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Introduction

Throughout the paper, we use the following notation. For integers s, ¢, s < ¢, we define a
set Zt :={s,s +1,...,¢t — 1,¢}. Similarly, we define sets Z* _ :={...,t — 1,¢} and Z2° := {s,s +
1,...}. The function | -] used below is the floor integer function. We employ the following

property of the floor integer function:
x-1<|x] <= @

where x € R.

Define binomial coefficients as customary, i.e., for n € Z and k € 7Z,

(”) o o ifn=k=0, o
k 0 otherwise.

We recall that for a well-defined discrete function f(k), the forward difference operator A
is defined as Af(k) = f(k + 1) — f(k). In the paper, we also adopt the customary notation

Zﬁiil g = 0if iy < i1. In the case of double sums, we set

i2,j2

Y &=0 3)

i=iLj=/

if at least one of the inequalities i; < i1, j» < j; holds.
In [1, 2], a discrete matrix delayed exponential for a single delay m € N was defined as

follows.
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Definition1 For an r x r constant matrix B, k € Z, and fixed m € N, we define the discrete

matrix delayed exponential e as follows:

® ifk ez,
€ i (k-m(j-1 : £(m+1)
I+, B (") ife=0,1,2,.., k€ Zy" 0 0

where © is an r x r null matrix and I is an r x r unit matrix.

Next, the main property (Theorem 1 below) of discrete matrix delayed exponential for
a single delay m € N is proved in [1].

(o]
—m’

Theorem 1 Let B be a constant r x r matrix. Then, for k € Z,
Bk Blk-
Aebk = peBlk-m), (4)

The paper is concerned with a generalization of the notion of discrete matrix delayed
exponential for two delays and a proof of one of its properties, similar to the main property

(4) of discrete matrix delayed exponential for a single delay.

Discrete matrix delayed exponential for two delays and its main property

BCk
mn

nential for two delays m,n € N, m # n and for two r x r commuting constant matrices B,

We define a discrete r x r matrix function e, * called the discrete matrix delayed expo-

C as follows.

Definition 2 Let B, C be constant r x r matrices with the property BC = CB and let
m,n € N, m # n be fixed integers. We define a discrete r x r matrix function ef;ik called
the discrete matrix delayed exponential for two delays m, n and for two r x r constant
matrices B, C:

® if k € ZZ 2t
Ck .
ehl =11 if k€ Z° o mamy
P~V =L i~ (i4f\ (k-mi-nj)
I+(B+C) YN0 O BO () () ik ez,
where
| k+m | k+n 5)
P = m+1] 1 = n+l |
The main property of e5¥ is given by the following theorem.

Theorem 2 Let B, C be constant r X r matrices with the property BC = CB and let m,n € N,
m # n be fixed integers. Then

BCk BC(k- BC(k-
AeBCk — geBCl=m) | CeBCk—m) (6)

holds for k > 0.
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Proof Let k > 1. From (1) and (5), we can see easily that, for an integer k > 0 satisfying
P -Dm+1)+1 <k <pry(m+1) Aqr -1)(n+1)+1 <k <qun+1),

the relation

PO ik (k- mi— nj
AeBK - Al T+(B+C B'C
Ermn [“ *O 2 AT IS

i=0,/=0
holds in accordance with Definition 2 of e2SX. Since Al = ©, we have
BCk P A0 +7\ (k — mi—nj
e B
Considering the increment by its definition, i.e.,

BCk _ _BC(k+1) BCk
Aemn =€ ~Cun (8)

we conclude that it is reasonable to divide the proof into four parts with respect to the

value of integer k. In case one, k is such that
P —-Dm+1)+1<k<ppm+1)A(qu-1mn+1)+1<k<qun+l),
in case two
k=poym+1) Aqu —Dn+1)+1<k<qgu(n+1),
in case three
W -Dm+1)+1 <k<pup(m+1) ANk =qun+1)
and in case four
k=po(m+1) ANk =qu(n+1).

We see that the above cases cover all the possible relations between k, p) and q).

