional Oskolkov equation is given by
Up — Mgy — Qg + Ulhy = 0. (31)

We will investigate the equation for A # 0 and @ € R. Using the wave variable & = x — V¢ in
(31) then integrating this equation and considering the constant of integration to be zero,

we obtain
1/ / 1 2
VU + U" —al +§L[ =0. (32)

Balancing U? with " in (32) gives M = 2. The tanh-coth method admits the use of the

finite expansion

2 2
U(ug) =S(Y) =Y acY* +) by, (33)

k=0 k=1

where Y = tanh(ué). Substituting (33) into (32) and collecting the coefficients of ¥ and
setting it equal to zero, we find the system of equations:

Y8 ak +120a,u* = 0,

Y’ 4alku2 +4arop + 2ayay =0,

Y8 a? + 20ayju — 16axiu* — 2Vay + 2a0a; = 0,

Y®: 2biay — dayap — 2Vay — daihu® + 2a0a; = 0,

Y% 2biay — 2Vag + 2bsay + ai — 2byap — 2aia i + Abydp* + dahpu® = 0, (34)
Y3: 2b1ag — 4byapu — 2Vhy — 4biap? + 2byay = 0,

Y2 b3 + 2abyp — 16byhp* — 2Vh, + 2byag = 0,

Y abiap? + 4byap + 2b1by = 0,

Y0: b2 +120byu* = 0.

Solving this system, we find the following sets of solutions:

9¢2 6a? 3o b= b =0
ag= —, a=-——, a)=——, = =0,
07 252 17 7o ST 17
B 6a? o

T 251 104
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3o 602 3a?
0=~ =T =—T= 1—b2:0y
251 251 251
~ 602 o«
T P ow
9¢? 602 3a? -
ap=—, = =——— = =y,
07 252 17 25 27 o5 1o
_ 602 o«
o5 M Tow
_ 3o _ 602 ~ 302 b0
07 "o 2517 27 7o) 1Ty
_ 602 o«
T P Tiow
9¢? 0 602 b 3a?
= =dH = ) = —, = _—,
07 252 e 17 25a 27 o5
602 o
o M 0w
3a? 0 602 302
== =dy =0\, = - =~
07 To5a 1o DY) 27 o5
602 o
> - , 35
251 H="100 (35)
3a? 3a2 3a? 30?2 3a?
ap=——, ay=——-, ay=———, by=-—, by = - )
101 251 1001 251 1001
60 o
~ 25 =500
9¢2 3a? 3o 302 3a?
ay=-—-, ME=-——ey  Ay=——, V= b=,
501 251 1001 251 1001
602 o
T P oo
3a? 302 3a? 302 3a?
0= T = = a)=————r, 1= = D= T
101 251 1004 251 1001
602 o
s Moo
9¢? 3a2 3a2 3a2 3a2
0= —— > = — 2 == ) 1= = b2=_—1
501 251 1001 251 1001
602 o
=25 =50
9¢? 0 602 b 302
= =day = ) =" ="
07 25x e DT 27 705
602 a
s M ow
3a2 0 602 b 3a2
=——~— =dy =0\, =——~— =——~—
07 To5a 1o DT} 27 o5
602 o
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These sets give the solutions respectively:

U7 (x,t) =

ug(x,t) =

uy(x,t) =

up(x,t) =

un(x, t) =

u12(x, t)

