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1 Introduction

Fractional calculus has recently evolved as an interesting and important field of research.
The much interest in the subject owes to its extensive applications in the mathematical
modeling of several phenomena in many engineering and scientific disciplines such as
physics, chemistry, biophysics, biology, blood flow problems, control theory, aerodynam-
ics, nonlinear oscillation of earthquake, the fluid-dynamic traffic model, polymer rheology,
regular variation in thermodynamics, economics, fitting of experimental data, etc. [1, 2].
A significant feature of a fractional order differential operator, in contrast to its counter-
part in classical calculus, is its nonlocal behavior. It means that the future state of a dynam-
ical system or process based on the fractional differential operator depends on its current
state as well its past states. It is equivalent to saying that differential equations of arbitrary
order are capable of describing memory and hereditary properties of certain important
materials and processes. This aspect of fractional calculus has contributed towards the
growing popularity of the subject.

Nonlocal initial and boundary value problems of nonlinear fractional order differen-
tial equations have recently been investigated by several researchers. The domain of study
ranges from the theoretical aspects (like existence, uniqueness, periodicity, asymptotic be-
havior, ezc.) to the analytic and numerical methods for fractional differential equations. In
fact the theory of differential equations of fractional order (parallel to the well-known the-
ory of ordinary differential equations) has been growing independently for the last three
decades. For some recent development of the subject, we refer, for instance, to a series of
papers [3—14] and references cited therein.

In this paper, we discuss the existence of solutions for a boundary value problem of
integro-differential equations of fractional order with nonlocal three-point fractional
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boundary conditions

-D%x(t) = Af (¢, x(t)) + BI?g(t,x(t)), 2<a<3,tel0,1], M
D%x(0) =0, D**1x(0) = 0, D’x(1) - D’x(n) = a,
where0<8 <1,a-8>3,0< 8 <1,0<n<1,D denotes the Riemann-Liouville fractional
derivative of order (-), f, g are given continuous functions, and A, B, a are real constants.
The objective of the present work is to establish the existence of solutions for the given
problem by applying Sadovskii’s fixed point theorem for condensing maps. It is imperative
to note that the application of Sadovskii’s fixed point theorem for condensing maps in the
present scenario is new. Moreover, the right-hand side of the fractional differential equa-
tion in (1) provides a liberty to fix it in terms of non-integral and integral terms. Observe
that the integral term in (1) is a Riemann-Liouville integral of order 8 € (0,1), which re-
duces to the classical integral term ( fot g(s,x(s)) ds) in the limit 8 — 1~. The nature of the
nonlinearity considered in the problem (1) becomes of non-integral type if we take B =0
in (1) and corresponds to integral type for A = 0 in (1). Furthermore, the given bound-
ary conditions are also interesting and important from a physical point of view [15, 16] as
the condition D°x(1) — D’x(n) = a is a fractional analogue of the classical flux condition
x'(1) — x'(n) = a (the difference of flux values at the right end point and at an intermediate

point of the interval [0,1] remains constant).

2 Auxiliary results

We recall here the following definitions.

Definition 2.1 The Riemann-Liouville fractional integral of order g for a continuous

function g is defined as

[‘Ig(t) - L tﬂ

ds, 0,
T Jo t-sa™ 17

provided the integral exists.

Definition 2.2 The Riemann-Liouville derivative of fractional order g for a continuous
function g: (0,00) — R is defined as

1 a\" [
Dg+g(t) = F(T_q) (%) /(; (t - S)niqilg(s) ds, n= [q] + 1,

where [g] denotes the integer part of the real number g.

By the substitution x(t) = I°y(t) = D™y(t), where y(t) is a suitable continuous function,
the problem (1) takes the form

~Dy(t) = Af (£, I°9(2)) + BIPg(t, I°y(¢)), te(0,1],
¥(0) =0, ¥'(0) =0, (1) -y(n) = a.

