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Abstract

In this article, we study the boundary value problems for the fourth-order nonlinear
coupled difference equations

Auli-2)=F[3Gv) +e (), iel2,T+2],
A=) =60ul) +e (), 1€l T+2]
u@)=u(1) =v(1)=v(0)=0,

Throughout our nonlinearity may be singular. We establish the existence of positive
solutions for the fourth-order coupled systems. The proof relies on Schauder’s fixed
point theorem.
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Introduction

In this article, we consider the following boundary value problems of difference equations

Au(i-2) = fi(i,v(0)) + e1(i), i€[2,T+2],
AW(i—2) = fo(i,u(i)) + ex(i), i€[2,T+2],
u(0) = u(1) = v(1) = v(0) = 0,
u(T+3)=u(T+4)=v(T+4)=v(T +3) =0,

1)

here [2,T+2]=1{2,3,...,T+2}and u,v,¢;: [0, T +4] = R, f;: [0, T +4] x R— R*,j=1,2.
We will let [a, b] denote the discrete integer set [a,b] = {a,a +1,...,b}, C([a, b]) denote set
of continuous function on [, b] (discrete topology) with norm || - || = maxke(a,p | - |
Recently, many literature on the boundary value of difference equations have appeared.
We refer the reader to [1-17] and the references therein, which include work on Agarwal,
Eloe, Erber, O'Regan, Henderson, Merdivenci, Yu, Ma et al., concerning the existence of
positive solutions and the corresponding eigenvalue problems. Recently, the existence of
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positive solutions of fourth-order discrete boundary value problems have been studied by
several authors, for examples, see [16—18] and the references therein.

The fourth-order boundary value problems of ordinary value problems have important
application in various branches of pure and applied science. As in entrepreneurial network
evolution studies, the research paradigm of ‘U related to V' was always applied, while U
or V was the measurement of the attitudes of the entrepreneurs who answered the ques-
tionnaire. According to cognitive psychology studies [19, 20], questionnaire shows the
change of attitude, which is the fourth-order dependent of original signal. So whether this
paradigm will lead to meaningful causal outcome, which is basically depended on differ-
ence equations.

The fourth-order boundary value problems of ordinary value problems have important
application in various branches of pure and applied science. They arise in the mathemati-
cal modeling of viscoelastic and inelastic flows, deformation of beams and plate deflection
theory [21-23]. For examples, the deformations of an elastic beam can be described by the
boundary value problems of the fourth-order ordinary differential equations. There have
been extensive studies on fourth-order boundary value problems with diverse boundary
conditions via many methods, for example [24—27] and the references therein.

The remaining part of the article is organized as follows. In Section “Preliminaries’, some
preliminary results will be given. In the remaining sections, by employing a basic applica-
tion of Schauder’s fixed point theorem, we state and prove the existence results for (1). Our
view point sheds some new light on problems with weak force potentials and prove that
in some situations weak singularities may stimulate the existence of positive solutions.

Preliminaries
In this section, we state the preliminary information that we need to prove the main re-
sults. From [4, 5], we have the following lemma.

Lemma 1 x(i) is a solution of equation

Ax(i-2)=h@i), ie[2,T+2],
x20)=x1)=x(T +3)=x(T +4)=0

(2)

if only and if
T+2
x(i) =Y GG Nh(), i€[0,T +4], 3)
j=2
where
(T+4-02G-12 i (T+4+2i)(-1) L
G(l,]) — 2 ((T+3)2 3(T+4)3 )’ 2 S] =i 1’ (4)
2(T+4-j)2 ((T+3—i)(T+4+2j) _ T+4—j) itles<T+2
6 (T+4)3 (T+3)27 = .

Lemma 2 The Green's function G(i,]) defined by (4) have properties
Coi (T +4 = i)’ (= D)X(T +4~))* < Gli,)) < G- DT +4-))%,
G(i,j) < (T +4-i),

where Cy = w.
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For our constructions, we shall consider the Banach space E = C([0, T + 4]) equipped
with the standard norm ||x|| = maxo<;<7+4 |%(i)|, x € E. We define a cone P C E by

P={x € Elx(i) = Coi*(T +4 - i)*||xl,i € [0, T + 4]}.