9% 6 32 9
—— — ——tanh u(x — V¥) - 251 tanh” w(x — Vt),

tanh p(x t) 32tnh2 (x 1)
—— — ——tanh u(x — Vt) — —— tanh” u(x — Vi),
25\

9o 6 o (x— Vi) 307 i (x— Vi)
= — + ——tanhu(x — V) — ——tan x—Vt),
255 25 MK 255 K
30?2 6a? 32 9
=~z + 351 tanh p(x — Vi) — 25 tanh” u(x — Vi),
992 6a? 3a2
= — + — coth u(x — Vt) - — coth? u(x — V),
25 25 OH (e = V2) 255 O (e=V2)
30?2 6a? 32 9
~55% + 351 coth p(x — Vi) — 258 coth” u(x — Vi),
3o? _ 3a? tanh u(x — Vi) Bor? tanh? pu(x — V2)
— — —— an X — — an X —
101 25X " 100 H
B’ th u(x — Vi) 3o’ th? u(x — V2)
— —— CO X — — CO X — N
255 0K 1001 O
9a* _ 3 tanh u(x — V#) 30 tanh? pu(x — V2)
——— — ——tanhu(x — V¢) - an x—
50 25 CTOH 100x K
3 th w(x — Vi) 3 th? u(x — V2)
— ——CO X — - CO X — N
255 O 1001 O
3o 30 tanh u(x — V) 3 tanh? u(x — Vt)
— + ——tanh u(x — V) — an x—
101 25A H 100 H
3 th w(x — Vi) 3 th? 1 (x — V2)
+ ——CO X — — CO X — N
255 O 100x O
%o 3 tanh w(x — Vi) il tanh? pu(x — V#)
——— + ——tanh u(x — V&) - an x—
50 255 (ThH 100x MK
397 oth (x— Vi) 37 (x - Vt)
+ ——CO X — — CO X — »
255 COH 1001 O
902 6a? 2

th (e — VE) — 2% coth? ju(x — Vi)
—— — ——cothu(x — Vt) = ——co x - Vi),
250 255 K 251 H

302 602 3a?

=——— — ——cothu(x— Vt) - % coth? u(x — Vt).

254 25X

6 The generalised hyperelastic-rod wave equation

The generalised hyperelastic-rod wave equation reads as follows:

Up — Uy + AUy + 2B ULty + 30uu, — Y Uylyy — Uty = 0,

(36)

(37)

where o, 8, 6 and y are constant parameters, and we assume that 6 is nonzero. The wave
variable & = x — V¢ carries (37) into the ODE

VU + VU" + ol +2BUU +30UU —yU'U" - UU" = 0.

(38)
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Integrating this equation and considering the constant of integration to be zero, we obtain

4

-1
(—V+a)U + VU" + BUP + 0L - L——(u')* U’ = o. (39)

Balancing U* with UU" in (39) gives M = 2. As stated before, the tanh-coth method uses

a finite series

2 2
U(ug) =S(Y) =Y aY*+> by ™ (40)

k=0 k=1

to express the solution u(x, t). Substituting (40) into (39) and collecting the coefficients of

Y gives the system of algebraic equations:

Y'2: 430 — dadu® - 2a3yu® =0,

YL Szzla%@ - 6a1a2//,2 - 2a1a2yuz =0,

Y843 — 3a? 1 + 2458 — aly n* + 8asy u* + 12Vayu* + 6agaio

+ 6af¢z26‘ - 12a0a2u2 =0,

Y®: af@ +2amanf + 2Va pu® + 3b1a§9 —8biaru? — 2apa 1 + 6araspu®
+ 6a0a1a20 + 2b1a2yu2 + 4a1a2y,u2 =0,

Ys: 2afu2 + 2ar0 + 2d%ﬁ —2Vay + 4apazf + Zafyu,z - 461%)//1,2 —16Vayu?
—6biap’ + 6]9261%9 —24byayu? + 6aoaf(9 + 6a(2)a29
+16agaspu® + 12b1arar0 + 2b1a1y,u2 +8byayu* =0,

Y ay — Vay + 2biay B + 2apa1 B — 2Wapu? + 3bm%8 +14biar p® — 6bya u®
+3ata0 + 2apa 1* + 6b1agazd + 6byayasl
—4biary 1* + 2byary 1 = 2anary = 0,

Yo biu? + atp® + 2apa + 2436 + 2akB — 2Vag + 4bay B + 4byay f — b2y i
- a%y,uz +4Vbyu® + 4Vau® + 6bgaf9 + 6bfa29 +12b1ayu? — 4byag
+48byaru? — dagaru® + 12bragai6 + 12byagasd
—4biayy u* — 16byary n* = 0, (41)

Y®: bia — Vby + 2b1ao B + 2bsan B — 2Vhi > + 3b1a’0 + 3b2a,0
+2biaop? — 6brasp® + 14byay u® + 6b1byast + 6byaga 0
—2b1byy U + 2brary p? — Absary u* = 0,

v 2bf,u2 +2byo + beﬂ —2Vby + 4byanB + Zb%yuz - 4b§yu2 —16Vbyu?
+ 6bf¢z09 + 6192(1(2)9 —6byay ? +16byag’® + 6b§a2«9
—24byasp® +12b1byar6 + 2byary p* + 8byary u® = 0,

YSZ bf@ + 2b1b2,3 + 2Vb1pL2 + 6b1b2/,L2 - 2b1ﬂ0ﬂ2 + Sb%ale - 8b2611/,L2
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+6b1byagl + 4bibyy u? + 2byary n* = 0,

Y2 8b3u* — 3b2 u? + 2038 — b2y ui* + 8b3y u* + 12Vhy i
+6b2by0 + 6b5agh — 12byaopn” = 0,

Y 3b1b§9 —6b1bypu?® — 2b1byy u* =0,

YO: B30 — ab3pu® - 2by u* = 0.