In the proof, we use the identities

(&) () () 0

where 1,k € N and
(-G @) ()-CL)-(77) o
i i—1 0 0 i i—1 i

where i,j € N, which are derived from (2) and (9).
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l. (p(k)—1)(m+1)+1 5k<p(k)(m+1)A(q(k)—1)(n+1)+1 5k<q(k)(n+1)
From (1) and (5), we get

k—-m+m k
Plk-m) = = P

<
m+1 m+1
k—-m+m k . k-m-1 )
_ = > — 1= > — 4.
Pik-m) m+1 m+1 m+1 P

Therefore, p-m) = py — 1 and, by Definition 2,

D) =24 (k-m) 1

kM1 BrC) Y ch/<’+,]>(k_m_ml_"’>. (11)

i i+j+1
i=0,j=0 J

Similarly, omitting details, we get (using (1), and (5)) g(-n) = g — 1 and

Plk-n) L (k) —2

e\ (ke — i — i
SIS Sl () | e 12)
= i i+j+1
i=0,j=0
Let gk_m) > 1. We show that
k—m—mi-nj o )
o =0 ifi>0,j> q-m). (13)
i+j+1

In accordance with (1),

n+1 T on+1l

k—-m+n k—-m+n k—-m-1
Ytk = n+l -

or

k—-m<m+1)qp-m+1<m+1)i+(m+1)j+1 ifi>0,j> qu_m).
From the last inequality, we get

k—-m-mi-nj<i+j+1 ifi>0,j> qu-m

and (13) holds by (2). For that reason and since q_m) < g, we can replace gg_m) by qu)
in (11). Thus, we have

PO i)\ (k- m(i+1) - nf
gy wo('T)( ) 9)
120720 i i+j+1

It is easy to see that, due to (3), formula (14) can be used instead of (11) if g(—,) <1 also.
Let p(k—n) > 1. Similarly, we can show that

(k—n—mi—nj

=0 ifi>puE_n,j=0
i+j+1 ) = Plemy] =
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and, since pg—n) < pk), we can replace p_n) by pg in (12). Thus, we have

P()~14(k) =2 . , ,
o k —mi— 1
SN 1 (B+C) Y Ble(”,’)( i+ )>. (15)
120720 i i+j+1

It is easy to see that, due to (3), formula (15) can be used instead of (12) if p_») < 1, too.
Due to (1), we also conclude that

Pk+1) = Pk q(k+1) = 4k) (16)

because

k+1+m k
Pk+1) = = +1<pp +1
m+1

m+1
and
k+1+m k+1+m 1= k -
= > — = .
Pikr) m+1 m+1 m+1_p m+1

The second formula can be proved similarly.
Now we are able to prove that

BCk BC(k- BC(k-
Ae, " = Be,, (k=rm) Cemn( )

Plk) =24k -1 e\ [k i1 .
=B|I+(B+C) Z BiC a —m(i+ 1) = n
20720 i i+j+1
Pik)~L4)—2 . . ,
o k —mi — 1
+ClI+(B+C) Y B’Cf(”,’)( mi—n(j+ )) . (17)
120720 i i+j+1

With the aid of (7), (8), (9) and (16), we get

BC(k+1) _ BCk

BCk
A m mn €mn

€, =e

Pler1) =Ll (k1)1

LB+ C) Z (z +/> <k + ll+]yTl_ n])

i=0,j=0
PO lq(k i+ k —mi—
—I-(B+C) B‘C’( J ( )
20720 i+j+1
P ~Ldi)—
k+1-
—1+B+C) Y B‘C’<l+]>( Fl-mi- )
120720 i+j+1
Po~Lag)-1 . . ;
-1-g+c) Y. Bo('V k—mi=nj
120720 i i+j+1

P LA~ i+\[ (k+1-mi-nj k —mi — nj
-(B+C B'C -
(B+C) Z ( i >[< i+j+l ) ( i+j+1 )]

i=0,j=0
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POAOT i N (k= i
-(B+C BiC/ I
B+O 2 (z)( i+ )

i=0,=0

:(B+C)|:I+p(§_: BZ'C°<§>( ) %: BOC]( )(k ]n])

i=1
-Lq-1
+p(k)2q:(k) BiC"(iij) (k_ ,mifnj> :
ey i i+j

By (10), we have

ol i1\ (k—mi
AeBk=(B+O)|I B'C°
e =B+ O\ 1+ 3 i-1)\ i

i=1

1wl 7-1\ (k- nj
2ee(3)()

j=1

P-4 -1

+ Z BlC/(H-] 1)

k —mi - )
i=1j=1 i+]