Define an operator A(u,v) = (A1(«), A2(v)) : P x P— E X E by

T+2

Au(i) = Z G, )G v(D) +e(i), i€[0,T+4],veP,
j=2

(5)

T+2
Ayv(i) = Z G, ))(f2(6,u(i) + ex(d)), i€[0,T+4],uel.

j=2

Notice from (5) and Lemma 2 that, for z € P, we have

T+2 T+2

Au(i) =Y Gl ) (A (i v@) + ) < Y G =1DX(T +4-)*(£ (i, v() + ea(d)),
Jj=2 j=2
T+2 T+2

Ay v(i) ZGl})(leul) +€2(l Z(] (T +4-)) (fz(zu )+€2(l)

then Al < 752G = D2(T + 4 (A, v(i) + e(i)) and Asull < Y7576 - DX(T + 4 -
N2l u(i) + ex(i)).
On the other hand, we have

T+2

Ayu(i) = Co*(T +4—1)> Y (1= DX(T +4—j)* (i, v(D) + ex(d))

j=2
> Coi®(T + 4 — )| Arul,

T+2
Agv(i) = Coi(T+4 - i)* Y (= 1)(T +4 - ) (f2(i, u(d)) + e2(2))

j=2

> Coi*(T + 4 —i)* | AyVI.

Thus, A(P x P) C P x P.In addition, standard arguments show that A is completely con-
tinuous.

Now, we define the function y; : E — E by

T+2

G(i, .
Yi(i) = ZQ(TM] 2k(J i€l0,T+4],k=1,2,

which is the unique solution of

Ax(i-2)=e(d), i€[2,T+2],
x(0) =x(1) =x(T + 3) =x(T + 4) = 0.

Page 3 of 17
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Throughout this article, we use the following notations
e =minye(d), v = max ().
ki k,i

Thecase y;+ >0,y >0
Theorem 1 Assume that there exists by > 0, @k > 0 and 0 < oy < 1 such that

0< bk(‘) < filiyx ka(:)’ forallx>0,ie[2,T+2,k=12. (H)

If y1» > 0, yor > 0, then there exists a positive solution of (1).

Proof A solution of (1) is just a fixed point of the completely continuous map A(x,y) =
(A1x,Azy) : P x P— P x P, from (5) we have

T+2

(A)(8) = Y~ Glij)fi (i, (D) + (i),

j=2
T+2

(A9)(8) = D Gloj)fs (i) + 120,

j=2

By a direct application of Schauder’s fixed point theorem, the proof is finished if we

prove that A maps the closed convex set defined as

K ={Wv)ePxP:ni*(T +4—-i)’ <u(i) <Ri*(T +4-i

ri*(T +4 -0 <v(i) < Ri*(T +4-i)%ie[0,T +4]},

into itself, where R; > r > 0, Ry > rp > 0 are positive constants to be fixed properly. For

convenience, we introduce the following notations

T+2 T+2

G G
#0-Y o s Db, W= Y ar s Db k=12

Given (u,v) € K, by the nonnegative sign of G and f, k = 1,2, we have

(Au)(@) = (T +4 - i)’ Ti Mf(/ V(7)) + (D)
! o AT +4-i2V '

T+2 . . "y
>2(T+4- l)2 G(@.)) b

2 N2
+i5(T+4 -0y
P2(T + 4 —0)? va(j) ( e

T+2 .o o
> (T +4 - l)2 G@.)) bi(j)

(T +4-03? R}

> (T +4-0) B —

Page 4 of 17
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Note for every (u,v) € K

T+2
(A = T +4-° Y Tfo G f )+
< GG) b

<2(T+4-i0)? +i(T +4 0%y,
< )FZZZQ(T%_I.)ZWI@ ( )’

