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Abstract

In this paper, the generalized g-Bessel function, which is a generalization of the
known g-Bessel functions of kinds 1, 2, 3, and the new g-analogy of the modified
Bessel function presented in (Mansour and Al-Shomarani in J. Comput. Anal. Appl.
15(4):655-664, 2013) is introduced. We deduced its generating function, recurrence
relations and g-difference equation, which gives us the differential equation of each
of the Bessel function and the modified Bessel function when g tends to 1. Finally, the
quantum algebra F>(g) and its representations presented an algebraic derivation for
the generating function of the generalized g-Bessel function.
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1 Introduction
The g-shifted factorials are defined by [1]

(a:9)0 =1,
k-1
(@q =] [(1-aq"),

r
(ﬂlnu,dr;q)k:l—[(ﬂj;@k; k:0,1,2,...,

j=1
o0

(@ q) 0 = l_[(l - aqi), where a,a;’s,q € R such that 0 < g < 1.
i=0

The one-parameter family of g-exponential functions

with @ € R has been considered in [2]. Consequently, in the limit when g — 1, we have
lim,_,, Eg’)((l —q)z) = €°. Exton [3] presented the following g-exponential functions:

0 -1
qun(n ) .,

gt

E(ll«; Z; Q) =
n=0
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_ (gq
T - )”

where [#],! The relation between these two notations is given by

E(zq) =EX (070 - g)z).

In Exton’s formula, if we replace z by ﬁ and p by 2a, we get the following g-exponential

function:

> g
Exa)=)_ a ", @)

which satisfies the functional relation [4]
E,(x,a) — Eq(qx, a) = xE,(q"x, a),
which can be rewritten by the formula
1
D,E,(x,a) = EEq(q”x, a), ()

where the Jackson g-difference operator D, is defined by [5]

_ fx) - fgx)

P =0 g ®

and satisfies the product rule

Dq(f(x)g(x)) =f(q%)Dgg(x) + g(x)Dyf (x).

There are two important special cases of the function E,(x, a)

and

s q(;)x”
Ew)=>) : )
The g-Bessel functions of kinds 1, 2 and 3 are defined by [6]
( n+1; ) x n 0, 0 x2
TP q) = T () g w1 | T | (6)
(@D \2 q
n+l n n+l,.2
@ (4 7y = (@ @)oo x - ._q X 7
I (xq) “Gaw \2) o s g , (7)

®) (@5 (x\" 0 q'%
T (x5 q) = W ) 191 7! q;— ) 8)
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where ,¢; is the basic hypergeometric function [1]
aly..., 0y
P\ b, b

The functions ],2") (%:9), i = 1,2, are g-analogues of the Bessel function, and the function
]ﬁg)(x; q) is a g-analogue of the modified Bessel function.

00
(ay,...,arq)k k_K(k—1)\1+s-r Z
iz) =) = () Y : )
1 ) ,; (bl,...,bs;q)k( ) (459

Rogov [7, 8] introduced generalized modified g-Bessel functions, similarly to the classi-
cal case [9], as

; @5 (%) (0,0,...,0| ¢"F a2
Lxqg)=—F——|5) s 7 G—|,

@9 \2 4
where
2 fori=1,
=10 fori=2,
1 fori=3.

Recently, Mansour and et al. [10] studied the following g-Bessel function:

N N B e s
I (x5 q) = 092 i | B—— |
0,9

(4 9)n
which is a g-analogy of the modified Bessel function.

In this paper, we define the generalized g-Bessel function and study some of its prop-
erties. Also, in analogy with the ordinary Lie theory [11, 12], we derive algebraically the
generating function of the generalized g-Bessel function.

2 The generalized g-Bessel function and its generating function
Definition 2.1 The generalized g-Bessel function is defined by

~ (x/z)n x (_l)k(ml)q%(sz) (x2/4)k
@)= @ @k

Ju(%, a5 q)

which converges absolutely for all x when a € Z* and for |x| <2 ifa = 0.

As special cases of ], (x, a; q), we get

IV (5.q) = Ju(x, 05 q),
JP(x:q) = Ju(x,2:9),
JP@:q) = Ju(%,1;q),
J9(63.q) = Ju(%, 3.

Lemma 2.2 The function ],(x,a;q) is a q-analogy of each of the Bessel function and the
modified Bessel function.
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Proof

. . Ja-g" (x>" S b e 1-q*
limJ,((1 -¢q)x,a;q) = lim - e T L
41 (1 -maiq) q—>1{ 2 Zz(; (@™ Dl Dr

k
1 (2" (k@) /2
<1>n<5> Z( + DD ( )
x n o0 (a+1) x 2k
(2) X(;F(n+k+1)1"(k+1)( ) ’

Hence, we get
lim]n((l - q)x,a;q) =J,(x); a=0,2,4,...
g—1

and

lim]n((l - q)x,a;q) =I,(x); a=1,3,5,...,
g—1

where J,,(x) is the Bessel function and I,,(x) is the modified Bessel function.