()
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Lemma 2.1 Foranyh € C(0,1)NL(0,1), the unique solution of the linear fractional bound-
ary value problem

-D*y(t) = h(t), tel0,1],
¥(0) =0, ¥'(0)=0, y1) —y(n) = a,

3)

-5-1

tl)[
y(t) _ _Ia—5h(t) + m(

a+1°7%hQ) - I"“‘Sh(n)).
Proof 1t is well known that the solutions of the fractional differential equation in (3) can
be written as [2]

y(t) = —IBE) + ¥ 4 02 4 2B, (4)

where cj, ¢35, ¢3 € R are arbitrary constants. Using the given boundary conditions, we find
that ¢; =0, ¢c3 =0 and

€ = a+I°7h(@) - 1" h(n)).

1
1- na—&—l (

Substituting these values in (4), we get

-6-1

t*
y() = =1"h(t) + ==

(a+1°°h(1) = I"h(n)).

This completes the proof. O

Thus, the solution of a linear variant of the problem (1) can be written as

x(t) = Py(2)

o—8—
:ﬁLﬂJMﬂ+Ti—13W+V4MU—V4MWﬂ

na—&

t (t _ S)(S—l

oa—8—1
N0 s ds

a 1 o -
=-I h(t)+ l_nm(ﬂ"'l ah(l)_l (Sh(n))‘/(;

i 1 a-s a=s et 51 a—s-1
=] h(t)+1_77m(ﬂ+1 h(l)—] h(n)){m\/o‘ (1—1)) v d\)},

where we have used the substitution s = vt in the integral of the last term. Using the rela-
tion for beta function B(-, ),

T(@)I'(B+1)

1
_ _\e-1B _
B(ﬂ+1,a)—/(;(1 u)* ul du = Tasfrl)’

we get

Mo - 8)t*!

x(t) = —Iah(t) + m

(a+ 1 h(1) - I h(y)). (5)
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The solution of the original nonlinear problem (1) can be obtained by replacing / with the
right-hand side of the fractional equation of (1) in (5).

Let C = C([0,1],R) denote the Banach space of all continuous functions from [0,1] — R
endowed with the norm defined by ||x|| = sup{|x(¢)|, ¢ € [0,1]}.

Definition 2.3 Let M be abounded set in a metric space (X, d), then the Kuratowskii mea-
sure of noncompactness «(M) is defined as inf{e : M covered by a finitely many sets such
that the diameter of each set < €}.

Definition 2.4 [17] Let ® : D(®) € X — X be a bounded and continuous operator on a
Banach space X. Then & is called a condensing map if «(®(B)) < «(B) for all bounded sets
B C D(®), where o denotes the Kuratowski measure of noncompactness.

Lemma 2.2 [18, Example 11.7] The map K + C is a k-set contraction with 0 < k <1, and
thus also condensing, if

(i) K,C:D C X — X are operators on the Banach space X;

(ii) K is k-contractive, i.e.,

[Kx — Kyl < kllx - yll

forall x,y € D and fixed k € [0,1);
(iii) C is compact.

Theorem 2.1 [19] Let B be a convex, bounded and closed subset of a Banach space X and
let ® : B— B be a condensing map. Then ® has a fixed point.

3 Main result
In the following we denote by Ly,,([0, 1], R*) the space of 117 -Lebesgue measurable functions

from [0,1] to R* with the norm |ju|| = (fol |,u(s)|1% ds)P.

Theorem 3.1 Letf,g:[0,1] x R — R be continuous functions satisfying the following con-

ditions:
(Hy) f satisfies the Lipschitz condition
[f (&%) -f(&,9)] < Li@®lx -yl forall (t,%),(t,y) €[0,1] x R,
where Ly € L;,([0,1],R"), p = min{q1, 42}, q1 € (0,1), g2 € (0, - §);
(Hy) there exist a function m € Ly;,([0,1],R*) and a nondecreasing function i : R* — R*
such that

gt x)| < m@®)y (Ilxl), V(&) €[0,1] x R.