T+2

G(i,)) bl(/)
<ET+4-iP)y — o T+4-
AT+ a- 0 mra P(T+4- i)y,
2 N2 [ o* 1 *
<i(T+4-1i) (,31 . Tl+y1).
b
Similarly, by the same strategy, we have
T+2
‘ G(i,))
(Aav) (@) = i4(T + 4 - ) Z 2(T+4] fo(j, u(j)) + v2(0)
T+2

GGj) b))

2 2
>i(T+4- z) 2T+ 402 ()

+2(T +4 - i)’y

T+2 .. 2.
> L2(T+4—L)2 G(@.)) ba(j)

2(T +4-10)* RP?

> AT 44— )2 1%

T+2 G
(A) (i) = (T + 4 — i)? Z Z(sz(] () + v2(0)
© Gi))  by) :
2 N2 ’ 2 2

<i(T+4-1i) 2. E(T + 402 () +I(T+4-10)%y,
T+2 P

< 12(T+4—L)2 p TG+(Z41) D bZ(]) +i5(T+4-i)y,

"’

; ) . 1 .
§LZ(T+4—L)2(/32-VT2 +y2).

1

Thus (A1u,A,v) € K if 1, 1y, Ry and R, are chosen so that

A 1 . 1 P

ﬂl*' 71 27'1; ﬁl T Tar +J/1 SRI;
R, p)

2t Ty = 12 C oy Yo S G
Rr{tz ’ 2 rixz 2

Note that ﬁA,'*,,B,w >0andtaking R=R; =Ry, r=r =13, 7= %, it is sufficient to find R > 1
such that

Bre- RV > 1, By R +y, <R,

Page 5 of 17
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Br R 21, B, R?+y, <R
and these inequalities hold for R big enough because «; < 1. The proof is complete. d

Thecasey, <0,y, <0
The aim of this section is to show that the presence of a weak singular nonlinearity makes
it possible to find positive solutions if y; <0, y, <0.

Theorem 2 Assume that there exist by, l;k > 0 and 0 < ay <1, such that (H) is satisfied. If
n <0,y, <0, and

A 1
/31* ]l_alaz ( 1 )
>0y - — 1- ,
)4} [ 162 (132)011 o0

~ 1
ﬁZ* i|luqot2 ( 1
V2*2|:0l1052'—* 1-—|,
(B> o102

then there exists a positive solution of (1).

(6)

Proof We follow the same strategy and notation as in the proof of ahead theorem. In this
case, to prove that A : K — K, it is sufficient to find 0 < r; < Ry, 0 < rp < R, such that

N *

B

R =1, lel <Ry, (7)
2 2

B ,

gtz o SR (8)
1 1

If we fix Ry = ﬁ—‘l, Ry = f,i—zz, then the first inequality of (8) holds if r, satisfies
2 1

A e
B (BL) P13 + v = 1o,

or equivalently

N

ﬂ 2% ajag

B~ *

Yor > g(ry) i=ry —

The function g(r;) possesses a minimum at

N 1
[ By Farm
Iy i= |10 * —=— .
(B1)*

Taking r, = ry, then (6) holds if

A

Yor > g(ra0) = |:O(10‘2 . (;12)"‘2] 2 <1 - 10 >

Similarly,

~

ﬂl* ajon

(By)a !

Yie = h(n) i=r —

’
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h(r;) possesses a minimum at

Ay } Toie
(By)" ’

~ 1
/31* }l—alaz ( 1 )
Y1+ = |:C\!10{2 Hweron 1- .
(ﬁ2)a1 (241085}

Taking r; = rig, 73 = 120, then the first inequalities in (7) and (8) hold if y1+ > g(r1) and

rpo := |:a1a2 .

yo» > g(ry), which are just condition (6). The second @nequalities hqld directly from the

choice of R; and Ry, so it remains to prove that R; = fvll >0, Ry = r’Z—g > ryo. This is easily
20 10
verified through elementary computations:

B B
R, = 7711 = 321 .
* I-aja
20 {[ayay - W] 193 Jon
. R ajay
_ B _ (ﬁl)l+ Fogar
- by 1T 5 N
[y - W] e (oo - Byr) -2
PR S R 1
(ﬁl) I-eeg |: ﬂl ] T-oqap
= = 1 = ~
[(ar0y - por)a] TFerex (g0 - Boe)™
1 N 1
|: 1 ﬂl ]10‘10‘2 S |:a o 131,, ] T-aqay .
") (A 1002 - ——5so =110,
(a2)® (By) (B
since Bk'* < ﬂ}:, k =1,2. Similarly, we have R, > ry9. The proof is complete. O

The case y;+ >0, y, <0(y, <0, y»x > 0)
Theorem 3 Assume (H) is satisfied. If y1» > 0, y; <0and

rglla2 (9)

Vor = 191 — ,32* e TRV,
(B +yi791)

where 0 < ry < +00 is a unique positive solution of the equation
l-aja ( p* *_ap\lvan * 2
ry (,31 +V ) = aj03 B, Bor,

then there exists a positive solution of (1).

Proof In this case,to prove that A : K — K, it is sufficient to find r; < Ry, r3 < Ry such that

Br- B>
I@ >, r{TZ <R. (10)
B B .

+ye =1, oty <RL (11)

(9]
Ry p)

Page 7 of 17
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If we fix Ry = %, then the first inequality of (10) holds if r; satisfies
n

/31* . roqotz =

A

or equivalently

O<n < |:(ﬁ'81)a1 :| W. (12)
2

If we chose r; > 0 small enough, then (12) holds, and R, is big enough.
If we fix Ry = :,i—‘l +y, then the first inequality of (11) holds if r, satisfies
2

b
Ve 21— =
Rl
~ 1
=71y — for - 57*
(rg—ll +yp)
A 1
=r =Py ———a—
(/31“/1"2 )e2
ral
2
a0
A T
=7y — B 2

By +yr 130’

or equivalently

Yoo > f(ra) =1y = Boe - 2.
(B +yy -ryh)®

According to
Fl(rs) =1- By - - [a o ralaz*l(ﬁ* +y rm)w2
VT gy, e L AT
N N -1 * ay—1
_ },,glotza2 (:31 Y rgq)ﬂtz ay, rgl ]

) By r 127! ) v
Bl By
1TV 1th Ty

5 A -1 ® * —1-«
=1-maaf oy ™ (B +, - 15Y) 0

we have f'(0) = —o0, f'(+00) = 1, then there exists ry; such that f'(ry) = 0, and

PN _ . . 1-
£(r2) = ~[or102 By Bor (s = D)rs > (B + 9 - 131) "

A 1 ¥ ® —D—ay  * -1
+ o B Porry P (-1 - az)(ﬂl +y rgl) 2y anrst ] >0.

Then the function f(r;) possesses a minimum at ryy, i.e., f(721) = MiNy, e (0,+00) f (72)-
Note f'(rs1) = 0, then we have

* A -1 * * —1-«
1-aqaa By Boryl™ (,31 V- rgll) =0,
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or equivalently,

1-oq * = ap\ltag *h
Tor 2(/31 W "’211) = o102, Bo-.

Taking r, = ry;, then the first inequality in (11) holds if y»+ > f(r5;), which is just condi-
tion (9). The second inequality holds directly by the choice of R;, and it would remain to
prove that r5; < Ry and ryg < R;. These inequalities hold for R, big enough and r; small

enough. The proof is complete.
Similarly, we have the following theorem.

Theorem 4 Assume (H) are satisfied. If yf <0, y»»>0and

a1
i

Vi =T — /§1* e
By + s ”(1)[12)0[1

where 0 < ryj < +00 is a unique positive solution of the equation

1— ® ® 1+a A
n e (,32 +Vy rllxz) t= a0 85 Bres
then there exists a positive solution of (1).