Pl AL i+ ] 1\ (k—mi-
B'C
> ( )

i=1,j=1

- (B+0C) 1+ BC’(H] 1><k_'_m,_"j)
i=1,j=0 Lty

P(k) =L -1 .
z+] 1\ [k — mi - nj

B'C .
> ( >( i+ )]

i=0,j=1

Now in the first sum we replace the summation index i by i + 1 and in the second sum

we replace the summation index j by j + 1. Then

PUy—24(0-1 . . ;
A BC/( (B+C)[ § Bt+1C/<l+1>(k_m(l+1)_n])
i i+j+1

i=0,j=0
-1, -2
+P(k> Xq:(k) BiC/+1(i-|,—j> (k-;@—}n(ﬁﬂ)}
= i i+j+1
i=0,j=0
P() =24 (k)1 , ,
k — 1) -
=B+B(B+C) Z BzC}<l+])( Wl(l+ ) l’l])
20720 i i+j+1

Py —Ld(x) -2 . , ,
- k—mi—n(j+1
+C+CB+C) Y BlCJ(“,L’>( mi—nlj+ )>

= i i+j+1
i=0,j=0

P(k)=24(k)~1 . . ;
=B[I+(B+CQC) Z BC P (k=mli+1) =
i i+j+1

i=0,j=0
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Piy~La—2 . , ,
o k —mi— 1
+C|:I+C(B+C) 3 Ble(”f’)( mi—n(j+ ))}
i i+j+1

i=0,j=0

k- k-
= Be]fni( (Ol Cef;,i( ",
Due to (14) and (15), we conclude that formula (17) is valid.

ILk=pr(m+1)A(qu-1n+1)+1<k<qun+1)
In this case,

_ k—-m+m B k B
M Tl | | me1 | TP®

k+1+m k+l+m k 1 {
= +1= +1,
Py = m+1 m+1 m+1 P
k+1+m k+1+m 1= k B
Pty = m+1 m+1 Tm+1 =Pw

and p(.1) = P + 1. In addition to this (see relevant computations performed in case I), we
have g = qu -1 and g = qu)-

Then
Pl 2wt i+7\ [k —mi-nj
Sk =I1+(B+C) Y. B"C"( ]>< . 1)»
120720 i i+j+1
P4k —1 . ;
k+1—mi-
SN L (BrC) Y BC (”’)( e n])
120720 i+j+1
and
P~ el i+j\ (k—m—mi-nj
kM 14 B4C) Y chf( ]>( " ’), (18)
20720 i i+j+1
Pl L= i+j\ (k—n—mi-nj
SN 14 (B+C) Y Bl'cf< ’)( T ’). (19)
20720 i i+j+1

Like with the computations performed in the previous part of the proof, we get

(k—m—mi—nj

=0 ifi>0,j>qu_
i+j+1 ) =0 = le-m)

and

k—n—mi-nj o .
. =0 ifi>pr-n,j=0.
i+j+1

So, we can substitute g by ) in (18) and py_n) by py in (19).
Accordingly, we have

Pl 2wt AP+ (k=m(i+1) —nj
Sk 1 (B+C) Y BZCI( ’)( e ’), (20)

= i i+j+1
i=0,j=0
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P —Ldk)—2 . . .
y k —mi— 1
) T+ (B+ go('t =Ry E N 21
eBC(k ) ( C) i ] (] ) ( )

mn . .
i i+j+1
i=0,j=0 J

It is easy to see that, due to (3), formula (20) can also be used instead of (18) if g <1
and formula (21) can also be used instead of (19) if p(_p) < 1.
We have to prove

AeBCk = geBClk=m)  CeBCk=m)

P—L4 -1 . , ,
=B[I+(B+CQC) Z BC B\ (k=mli+1) - n
i i+j+1

i=0,j=0

Po~14(x)-2 . , ,
o k —mi— 1
+C|:I+(B+C) S Ble(”,’)<( mi—n(j + ))} (22)
i i+j+1

i=0,j=0
Therefore,

AeBCk _ oBC(k+1) _ BCk

mn T “mn emn
D)1 . . ;
o k+1—mi-—
—I+(B+C) Z Bzcj<zf]>( +’ (mz n})
120720 i i+j+1
P14 -1 e\ (k , ;
~1-B+0) Y Bo(U) (T
o0 i i+j+1
Pk ~Ld k) —1 . , . , ;
_(B+0) Z B i+j k+1-mi-nj B k — mi — nj
Byl i i+j+1 i+j+1

