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1 Introduction and the main results

Let Z denote the integer set, for a, be Z witha < b, [a, b, : = {a, a + 1,.., b} and R, : =
[0; ). In this article, we are concerned with the existence of positive periodic solutions
of the second-order difference equation

A2u(t — 1) +a(Ou(t) = f(t, u(t)) +c(t), teZ, (1.1)

where g, ¢ : Z — R, are T-periodic functions, fe C(Z x (0, =), R) is T-periodic with
respect to ¢ and singular at u = 0.

Positive periodic solutions of second-order difference equations have been studied by
many authors, see [1-6]. However, in these therein, the nonlinearities are nonsingular,
what would happen if the nonlinearity term is singular? It is of interest to note here
that singular boundary value problems in the continuous case have been studied in
great detail in the literature [7-20]. In 1987, Lazer and Solimini [7] firstly investigated
the existence of the positive periodic solutions of the problem

1" 1
W= s +c(t), (1.2)

where ¢ € C(R, R) is T-periodic. They proved that for A > 1 (called strong force con-
dition in a terminology first introduced by Gordon [8,9]), a necessary and sufficient
condition for the existence of a positive periodic solution of (1.2) is that the mean
value of ¢ is negative,
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1T
¢:=_ [c(t)dt <o0.
To
Moreover, if 0 < A <1 (weak force condition) they found examples of functions ¢ with
negative mean values and such that periodic solutions do not exist. Subsequently,
many authors studied the existence of positive solutions of the problem

u" +a(t)u=f(t, u)+c(t), (1.3)

where a € L"R/T Z; R,), c € L"R/TZ; R), fe Car(R/TZ x (0, =), R) and is singular
at u = 0, see [7-20]. The first existence result with weak force condition appears in
Rachunkovi et al. [16]. Since then, the Equation (1.3) with f has weak singularities has
been studied by several authors, see Torres [17,18], Franco and Webb [19], Chu and Li
[20].

Recently, Torres [18] showed how a weak singularity can play an important role if
Schauder’s fixed point theorem is chosen in the proof of the existence of positive peri-
odic solution for (1.3). For convenience, for a given function ¢ € L7[0, 7], we denote
the essential supremum and infimum of ¢ by & and &, respectively. We write & > 0 if
¢ >0 for a.e. £ € [0, T] and it is positive in a set of positive measure. Under the
assumption

(H1) The linear equation u“+ a(t)u = 0 is nonresonant and the corresponding

Green’s function
G(t, s) =0, (t, s)e [0, T] x |0, T].

Torres showed the following three results
Theorem A. [[18], Theorem 1] Let (H1) hold and define

T
y(t) = OfG(t, $)c(s)ds.

Assume that
(H2) there exist be L'(0, T) with b > 0 and A >0 such that

b(t)

0<f(t u)< N forallu >0, aetel0, T

If y « >0, then there exists a positive T-periodic solution of (1.3).
Theorem B. [[18], Theorem 2] Let (H1) hold. Assume that

(H3) there exist two functions b, j ¢ L (0, T)with b, j » ¢ and a constant 1 € (0, 1)
such that

b(1)
0=,

b(¢)

<ftu= > ue(0, 00), aetel0, T]
u
If . = 0. Then (1.3) has a positive T-periodic solution.

Theorem C. [[18], Theorem 4] Let (H1) and (H3) hold. Let

T T

By = I161[1(},IT1] /G(t, s)b(s)ds |, B =trer[1§>T(] fG(t, s)b(s)ds
0 0
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If v* < 0 and
1

y*z( ﬁ*xxz)l_kz (1— 1).
(8%) 22

Then (1.3) has a positive T-periodic solution.

However, the discrete analogue of (1.3) has received almost no attention. In this arti-
cle, we will discuss in detail the singular discrete problem (1.1) with our goal being to
fill the above stated gap in the literature. For other results on the existence of positive
solution for the other singular discrete boundary value problem, see [21-24] and their
references. From now on, for a given function ¢ € [7(0, ), we denote the essential
supremum and infimum of & by & and &, respectively. We write & > 0 if £ > 0 for ¢ [0,
T ]~ and it is positive in a set of positive measure.

Assume that

(A1) The linear equation A%u(f - 1)+ a(£)u(t) = 0 is nonresonant and the correspond-
ing Green’s function

G, s)=0, (t s)e[0, T]z x [0, T]z.
(A2) There exist b, e : [1, T]> — R, with b, e > 0, &, B € (0, ), m < 1 < M, such

that

0=<f(t u) < blfz), ue(M, ), tell, Tlz,

and

0<f(t u) < eLEQ, we (0, m), tell, T

(A3) There exist by, by, e : [1, T ]> — R, with by, by, e > 0, o, B, 4, v € (0, 1), such

that
b (t by (t
0< ;g) <f(t uw) < ZE%) u € [1,00) t € [L Tlz,
and
b (t e(t
0< ;Ei) <ft, u) < 1511)’ uelo1), tefl, Tlz

To prove the main results, we will use the following notations.