Then the boundary value problem (1) has at least one solution, provided

AllLll (1-p\" JAIQIIL 1- -p
y;:| Ll P +| QUL |l p (L4 7)< 1.
IMNa) \a-p MNa-8) \a-8-p
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Proof Let B, = {x € C: ||x|| <r} bea closed bounded and convex subset of C := C([0,1],R),

where r will be fixed later. Using (5), we define a map ® : B, — C as

t (l’ _ S)a—l )a+ﬁ—l

f(s,x(s)) ds — B/o (F( ) g(s,%(s)) ds

(@) = A /

+Qt*” l[u +A/ %f(s,x(s))ds

a-8+pB-1
/ - @ )8 B g(s,%(s)) ds

—A/ ﬂf(s,x(s)) ds—B/n wg(s,x(s)) ds:|,
0 0

INCE)) Fla-6+p)

where

o -96)

a—5-1
Ay 7

Q=

Observe that the problem (1) is equivalent to a fixed point problem ®x = x.

Let us decompose ® as & = 1 + Oy, where

t _ -1
(®1)(0) = —A /0 “F (S))

+AQt*~ 1|:/ wf(s,x(s)) ds

£ (s,(5)) ds + aQe*™!

n _ ya—6-1
—/0 %f(s,x(s)) ds], t€[0,1]

and

t _ Ja+p-1
@20 = -8 [ L (sx)ds

B)
1 1- a—5+p-1
+BQt0t—1|:/0 (l"(aSiT,B)g(s,x(S)) ds
n _ Ja—d+p-1
- fo (IZI(O,S_)Tﬂ)g(S’x(S))ds} t€[0,1].

Step 1. ®(B,) C B,.

For that, we select r > ;% o where

:|A|G+|B|||Wl2||1ﬂ(r)< 1-p )1p

I'x + B) a+B-p

BIQUmlly () ( 1-p N
" TT-5+p) (oz—8+,3—p> (Len20),

1 1 a-1
a:|a|+M( +|Q|( R )>, sup |f(£,0)] =M < cc.
MNa+1) T(x-8+1) te01]
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sing [f(¢,%(t))| < |f (&, %(£)) - f(£,0)] + |f(£,0)| < Li(t)r + M for x € B,, t € [0,1], we get

t a—-8-1
(@) < |A|r[ /0 “F()) Lis)ds+1Q| / %Lus)ds
Ot —5-1
+|Q|/ e —8) Ll(s)ds]+a|A|

|A|7' % 1 }7 p
< F(a) (/ (t- ds) (/0 L (s)ds) +0lA|
|Al1Qlr

a-86-1 =p 11 P
A o) ([ )

A a—-8-p n a—s-1 L-p 11 p
A [ a) ([ e
s (2) e (5)

= I(a) INCER)

oa—-90 -p
“bp 1 1-p
' Il?(|Z—8) (a_al_)p) }||L1||+0|A|.

In a similar manner, we have that

a+p-1
L e L

a—8+p-1
+1BIIQ) / 4- 5)8 Tl gy ds

_ Ja-8+p
+|B||Q|fn(n _)5 ﬁl ()9 () ds

1 1-p \'?
: 'B"“r’[rw P <a P —p)

Q| 1- 1-p sen
F(a—8+ﬂ)<a_5+;_p) L+ ﬂp):|||rl’I||.

Thus

|(@x)(1)| < |(@1)(0)] + |(P22)(1)]

[ L (=T, (1-p
<| |’[F(a)<a—p) +r(a—8)<a_5_p>
Q2 ?( 1-p \'?*
" T@-9) (a_(g_p> ]||L1||+0|A|
1 1—p 1-p
+IB|¢(F)[r(a+ﬂ)(a+5_p>

|Q| l—p 1-p et f
+F(a—8+ﬂ)<a—8+/3_p> (1+n 1")1|||Wl||

<yr+w=<r,

which implies that ®(B,) C B,.
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Step 2. @, is continuous and y -contractive.
To show the continuity of &, for ¢t € [0, 1], let us consider a sequence x,, converging to x.
Then, by the assumption (H;), we have

1-
(@10 - (@) = ['A'”Ll” (1;”> ’
a-p

I'a)
[ANQII Lyl 1- 1-p s
* F(Ot—(?; <a—61_]p) (1+'7 ap)]”xn—x”-

Next, we show that &, is y-contractive. For x,y € B,, we get

1
”(Cblx)(t) - (Cblj/)(t)H < |: JATII Lyl <l;p> 4
@-p

')
[AlIQIIL1ll ( 1- =» s
" F(a—S; <a_5}zp) (1+n ’Sp)]llx—yll.