Lemma 2.3 The function J,(x, a; q) satisfies
Jon(,a5q) = (-1)"“ V], (x,a39), nel.

Proof Using the definition (10), we get

00 ak(k n 2k—n
(_l)k(a+1 ( n+k+1, )oo x

Jonlxa;q) =y : 1 ()
— (4 D)oo (4 9D 2

For s = k — n, we obtain

(- 1)(s+n) (a+1) “S(””)

pana= 3 L 1)
R (@D oo (@ Dsin 2 ’

s=0

and using the relations [1]

(qs+1;q) — (qn+s+1 ) (lf+1yCI)
(61» q)s-m = q’ (qSH )

we obtain

as(s+n) S+n
— (D Vg T (" ) (f)z
o (4 9)o (4 s 2

= (-1)"“ V] (x, a3 q).

Jon(x,a39) = (-1)"@V

)

(11)

(12)

(13)
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Lemma 2.4 The function ],(x, a; q) satisfies the relation
Ju(~x,a;q) = (-1)"],(x,a;9), neZ, (14)
and hence it is even (or odd) function if the integer n is even (or odd).

Now we will deduce the generating function of the generalized g-Bessel function
]n(x7 a; 61)

Theorem 1 The generating function g(x,t,a; q) of the function J,(x, a; q) is given by

q%xt a (_1)a+1q%x a [e9) w?
L, a; =E T A A E A, 5 ]= 4 ya4; W' 1
glw t,a;q) q( ) 2) q( 2 ) n;oq Ju(x, a; q)t 15)
Proof Let
q4xt a ( 1)u+1q4x a
’t’ ; =E T A A E, s ,
glx,t,a;q) q( 5 2) q( % 5
then
> - 510G 5 4 S+r
(—1)5(“+1)q7[(2)*(2)“1(3”) X
g(x) t,a; q) = x 7,
rX:O: ; (@9 (g a)s 2

For s =r—n, we get

2

0 &, (1)@ g §IG)+ (T F@rm gy 2
(%, t,a;q) = E E o
£ (@D (G5 @) r-n

n=—00 r=0

Hence, for n < 0, the coefficient of ¢t” is given by

-n X \yr(a+l) % (r-n) 2r
= (—1)—n(a+1)q% (x/2) Z ( 1) q 21 (f) ,
(@ 9)-n = (@D (g59)r \2

where (¢,9)r-n = (§:q)-x(q""*"; q), for n < 0. Then
1 ﬂ”z aﬂz
= (1) NG T (e a;q) = q 0 Ju(x, a3 q).
Similarly, for n > 0. g

As special cases of g,(x,t,a;q), we obtain

xt —X xt —X
W, 8,0;9) = Eg( 5,0 )Ey [ ==,0) = e[ = )eg[ = ), 16
Gt 05 "(2 )q(zt ) eq(z)e"(zt> 1)

which is a generating function of the g-Bessel function ]f,l)(x; q) [13],

t Xt —qx Xt —qx
n x,ﬁ,Z;q =Eq 3,1 Eq 7,1 =Eq E Eq 7 5 (17)
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which is a generating function of the g-Bessel function J? (x; q) 13],

L Hqxt 1 Hqx 1
gn(x’tyl’q)_Eq< 2 y2 Eq 2t )2 ’ (18)

which is a generating function of the g-Bessel function J$ (x; ¢) and

3/4 3/4
q’"xt 3 q’"x 3
,6,3;9) =E = JEl — = ), 19
gn(x q) q< 5 2> q( 2% 2 (19)

which is a generating function of the g-Bessel function ],(,4) (x; q) [10].

3 The g-difference equation of the function J,(x, a; q)
Now the generating function method [13] will be used to deduce the g-difference equation

of the generalized g-Bessel function. Using equation (15), we have

i xth —1)* gk xh R
E,,(qf ,g)Eq(()zime} S q hhaqts heR-{0).  (20)
n=-00

By applying the operator D, we get

’ ’

(—1)ﬂ+1q%hE <q%xm a)E ((_1)a+1q%xh a)
q a g\ =  ~, 4

2(1-¢g)t 2 2 2t 2
qith F gtxth a r (-1)*qixh a
+ b - —Y -
20-¢q) I\ 2 '2)1 2t 2
ad an2
= > 4" DyJuxh,a;q)t".
n=—00
Using equation (20), we obtain
a,an+ly\, n+l a , an(n-1)
(_1)“+1q1+7( 3 )+t a2 qit— T a
4 h: 3 T4 N In— 4 h} H
2(1—q) ]n+1(q XN, a q) + 2(1_q) ]n l(q xn,a q)
ﬂVlZ
qT
= TDq]n(xh’ﬂ;q)'
Hence