The case ;= <0< y,, y» <0<y,
Theorem 5 Assume (H) is satisfied. If y1- < 0 <y, yo <0 <y, and

o102

Ve > 110 — Pre - S M—
— * * b
(By + Vari0)™
ajon
A 20
Yor =1y — P ————
(B +71750)2

where 0 < 119 < +00 is a unique positive solution of the equation
1-ajay [ p* = ap\ltar *h
n (:32 TV n ) = o025, B,

and 0 < ry < +00 is a unique positive solution of the equation

1-oq a9 a1)1+0t2

Ty (:31 YTy = o102 B, B,

then there exists a positive solution of (1).

Proof We follow the same strategy and notation as in the proof of ahead theorem. In this

case, to prove that A : K — K, it is sufficient to find r; < Ry, r, < Ry such that

B B .
— t Y= =+t <R,
R, ry
IBT ﬂz %

o T Ve =T, a7 T Vs <R
Ry r

Page9of 17
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If we fix R; = rﬁo,—ll +y, Ry = r’i—zz +¥,, then the first inequality of (15) holds if r, satisfies
2 1
rglaz

Yor > g(ra) := 1y —,32* e IV
(/31 +Y rzl)az

According to
~ 1
/ ajoa—1( H* o 01\92
gr)=1-Bp —————F5——- [a1a2r2 (,31 +y -1y )
(Bl +yy - 15')%

T S
=132y (B +yy 13 ) 7 a1yt ]
. Prawery [ v }

Br+y )2l Bitw-ry

. 1y e
=1- o Borry'™ (,31 N ’"gl) ;

we have g'(0) = —00, g’(+00) = 1, then there exists ryo such that g’(ry9) = 0, and

A _ ® —1—
&'(r) = —[onaafy Porras = rs > (By + 9y - 1) ™

A -1 * ® —2-0y = -1
+ oo Borry T (L —w) (B + v, - 15) T onearst ] > 0.

Then the function g(r;) possesses a minimum at ry, i.e., g(r20) = Miny,e(0,+00) £(F2).
Note g'(r20) = 0, then we have

A 1y N l-o
1 - aqaaB By ™ (,31 V- rgll) =0,

or equivalently,

1— % # 1+ay % A
r20a10t2 (,31 +n r%) = w100, Bor.

Similarly,

[651%)
n

yie > g(n) =n —Bl* e Tl
(/32 + Vs ’”(112)0”

g(r10) = miny ¢(0,+00) g(r1), and

l-aja ( p* = ap\l+e i)
"0 1 (,32 +Vy - "102) = a0, B+

Taking 7, = rip and r, = ry, then the first inequality in (15) and (16) hold if y- > g(ry),
yo= > g(ra0), which are just condition (13) and (14). The second inequalities hold directly
by the choice of R; and R, and it would remain to prove that rjg < Ry and ry < Ry. This is
easily verified through elementary computations.

B -
Rl:le-"yl

20
B4y
PtV Ty
=122
20
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ajap-1
B A 1
(0l1012,31 :32*) ey r20+a2

o1
20

1 Lty
* 5 oo I+
(alazﬁl ﬂZ*) T+ag 7”20 o9

1+ap
PP
The proof is the same as that in Ry, Ry = (a1002 8, f1+) 1 1”101+ L,

Next, we will prove ryg < Ry, ra0 < Ry, or equivalently,
1+ay 1
T+ag * A Tras
Tty = < (0l1012/31/32*) oz,
l+ag

I oA L
a0t < (alazﬂzﬁl*) 1,

Namely,

1+ap  1+og ) 1+ l+an )
10 1”20 < (110[2,31/32*,1"20 rm < 0[10(2,62/31*.

On the other hand,

1-ajap
720

(8)"* < c102; -

Then

ra0 < (@0 (ﬂ;)_azﬁz*)%~

Similarly

o < (caez(B5) ™ Bie) .
By (13) and (14),

1+ag
l+oay l+a

A N 1
12 < (e (B) ™ Bre) T (cna () o) .

Now if we can prove

~ l+ag

(cr02(B3) " Bre) 712 (otrcra (By) e

an A Toa s )
2B ) T2 < aqaa B Bor
then

l+ag 1+ * 5
o Too @ <o Bos.