(k) ~1 N (k41 .
e (P<k) +1> ( +1=mpg - "1) ‘
pan D) P +j+1
With the aid of the equation k = p(m + 1), we get

k+1-mpu —nj 1-njf
( +1—mpg n]>:<19<k>+ n/):() ifj>0

P +j+1 P +1+]
and, by (9), we have
P~ L4a(k)—1 e\ (K , ;
Ak =B+0)| Y Bl‘Cf(lJf])( _.ml._n]>+BP<k)
iyt i i+j

i=1

Pl AL i+7\ (k—mi-nj
o B"c"( 1)( o ])+Bp<k>:|.
i i+j

i=1j=1

PO (N (k=m0 (k- n
— L ]
_(B+C)|:I+ZBC(i)< i >+;BC<O>( j )
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By (10), we have
Pyl N Wl j /
1 k — mi . ]—1 k—n]
Ak = (B+C)| T B‘Col BC
( + |: + Z i—1 i ¥ Z 0 J
i=1 /=1
W —Lau -1 i
S (M) ()
pa i-1 1t]
i=1,j=1
Py —Law-1 P | — nj
i it]
i=1j=1
Ply~Lag-1 L
o 1\ (k—mi-
=(B+C)[I+ > BlC’(lJ«ril )( o nj)
i=1,j=0 g '
P Law-l i+j-1\ (k- mi-nj
cy BT () e |
i i1t]
i=0,=1

Now we replace in the first sum the summation index i by i + 1 and in the second sum
we replace the summation index j by j + 1. Then

P 241 i+7\ (k-m@i+1)—nj
Aebk=B+O)|I+ > B‘“Cf( )( o )
i i+j+1

i=0,j=0
Po~LA) -2 . .
. Z B‘C’*l(H]) (k—ml—"(/+1)) + BP®
120720 i+j+1

P~ 24091 i+j\ (k—m(i+1)—nj
-B+BB+C) Y. B’C’( ’)( e ]>+BP<’<)(B+C)
120720 i i+j+1

Pl a2 i+j\ (k-mi-n(j+1)
+C+C(B+C) Z B’C’( )( o )

1
oo i i+j+

P(k)=24(k)~1 .
=B|I+(B+C) Z Bicj<l""1)<k m@+1) - Vl]) B!
120720 i i+j+1

Pl w2 i+j\ (k-mi-n(+1)
I+(B BiC S .
+c[ +B+C) Y c(l,)< iviel )}

i=0,j=0

For k = p(m + 1), we have

q()-1 , ;
Bty pwic <P<k> -1 +J) <k ~mlp=1+1) - "l>,
pan P —1 P —1+j+1

where

k- “1+1)—nj k- —nj
(f oo Loy _(kma ) g
Pr—1+j+1 Py +J
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Thus,
e i+)\ (k-m@i+1)—nj
Aef;lik:B I+(B+C) Z B’C’( })( o ]>
120720 i i+j+1
P ~Lar) -2 . , ,
+C|I+B+C) Z BiC P]\ (k= mi—n(i+1)
20720 i i+j+1

BC(k- BC(k-
= Bemn( " 4 Cemn( "
and formula (22) is proved.

1. (P(k) -1Tm+1)+1=< k<p(k)(m+ 1) Ak=q(k)(n+ 1)
In this case, we have (see relevant computations in cases I and II)

Pk-m) =P — 1, Pk+1) = PK)

and

Gk—n) = 4(k)» Gy =G + 1.