The last system gives the three sets of solutions as follows.
The first:

ap = (—8)/,u2 +128 —8u? —408u® + 50y u* + 180 — 802 B% - 168y 1>
— 8812y B% + 2487 + 32y % + 28y B + 26y % + 14y* 2 + 330ay + 3680
+180ay? — 24822 u? +20B8y3 1> — 68u’y B + 23By2 + 24u %00 + 12120y
+3080ay —24u%0ay? + 680ay? —12y3u0a + 8By u? + 30ay® + 30y u?
+28%y° + By + 6y°u” + 8BY°)
1{20(-12y% - 8y —28% - 30 — 78 — 8y°> - 2y* + 248y u* + 4By 1
+ 442y +24B1% — 2 + 34y 2 U2 + 1493 1% + 2y u? + 34y u® + 1202 — 4yp?
—2y?B% +30ay® —16yB - 138y> — 48y°)},

_202+y)
0

= —(—8)/;1,2 +4B —8u’ +8Bu* + 50)/3,u2 +180 + 161282 + 76,3)/2,u2

ﬂ1=b1=b2=0, ay

)

+40u2yp? —4p% - 883 —18yB% + 26y u? - 2092 % —12yB% + 330ay
+24B00 +180ay? + 3282y u? + 5283 u? + 44u’y B —13By? + 24120
+ 12,LL29ay +36B0ay — 24;1,290:)/2 + 12,3(905]/2 - 12y3u26a + 12ﬁu2y4
+30ay® +8y°u?B% + 30y — 6% 1° - 3By* + 6y°u? —126y° - 4y?p°)
/{69 (—2)/3 +2y3u% —6y? +1292u% — 4By? + 4By u* - 6y + 30ay — 9B

—2yB% + 22y + 200> B — 7B - 2% — 30a + 1217 + 248 - 2)},
+1

4(y2+3y+2)( (2y* +6y +4)(-2-y*-4B -3y —2yB

H1 =
+(4-168 +12u +16B% +13y* + 6y° + y* + 16y > - 32y B + 4y > B

1.1
~208y% - 4By - 480a - 7200y - 240ay?)?))?,
+1

- 2 2
4()/2+3)/+2)((2y +6]/+4)(2+)/ +4B +3y +2yp

Ha =
+(4-16B + 12 +168% +13y* + 6y° + y* + 16y B> - 32y B + 4y*B*

1.1
—208y% - 48y% - 480a - 720ay — 24905)/2) 2 )) 7
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The second:

ao = (-8ypu* +12B — 8u* — 408> + 50y°u* + 180 — 80> B — 168y 1
— 8812y B% + 2482 + 32y 8% + 28y B + 26y % + 14y* 2 + 330ay + 3680
+ 189017/2 - 24,32)/2u2 + 20,3)/3,11,2 - 68u2yﬁ + 23;9)/2 +240%00 + 12,u29ay
+3080ay —24u*0ay? + 6B0ay? — 12y u 0o + 8By *u? + 30ay?® + 30y * >
+28%% + By* + 6y°1” + 8BY°)
{20 (-12y% - 8y —28% - 30 — 78 — 8y°> - 2y* + 248y u* + 4By 1
+44p%yB +24B1u% — 2+ 34y 2 + 1493 % + 294 u® + 34y u® + 1242
—4yp* - 2y* % + 300y’ ~16yp ~ 13y — 4py°)},

_202Q2+y)
)

= —(-8yu” +4B - 8u* + 8Bu* +50y° u* + 180 + 161> B> + 76 By  u* + 40’y B2

a=ay=b =0, by )
—4p? —8B% —18yp? + 262 u% - 20y2B% - 12y 8> + 330ay +24B0a + 180 y?
+ 32,32)/2,u2 + 52,3)/3,u2 + 44,1L2)/;3 - 13,3)/2 +241%00 + 12/L29ay +3680ay
- 24u29ay2 + 12/390{)/2 - 12)/3,u26?a +128u%y% + 3901)/3 + 8y3u2ﬁ2
+30y*u? —6871° = 38y* +6y° 1’ —12By° - 4y %)