DyJu(xh, a;q)
__4th
2(1-¢q)

n(a+2)+

{(<D)*'q 7 2]n+1(q%2xh,a;q) +q 7% Jua(qixh asq)). (21)

Similarly, we can prove the following relation:

Dy, (xh, a;q)

a

_ a4tk
21-q)

(—an—-2n+2)

{1 % Jun (g xh,a:q) +q Jur(qF xh,a;q)). (22)
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By using equations (21) and (22), we obtain

(-1)""q Hehs /m(«/éxh a;q) + Ju-1(xh, a; q)
= (1) g F ] (ol a;9) + 4 2 T (Ghs a3 q). (23)

But

f"h n-1 o0 k(a+1) %K (k+n-1)( n+k. "
Jn1(/qxh, a; q)—( ) Z( HHegs g™ q)oo (ﬂxh)

G = (49 2
n-1 ak
B (-1 X q)ka+D) o G (kan=1) ( onk, 7\ 2
:q (2) Z( ) qz ( :q)OO(qk_l_l_l)(x_)
(@GD (49« 2
el q”T’l(x?h)n—l 0 (_1)(k+1)(a+l)qa—(k+l%(k+")
=q 2 Jualxh,a;q) -
@D 1= (45 )
h 2k+2
x (qn+k+l;q) <x_)
N\ 2
. Vg% xh
= Z{Jn 1(xh, a; q) + L] (q4xh,a;61)}~
Then
—n -1)4 %xh a
47 Jur(Gxh, a3 q) — Jus (6, @3 q) = ) Z Ju(q*xh, a3 q). (24)
Equations (23) and (24) give the relation
Lin —xh a
q 2 Ju(Jgxh, a; q) — Jui (xh, a; q) = 7],4 (q7%h,a;q). (25)
Equations (21) and (25) give the relation
a(l-n) (a+2) (n+1)
g% [ (-1)**'hgq @2
D + 28 - 1 ]n(xh,ﬂ; ) = ]VH 4 xh,ﬂ; ’ (26)
{ ! (l—q)x[q ! ]} 1 2(1-¢9) g 7
where the operator §, is given by §,f(x) = f(,/qx).
Now consider the following operator:
£
My =D, + ——[q%8,-1]}, 27
o {pre £ ) .
then we can rewrite equation (26) by the formula
M ] ( h ) ( )‘“'Ih a+2) n+l) ] ( % h ) (28)
xh,a;q) = ———— xh,a;q).
nq/n q 20— 6]) n+1\q q

Also, equations (22) and (24) give the relation

—a(l+n) (a+2)(1 n)

1 - hq
{Dq+ g_m[qT ]}]n(xh 4,61) 2(1 ) - - 1( & xh,a;q). (29)

Page 7 of 11
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If we consider the operator

—a(l+n)

- A 2 S
N,,,q_{Dq+(l_q)x[q 84 1]}, (30)

then we can rewrite equation (29) by the formula

(a+2)(1 n)
nq]n(xh a;q) = ﬁ]yz 1( “w xh,a;q). (31)

Hence, the g-difference equation of the function J,(x, a; ) takes the formula

a+2
1 h2 a+2

C” (g 2 xh,a;q). (32)

Mn—l,an,q]n(xh; a;q) = W

If we replace /1 by 1 — g and consider the limit as g tends to 1, then we obtain

1d n-1\/1d =n (=)
(a5 ) (G #3040 &2
or
&y (%) +xy — (n* + (-1)*"'%?)y = 0. (34)

The differential equation (34) gives the Bessel function at 4 = 0,2,4, ... and the modified
Bessel function at a = 1,3,5,..., which proves again that J,(x,4;¢q) is a g-analogy of each
of them.

4 The recurrence relations of the function J,(x, a; q)
Lemma 4.1

]n(xra»Q)— (1 6] )] (q_a/A’x»ﬂ, )+( 1)a+1 ]n+2(x’drq) (35)

Proof

s k
(x/2)n 00 (_l)k(a+1)q 5% (k+n) ) ) 1 x2
Ju(x,a;q) = 1-¢""+q"" —q"" )| —

! (4 Dn kXO: (4; q)k(q””;q)k+1( )

2 . (x/2)"+1 o0 (_l)k(a+l %k+n+1}<(q 4x)2>k

=1
x( @ Dn = GDq" 5@k 4

. (x/z)n+2 00 (_1)k(a+1)q%(k+n) x2 k-1
N+ o
(4 D2 = (q;Q)k—l(qms;(/I)k—l( )

=0

4

2
— ;(1 _ qn+1)]n+1 (q—a/ZLx, a q)

+(-1)

k
a1 @2 (x/2)"% S (“DkeDg 7 o) (x2>k

@D = @D B \ 4

(a+2

2
= _(1 _ qu+1)]n+1 (q’”/‘Lx, a; q) n (_1)u+1 ]n+z(x,tl 9. 0

X
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Similarly, if we write (1—g* + g* — g"**"!) instead of (1 —¢"*! + ¢"*' — "**'), we can prove
the following lemma.