Then
P14k~ PN K — i — i
X =1+(B+C) Y. B"cf( ’)( . ’),
20720 i i+j+1
PG~ Lau - .
S 1L (B4 C) Z Bicj<l-l‘-]><k+‘1—(mz—n])
120720 i i+j+1
and
P04 i+)\ (k—m—mi-nj
e =1+(B+C) Y B"C"< ]>( - ]>, (23)
120720 i i+j+1
Pk 20 i+)\ (k-n-mi-nj
e =1+ (B+C) ) BiCj( ]>( - /). (24)
120720 i i+j+1

Like with the computations performed in case I, we can get

k —m — mi — nj e .
o =0 ifi>0,j>qu-m
i+j+1
and
k—n-mi-nj 0 ifi> >0
= i) -n)) — Y.
ivj+1 Z Plk-n)>]

So, we can substitute g for g in (23) and p) for p_n) in (24).
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Thus, we have

PO i\ (k= m(i+1) - nf
epM =1+ (B+C) > B’C’( )( il ) (25)
20720 i i+j+
PO i)\ (k= mi—n(+1)
ept =1+ (B+C) Y B‘C’( )( o ) (26)
120720 i i+j+1

It is easy to see that, due to (3), formula (25) can also be used instead of (23) if g_m) <1
and formula (26) can also be used instead of (24) if p_») < 1.
Now we have to prove

BCk _ p BC(k-m) BC(k—n)
Ae, " =Be, - +Ce,,

Pw 207t +\ (k-m@i+1) —nj
afreaee 35 we(' ) ()]
i i+j+1

i=0,j=0

P-Lag)-1 . . .
i i+j+1

i=0,j=0
Considering the difference by its definition, we get

AeBCk _ oBClk+1) _ oBCk

mn mn mn
P~Lak) . , ,
-1+@B+C) Y Bo(' kv 1= mi=nj
120720 i i+j+1
pi-Lqr)—-1 . . .
-1-g+c) Y. Bo('V k=mi=nj
120720 i i+j+1
P(k)~L4 (k)1 L . .
_(B+0) Z ot k+1—-mi-nj B k —mi - nj
iS5m0 i i+j+1 i+j+1
P(i)-1 , ,
. ZBiCq(k> i+q0)\ (k+1—mi—nqy '
prS i i+qu+1

With the aid of relation k = g (1 + 1), we get

k+ 1 mi- Lo
(+ mi nq(k))z(‘Z(k)+ ml)zo ifi>0

i+qu+1 qu +1+i
and
A (B4 ) [ZBC () (<Y, c}
i 2070 i i+j

PO o\ (k- mi
=(B+C)[I+ > BC <l>( ; )

i=1
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q(k)~ _nj
Ewe()())
Z j
P i+7\ (k- mi—nj
+ Z BiCi( 1)< })+Cq(’<>:|.
i i+j

i=1,j=1
By (10), we have

ABK = (B4 C) |:1+p(2 BlCo(l )(k mz> %IBOCj(j_1> (k—l’lj>
1 , 0 J

j=1

P)~Lap -1 i+j—1\ (k—-mi-
i/
+ Z BC( )( i+j )
i=1j=1
Po~L4r-1
+ Z BiC l+] 1\ (k=mi- + C1w
i+j
i=1)-1
-1
P14 1l+] 1\ (k — mi - nj
=B+C)|1+ Z B'C i+
o i+j
PwLaw-t i+j-1\ (k- mi-nj
oy oMy e |
i )
i=0,j=1

Now we replace in the first sum the summation index i by i + 1 and in the second sum

we replace the summation index j by j + 1. Then

P 2 i+ (k—-m(i+1)—nj
Aefk=B+O)|I+ > B’*IC/< )( o )
i i+j+1

i=0,j=0
Plo~LAqu) =2 . . .
oy Bl’c/”(lf]) (k_n,”_.n(”l)) + CIW
120720 i i+j+1
Po=244)~1 . ,
_B+B(B+C) Z B i+7\ (k—-m(i+1)—nj
200 i i+j+1
Pik)~Lak)—2 , . ,
o k — mi — 1
+C+CB+C) Y Ble(“f’)( mi—n(j+ )>+C‘1(k>(B+C)
20720 i i+j+1
P()=24(0 1 . . ;
=B|I+(B+C) Z B'C P4\ (k= mi+ 1) =nj
20720 i i+j+1
(k) ~Ld(k) =2 , ,
wcli+@+o| Y B”c”(’f’)(k - n(’+l))+cq<k>-1 .
120720 i i+j+1

For k = qy(n + 1), we have

Py-1 . .
Cq(k)—l _ Z Bicq(k)_l L+ gk — 1 k —mi — Vl(q(k) -1+ 1) )
i i+qu-1+1

i=0
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where
(k—@i—n(q(/()—1+1)>:</<—@i—nq(k)>:0 £i50.
i+qu-1+1 i+ g
Thus,
P(k)=24(k)~1 . . ;
At -Bl1+@B+0) Y. BO(' kmmli+1)=nj
”’” 0T i i+j+1
P14 -1 e\ (K . 1
vcli+@B+0) Y B —mi—n(j+1)
5 i i+j+1

BC(k— BC(k—
= Bemn( " 4 Cemn< "
and formula (27) is proved.