In fact,

~ l+ap ~ a1 (1+ap)
2+ag+a1 -1 1 T-oqap 0 T-aqap
(051012) T-ajay . <ﬁ> . (ﬁ* ) < 1,
B B2

. D oese L P 1 1 ) . .
since Bi* < B;, i = 1,2. Similarly,we have 50" r73** < aj02 8, B1+, we omit the details. Now
we can obtain rjg < Ry, 159 < Ry. The proof is complete.

O
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Thecase y; <0, <0<y, (¥, <0, Y1»<0<y,)
Theorem 6 Assume (H) are satisfied. If yf <0, - <0< y; and

A 1
1 ﬁz* TS
Yo Z (1 - >|:0l1012 3 :| ) 17)
oy (B)*®
. roqaz
Yie =1 = B 117“12 (18)

(B, + v1ip)™
where 0 < ry; < +00 is a unique positive solution of the equation
1— * * 1+a * A
n e (,32 +Vy rilz) b= a0 B8y Bres (19)
then there exists a positive solution of (1).

Proof In this case,to prove that A : K — K, it is sufficient to find r; < Ry, r; < Ry such that

%

% +Vir =11, lel <Ry, (20)
2 2

B

R TV ET rTi +¥ <Ry. (21)
1 1

If we fix Ry = %, Ry = % + ¥,, then the first inequality of (21) holds if r, satisfies
) n

132* 52* 0]
Ve 2T — oy =Ty — =Ty (22)
Ry B
or equivalently
Yor = f(ra) i=1ry - '3*2* Syt (23)
(By)>

Then the function f(r,) possesses a minimum at

1 = I:alaz . (13/312);2 ] T-oqap ’ (24)

i.e., f(ra1) = Miny,e(0,400) f (72).

On the analogy of (22), we obtain

NP RO (25)
N Rk
or equivalently,
R r;)tlotz
Yie = h(r1) =1 = Bre - (26)

(By + i)’
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According to
’ * 4 _ N B —1—
h (7‘1) =1- alagﬂzﬁprixlaz 1(,32 + )/27'(112) 0tl, (27)
we have /'(0) = —o0, h'(+00) = 1, then there exists r;; such that /#/(r11) = 0, and

N _ N N _1-
H'(r1) = —[onaa By B (n 0ty — D)1y 2(/32 +yy )

%

+ alazﬁ;ﬁprf‘az_l(—l - al)(ﬁ; Y, ;“112)7270‘1 yzazr‘fz_l] > 0. (28)

Then the function /(r;) possesses a minimum at ryy, i.e., A(ry1) = mMing, ¢(0,+00) f (71).
Note #'(r1) = 0, then we have

N 1/ 4% . —l-a
L— ey frory) (:32 7 "’flz) '=0.

Namely,

l1-ajan l+a

m (,32 + V; rﬁz) = alazﬂ;ﬁl*'

Taking rp = r5; and r; = 3 then the first inequality in (20) and (21) hold if y»» > h(ry) and

1= = h(rn1) which are just condition (17) and (18). The second inequalities hold directly by

the choice of R, and Ry, so it would remain to prove that Ry = r}z—ll >r, Ry = :i—zz + y; > r91.
11

21
Now we turn to prove that Ry > 13, Ry > ra;.

First,
o B fi

T A

721 {[alaz . (ﬂ?ﬁ] T-ajop }otl
® P ) )

- By _ (8y) RS

- by 1T A N
[y - W] T-—ajap (01019 - o) Fo192

%

b

] o
ey - Br)

(7)™ [
o L(

[(erers - Bor)1]

:[71 . ’Bl ]ﬁ>|:a1a2'—'31* ]ﬁ=rn
(1) (B ) (B ’

since By < Bi,i=12.
On the other hand,

By . Bytvs i
Ry=f +y,=—2—2-1. (29)
11 S0

By (18), we have

ajap-1
T+oq

,3; + ]/; - 7’?12 = (alazﬁ;ﬂl*)mru

(30)
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Combing (29) and (30),

1 _11+Ot2
* Trar +a
R2 = (051“2,6251*) T+ rll 1 .