By the given assumption,

_ AL OANQIL ( 1-p ' s
I () (a p) " T-9) (a_(;_p> 1+ P <1,

it follows that @, is y -contractive.

Step 3. &, is compact.

In Step 1, it has been shown that @, is uniformly bounded. Now we show that ®; maps
bounded sets into equicontinuous sets of C([0,1],R). Let ,% € [0,1] with £ < £ and
x € B,. Then we obtain

B [n
[(@2%)(£2) = (P22)(11) || < F(o|¢7+|,8)/ [(t2 =) P71 = (11— )77 ]|g(s,x(5)) | ds

T+ B a+,s f (k2 =) g (s,(5)) | ds
o o (1_ )a—5+/3—1
+IBIIQI[™ -1 1\[ A mk(s»x(ﬂﬂds
7 (77 _S)a—6+/3—1

+‘/(; mig(s,x(s)ﬂds]
a+,3)/ )P — (g — )P |my(s) ds
1By () o
o JACREEREC

+ |B||Q|1/f(r)|t°’ 1_ ja- 1| / (1 —s)x3+h- 1m )ds

2 1 CU S+ 13 2

n _ q)a—d+p-1
+ / umz(s) ds:|.
o Na-38+p)
Obviously, the right-hand side of the above inequality tends to zero independently of x € B,

as ty — 1 — 0. Therefore it follows by the Arzeld-Ascoli theorem that &, : C([0,1],R) —
C([0,1],R) is completely continuous. Thus ®, is compact on [0,1].
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Step 4. @ is condensing.

Since ®; is continuous, y-contraction and &, is compact, therefore, by Lemma 2.2,
® : B, — B, with & = ®; + O, is a condensing map on B,.

Consequently, by Theorem 2.1, the map & has a fixed point which implies that the prob-
lem (1) has a solution. a

In the special case when L;(¢) = L, L a constant, we have the following.

Corollary 3.1 Let f,g:[0,1] x R — R be continuous functions. Assume that g satisfies
(Hy) and f satisfies the following condition:

(Hy) [f(t,x) = f(&t,9)| < L|x —y| for all (¢,x),(t,y) € [0,1] x R, L > 0 is a constant.

If

/ |AIL |A[|QIL -5
= 1+n® 1,
v F(a+1)+F(a—8+1)( o )<

then the boundary value problem (1) has at least one solution.

Example 3.1 Consider a boundary value problem of integro-differential equations of frac-
tional order with nonlocal fractional boundary conditions given by

—D%2x(t) = Af (t,x(t)) + BI®g(t,x(t)), te]0,1],
DV4x(0) = 0, D*%%(0) = 0, DY4x(1) — DY*x(n) = a,

where A =B =1, B =3/, n = 2/3, f(t,%) = it g(6,2) = £5.

1+x3

Then we have

e’ | |wl lyl
t,%) —f(t,)| = -
o0 =16 = 5 T+lxl L+l
—t
_¢ e~y
1+et

1
<Li(t)lx-y|, whereLi(t)= Ee’t.

Also, for all x € C and each ¢ € [0,1], we have

e’ x et 1
Ll <m(t), wherem(t) = Ee_t,

@)

= <
1+et|1+x]| 1+é

and |g(t,x)] < my(O)y (Ilx]l) with my(2) = £ (Ima]| = (3/11)**) and ¥ (||x[|) = 1. Selecting
p = 3/4 and using the given data, we find that

AL (1-p NP ANQUIL ( 1-p NP s
= T (ﬂ) " T@-9) (a—a—p) (o)

~0.825717.

As y <1, therefore, by the conclusion of Theorem 3.1, the problem (6) has a solution.

Page 8 of 9
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