IV.k =pgy(m+1) Ak=qu(n+1)
In this case, we have (see similar combinations in cases II and III)

D(k-m) = P(k)» Pk+1) =P +1

and
Gk-m) =4k qes1) =G0 + 1.
Then
P At i1\ (k= mi—nj
BCk i —mi—
=I+B+C BC ,
ai-rvweo 3 wo()()
P4k . .
i+ k+l1-mi-n
efni(k+l)=1+(B+C) Z B’C’(l ])( .. ! ]>
120720 i i+j+1
and
Pl tm L i+7\ (k—m—mi-nj
S [ (B+C) Y Bl'cf( ’)( " ]>,
20720 i i+j+1
Py Lt i+/\ (k—n—mi—nj
BC(k—n) _ i —n-mi—
e =I+B+C B'C .
we-ave 30 wa(F) ()
As before,
k—m—mi-nj . .
. =0 ifi>0,j>qk-m
i+j+1
and

(k—n—mi—nj

=0 ifi>pu_n,j>0.
i+j+1 ) = Plemy] =
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So, we can substitute g) for g, in (28) and p for p—n in (29) and

Pl 2wt i+j -m(i+1)—nj
bk 14+ (B+C) Y BZCI( >< )

120720 i i+j+1
g i+j\ (k—mi-n(j+1)
e =1+ (B+C) Y B‘C’( )( o >
120720 i i+j+1

It is easy to see that, due to (3), formula (30) can also be used instead of (28) if g(x_m)

and formula (31) can also be used instead of (29) if p_p) < 1.

Now it is possible to prove the formula

BCk _ poBC(k- BC(k-
AeBCk = geBCl=m) | CeBCk=m)

P—L4@w-1 . . ,
o k- 1) -

afrwa 'y ()]
i i+j+1

i=0,=0

Py A0 i+j\ (k—mi-n(+1)
+C|:I+(B+C) > B‘C’( >( o )]
i i+j+1

i=0,j=0

By definition, we get

el = s - it
Pk . .
_1+(B+C) Z BiC i+7\ (k+1-mi-nj
2070 i i+j+1
Pik)~Lak) -1 , ,
I-(B+0) Z B i+)\ (k—mi-nj
120720 i i+j+1

b A i+ k+1—mi—nj k — mi — nj
a2 (L) ().
oy i+j+1 i+j+1
(k) el ,
Sy (ke1-mma
> P +j+1
=
k+1—mi—ngg
i+qu+1 '
With the aid of equations k = pg(m + 1), k = qu)(n + 1), we get
k+1- —nj 1-nj
(+ P n]>:<19<k>+ 71): 0 ifj>0,
P +j+1 P +1+j

Ko+ 1= mi- Lo
(.,_’ mi nq(k))=<4(k)+ W.”>=o ifi>0
L+qp+1 qw + 1+

Pk

S (90

i=0

(30)

(31)

<1

(32)
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and

PO i\ (k- mi -
Ae’jqik:(mc*)[ > Ble( )( o >+Bp<k)+C‘7<k)}
i i+j

i=0,j=0

=(B+C)[1+pg3ico<§>< ) %Bod()( 1m>

i=1
P14 -1 e N\ [k — mi— i
oy Bicj(l ]>( " n]>+BP<k>+Cq(k> )
i=1,j=1 ! Lt

By (10), we have

P(k) k-1
1
BCk_(B+C)|:I+ Z BLC0<l 1)( ) ZBOC](/O )(k l’l])
j
j=1
Py~Lag-1
i+j-1\(k—-mi-