In what follows, we will verify that R, > r;. In fact,

2 13 s B Otlz(hal)
+a2+0{1 2* alaz 1* 70[1012
(ay) Tere ( ) : ( ) <1,
ﬁ2 ﬂl

since By < B:,i=1,2. Thus

4oy l+ay

(061012/31 /32*) 02 (061012,32 V4. ) e < a0z, .

On the other hand,

lawzﬂ (re2) <0l10!2,31132*

1-ajag p*(1+aq) L)
™ 2 < 0B, P

Thus one can see easily note that

a1 < (Oélotzﬂl ﬂz*) "”1“2
~ 1
m < (alazﬂ;(_al)ﬂl*) e,

From (33) and (34),

l+ag 1+

1 1 * b iy
111—0(2,,21-061 < (Oll‘XZﬁz 131 )1 D) (051052/31 )ﬂZ*) T-aqoy |

Combing (32) and (35),

1oy 1+oq * N
ooy <onaafy i

Therefore,

by
1211 < (0[10[2,32/31*) Loy |

Recall (31), we obtain r5; < R, immediately. The proof is complete.

Similarly, we have the following theorem.

Theorem 7 Assume (H) are satisfied. If y, <0, y1: <0<y, and

~ 1
1 /31* T-ajay
Y1+ 2 (1 — —) . |:0110lz*—i| )
Qo (By)

Q100
1

Vor = 191 — ,32* e TRV
(,3 " rzl)az

Page 14 of 17
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(34)
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where 0 < ry; < +00 is a unique positive solution of the equation
1— * * l+a A
ry (:31 g 'rgl) ? = o102 Bor,
then there exists a positive solution of (1).

The case i+ > 0, Yx <0< Y, (Y2x = 0, p1» <0< p;)
Theorem 8 Assume (H) are satisfied. If y1» > 0, y» < 0 < y; and

a0
732

Vo > 1yg — Bo YT
By + v17135)*
where 0 < ryy < +00 is a unique positive solution of the equation
l-ajap * * (5] l+ap _ * 5
r (,31 tV ) = a1028, B2+,

then there exists a positive T-periodic solution of (1).

Proof In this case, to prove that A : K — K it is sufficient to find r; < R, r; < Ry such that

Bre .
1@ =1, réTl +y <Ry (36)
St Ve =Ty ety <R (37)
Ry rn

If we fix Ry = ﬁ—‘l +V, Ry = ri_zz + ¥,, then the first inequality of (37) satisfies
2 1

A B N\
Bar - (Tl + V1> + Yor =1,
p)

or equivalently

,32* oo
Yor = Ura) i=1rp — ———o— 15"
By +yir5')™ ’

Then the function /(r;) possesses a minimum at ryy, i.e., [(ry2) = Miny,e(0,+00) £(r2).
Note //(ry2) = 0, then we have

A -1 * * —1-ag
1— 102, Borroy™® (B + 71 - T33) =0.

Therefore,

1— ® * 1+ % A
’"zzawz (,31 +n Vgi) = a1, Bo+-

Note that ,31'*, B >0,i=1,2. And taking r, = ry3, Ry = fvll +yY,n= é, it is sufficient to
22
find r; < Ry, ry < Ry such that
-1 * ® *
Ry <P, RY By +vy <R

and these inequalities hold for R, big enough because «; < 1. The proof is completed. [J
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Similarly, we have the following theorem.

Theorem 9 Assume (H) are satisfied. If y» > 0, y1- < 0 <y, and

a0
%)

Yie = T2 — Bl* Ay
(B; + v2113)™

where 0 < 11y < +00 is a unique positive solution of the equation

1-aja; * g\ ltag *h
n 1 2([32 + Y, ,,«12) :Olla2,32ﬂl*’

then there exists a positive solution of (1).
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