1{60(=2y +2y° 1> — 6y* + 12y 1> — 4By* + 4By*u* — 6y +30ay — 9y B

2y + 22y + 202 — 7P — 267 ~ 30 + 12u% + 24> - 2)},

+1
iy

+(4-168 +120 +168% +13y% + 692 + y* + 16y B> — 32y 8 + 492 B>
( B +121 +168 y +6y°>+y % YB +4y

)*

2y2+6y+4)(2+y2+4ﬁ+3y+2yﬁ

i 2% +6y +4)(-2-y* -48 -3y - 2yB

S
ST

-208y” —4By> - 4800 — 720ay — 240 y?)

+1

H2= 4(y? + 3y +2)((

+(4-16B +12u +16p% +13y> + 6y° + y* + 16y - 32y + 4y’ B
1.1
—20/37/2—4:3)/3—4890t—7290{y—2490()/2)2))2.
The third:
9
ao = <_8V,LL2 +38 - 8[1-2 —4‘0ﬂlL2 + 50)/3“2 + Ega _80M2,32 —16,3)/2,u2
2,82 2 2 2 0 7 5, 33
_88M J’ﬁ +6ﬂ +8)//3 +7yﬁ+26)/ 2 +§y ﬁ +Z905]/+9,3905
2.2 2 3 2 5 23, ) ) 15
—247y T+ 20By Tt - 687y B+ T- By + 2470 + 12070y + — fOay

3 3 1
—24u2%0ay? + Eﬂ@ayz —12y3 200 + 8Byt + Zea;ﬁ +30p*u? + 5/32)/3
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1
+ Zﬁy" +6y°u” + 2;3)/3)
1{0(-2 +16By°u* + 176>y B — 12> - 8y — 30a — 28> - 8y° —2y* - 78
+48u? + 968y u? +30ay® —16yp —13By?% — 4By — 4y % - 2y% B>

+ 136)/2,u2 + 56)/3,u2 + 8y4u2 + 1367//12 + 96,3,u2)},

= —(=32ypu® + 48 - 3214% + 321> + 200y° u* + 1800 + 641> B2 + 30487 1
+160u2yB% — 4% - 883 —18yB2 +104y%u? - 20y2 8% =12y 8> + 330ay
+24B0a +180ay? + 12882y u? + 2088y u* + 176’y B — 138y + 96 >0
+48u*0ay +36B0ay — 962 0ay? + 12B0ay? — 48y°u 0a + 488 y*
+30ay® +32y°u? B2 + 120y u? - 6% 1 - 3By * + 24y °u* —128y° - 4y*B°)
/{(698)/3/L2 —2y% —6y% +48y*u* —4By* + 168y u* - 6y + 30ay —9yB

—2y8% + 88y > + B0 — 7 — 287 — 30 + 484% + 961>~ 2) ),
+1

_ o A 2 9,2 _ _
_8(y2+3y+2)( (2y*+6y +4)(-2-y*-4B -3y -2¢B

M1
+(4-168 +12p +16B% +13y* + 6y> + y* + 16y > - 32y B + 4y > B>

1.1
-20B8y* - 4By> - 480a — 720y —2400y*)?))?2,
+1

- m((2y2+6y +4)(2+y*+4B +3y +2yB

Mn2
+(4-16B + 12 + 168> +13y* + 6y + y* + 16y > — 32y B + 4y > B>

1.1
~208y” - 4By> - 480a — 720y —240ay?)?))?.
These in turn give the following three solutions:

2122 +y)

ui(x,t) =ag + tanh? w(x — Vt),

2u*(2+y)

ur(x,t) = ag + coth? u(x — Vt), (42)

2122 +y) 22+7y)

us(x,8) = ag + tanh? w(x — Vt) + 2u J coth? u(x — Vt).

7 Conclusion

In this paper, we focused on travelling wave solutions of the general form of Benjamin-
Bona-Mahony-Peregrine-Burgers equation, the general form of the Oskolkov-Benjamin-
Bona-Mahony-Burgers equation, the one-dimensional Oskolkov equation and the gener-
alised hyperelastic-rod wave equation. We derived various exact travelling wave solutions
of these physical structures by using the tanh-coth method. Throughout the work, Maple
was used to deal with the tedious algebraic operations.
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