BC

' Z ( ' ) i+j )

i=1j=1

P Lt i+j—1\ (k—mi-
Y B’C’( /- )( ) B”>+Cq<k:|
i +]

i=1,j=1

~(B+C) 1+ BC/(”’ 1>(k_f”i,_”7)
i=1,j=0 Lt

pu~Lag-1 i+i=1\ [k — mi—nj
+ Z Btc/( ], )( o ]>+Bp(k>+C”<k>]~
i i1tj

i=0,j=1

We replace in the first sum the summation index i by i + 1 and in the second sum we

substitute the summation index j by j + 1. Then

Pl 21 i+7\ (k-m@i+1)—nj
A =B+O)| 1+ B‘”C’( >( e )

20720 i i+j+1
Po—L4k)—2 . ,
. Z B z+] k—mi—-n(j+1) 4 BP0 4 O
120720 i+j+1
WSO 14\ (k= m(i+1) - nj
=B+B(B+C) Y B’C’( )( L >+B”<k)(B+C)
120720 i i+j+1

Py At~ i+j\ (k—-mi-n(+1)
+C+C(B+C) Z B’C’( )( )+Cq(k>(B+C)

1
Lo i i+j+

D) —2:4 (k)1 . . ;
_B|1+(B+0) Z ot k—m(i+1) —nj L Bl
120720 i i+j+1
P()~Ld(k) =2 ;o . .
+ C|:I +(B+ C)( Z BiCj(l +]> (k o i 1)) + Cq<’<>‘1>:|.
i i+j+1

i=0,j=0
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Because k = p((m + 1) = g (n + 1), we can express B”®~' and C?®~! in the form

q()-1 i j
BPw1 = Z BPW-1CJ <p(k) - +]) <k_ e -] + b- "l>,
j=0 pw -1 P =1+j+1
-1 » 1\ (k= mi—n(qe —1+1)
Cin-1 = ZB"C‘I(")I(Hq({()_ )( BRI )’
2 i i+qu—1+1
where
k— -1+1)-nj\ (k- -7
( mpg ~1+1) n]):<( Gk ”1):o ifj >0,
P —-1+j+1 P +j
k— P —1+1 / _ [ —
( mi n(quy -1+ )>:<( m ”‘1(“):0 if i >0.
l+q(k)_1+1 l+Q(k)
Thus,
Pio~Lapw-1 L 3 i
o k- 1)-
Aeﬁik=B|:1+(B+C) > B‘c'(”.’)( e m)}
L i i+j+1
i=0,j=0
P baw=t i+)\ (k—mi—n(+1)
+ClI+(B+C) Y BlC]( >( i+ )
e i i+j+1

BC(k- BC(k-
= Bemn( (O Cemn( ",

Therefore, formula (32) is valid.
We proved that formula (6) holds in each of the considered cases I, II, IIT and IV for
k > 1.1f k = 0, the proof can be done directly because p(y) = (o) = 0, pa) = gq) = 1,

BCO _ _BC1 BCO
Aemn =Cun ~ Cun

0,0 PR . .
’ . 1—mi—
o () (1)

i=0,=0

-1,-1 . R . P
—1-@+0) Y Bo(") (T T ) =1+B+C-1-B+C
120720 i i+j+1

and
BeBCtm 4 CeBCCm —Br+ CI=B+C.
Formula (6) holds again. Theorem 2 is proved. d
Open problems and concluding remarks
Formula (4) is valid for k € Z%,. However, formula (6) holds for k € Z$° only. Therefore,

there is a difference between the definition domains of the formulas, and it is a challenge
how to modify Definition 2 of discrete matrix delayed exponential for two delays in such
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a way that formula (6) will hold for k € Z> - In [1] formula (4) is used to get a repre-

—max{m,n
sentation of the solution of the problems (both homogeneous and nonhomogeneous)

Ay(k) =Bylk —m) +f(k), keZy,
y(k)=pk), keZ?,

where f: ZF - R, y:Z% — R and ¢ : Z°, — R'.
It is an open problem how to use formula (6) to get a representation of the solution of

the homogeneous and nonhomogeneous problems

Ay(k) = By(k —m) + Cy(k —n) + f(k), ke€Zg,

y(k) = k), keZ°,s=max{m,n}

if BC = CB.

Let us note that the first concept of matrix delayed exponential was given in [3] and the
first concept of discrete matrix delayed exponential was given in [1]. Further development
of the delayed matrix exponentials method and its utilization to various problems can be
found, e.g, in [4-16].
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