Lemma 4.2
2 n+l 2a a+l A
Tn(x, ﬂ;q) = ;(1 -q )]n+l(q X a; q) +(=1) q ? Jni2(%, ﬂ;Q)' (36)

Now, if we replace a by a + 2 in the recurrence relation (36), we get the recurrence
relation (35). Then we have the following lemma.

Lemma 4.3 The two functions J,(x,a; q) and J,(x,a + 2;q) have the same recurrence rela-
tion.

Then we have two cases of the recurrence relation.
Case (1): The function J,(x, a; g) has the recurrence relation

2
I aiq) = —(1=q"" Vi aq) —q" Jualnaiq) Va=0,2,4,..., (37)

which is the recurrence relation of each of ],(,1) (x; q) and ],(,2) (x; q).
Case (2): The function J,(x, a; q) has the recurrence relation

n 2 n
Jn(x,a;q) = q* [9—6(1 -4 -q* ﬂ/m(x, a;q)

+ "V ok a;9); Ya=1,3,5,..., (38)
which is the recurrence relation of each of ],(,3)(.76; q) and ],(,4)(96; q).

5 The quantum algebra approach to J,(x, a; q)
The quantum algebra E,(2) is determined by generators H, E, and E_ with the commuta-

tion relations
[HrEJr] = E+> [H)E—] =-L, [E—1E+] =0. (39)

By considering the irreducible representations (w) of E,;(2) characterized by w € C, then
the spectrum of the operator H will be the set of integers Z, and the basis vectors f,,, m € 7Z,
satisfy

Eifin = Of it Hfin = mfin, E\E fin = wzfm' (40)

where C = E,E_ is the Casimir operator which commutes with the generators H, E,
and E_. The following differential operators presented a simple realization of (w)

d
H=z—

e E. =wz, E_=

2 (41)
zZ

acting on the space of all linear combinations of the functions z™, z a complex variable,
m € Z, with basis vectors f,,(z) = 2.
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In the ordinary Lie theory, matrix elements T, of the complex motion group in the
representation (w) are typically defined by the expansions [7-9]

e“E*eﬂE*e’Hfm = Z Tom(a, B, T)f- (42)
§=—00

If we replace the mapping ¢* by the mapping E,(x,a/2) from the Lie algebra to the Lie
group with putting t = 0 in equation (42), we can use the model (41) to find the following
g-analog of matrix elements of (w):

Eq(()lE+,ﬂ/2)Eq(ﬂE_, al2)f, = Z Tsm o, B)fs, (43)

§=—00

and hence

1)+
Eq<awz,g>Eq< ) Z q2? 't r,Bt m—t+1

@) @)

Now replace s by m — ¢ + r to get

S (YR )
a q m+ r—. s r pm+r—s
E, <awz, 5>Eq< ) § » ST BT S

— = (G DG Dmers

and by equating the coefficient of z° for m > s on both sides, we get

Tsm(a) ,3) =

s—m

:q%s ) <( 1)(‘”1 ﬁ) ’ Js— m(2q4wm a4 )’

(=)t > 0;m > s,

where J_,(x,a; q) = (=1)"“V], (x, a; ).
Similarly,

Tym(a, ) = 16 (“DM %) 7 (247 0D a3 q),
()"t > 0;5s > m.

The combination between the two cases gives us the following expression:

Tyn(at, B) = % s—1m)? <(_1)(a+1) %) T]s_m (Zq%w /(_1)“+1aﬂ,a; Q);

(-D)*'aB >0, (44)

which is valid for all m, s € Z. Then we get the following result.
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Lemma 5.1

E a E ,Bw a
oxwz, — — =
1 27N\ 272

_ Z q%ﬂ ((_1)(u+1)%) 2]S (Zq%aw /(_1)‘“’10[,3,4; q)zs, (45)

where (-1)**af > 0.

As special cases:
Considering (45) witha =0, @ = —f =1, z =t and @ = 7, we obtain the relation (16).

Considering (45) witha =2, =-f=1,z= ﬁ and w = @, we obtain the relation (17).
Considering (45) witha=1, ¢ =f=1,z=tand w = @, we obtain the relation (18).
Considering (45) witha=3, 0= =1,z=tandw = %, we obtain the relation (19).
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