T T
y(t) =Y Gt s)c(s),  E(1) =) G(t, s)e(s);

s=1 s=1

T T
B(t) := Y G(t, $)b(s), Bi(t) =Y G(t s)bi(s), i=1,2;

s=1 s=1

p*:=E*+B}, o :=max{u, o}, §:=max{y, B}.

Our main results are the following
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Theorem 1.1. Let (A1) and (A2) hold. If % >0. Then (1.1) has a positive T-periodic
solution.

Theorem 1.2. Let (A1) and (A3) hold. If % = 0. Then (1.1) has a positive T-periodic
solution.

Theorem 1.3. Let (A1) and (A3) hold. Assume that

1
1.4
p* > max{(SoBl*)‘S, (60B1,)0}. (14)
If ¥ <0 and
1
B _ 1
Ve > 1*6 so 11 So 1— ‘ (1.5)
(p*) bo
Then (1.1) has a positive T-periodic solution.
Remark 1.1. Let us consider the function
1
o uel, o0),
fo(t, u) =1 % (1.6)
, ue (0,1),
un

where ¢ 11 > 0. Obviously, fy satisfies (A2) with M = m = 1, b(t) = e(t) = 1. However,
it is fail to satisfy (H2) since it can not be bounded by a single function Lf‘f) for any y
€ (0, <) and any & > 0. O

Remark 1.2. If ¢ n € (0, 1), then the function f; defined by (1.6) satisfies (A3) with v
=u="1n, 0=P0=c¢ and by(t) = by(t) = e(t) = 1. However, it is fail to satisfy (H3). O

2 Proof of Theorem 1.1

Let

X ={u : Z— Rlu(t) =u(t+T)}

under the norm 4l = teI[I}faT)](Z (Ol Then (x, [| - |]) is a Banach space.

A T-periodic solution of (1.1) is just a fixed point of the completely continuous map
A : X - X defined as

T T
(Au) (1) =D Gt )f(s, u(s)) +c(s)] = )Gt f (s, us)) + v (1):

s=1 s=1

By Schauder’s fixed point theorem, the proof is finished if we prove that A maps the
closed convex set defined as

K={ueX:r<u(t) <R forallte|0,T|z}

into itself, where R >r > 0 are positive constants to be fixed properly.

For given ue K, let us denote
I :={te]0, T]zIr <u(t) < m},
I, :={te[0, T|zIR = u(t) > M},
13 = [O, le\(ll UIz).

Page 4 of 11
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Given u € K, by the nonnegative sign of G and f, we have

T
(Au) (1) = Y G(t, s)f (s, u(s)) +v (1)

s=1

=Y Gt )f(s u(s)) + Y _ Gt $)f (s uls))

sely sely

+ Y Gt f(s, u(s)) + v (1)

NS

>y() ==

Let

T
A :=sup{ max ZG(L (s, u(s))m < u(s) < M} .

te[0,T], =

Then, it follows from the continuity of f'that A < , and consequently, for every u
K,

T
(Au) (£) = D> G(t, )f(s, u(s)) +¥(1)

s=1

=Y Gt 9)f(s u(s)) + ) Gt $)f (s u(s))

sely sely
+ Gt f(s, u(s)) + v (1)
sels
=Y a s)elffg) +Y G s) blfi) N
sely selp
T
<Y a s)elffg) + 3G, )b(s) + A+ y”
s=1 sely

T o(s) T
<) G ) o D Gt 9)b(s) + A+ y*
s=1 s=1

<E* B*+ A +y*
<t (B e Asy)
sk

E * * .
< +(B*"+A+y") =R
Therefore, A(K) € Kif r = 9% and R = f; +(B* + A +y"), and the proof is finished. O

3 Proof of Theorem 1.2
We follow the same strategy and notations as in the proof of Theorem 1.1. Define a
closed convex set

K={ueX:r<u(t)<R, forallte[0,T]z R > 1}.
By a direct application of Schauder’s fixed point theorem, the proof is finished if we

prove that A maps the closed convex set K into itself, where R and r are positive con-
stants to be fixed properly and they should satisfy R >r > 0 and R > 1.
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For given u € K, let us denote

J1 ={te[0, T|zlr <u(t) <1},
Jo :={t [0, T[zIR = u(t) = 1}.

Then for given u € K, by the nonnegative sign of G and f, it follows that

T
(Au) (£) = > G(t, s)f(s, u(s)) +v(1)

s=1

T
=D Gt )f(s u(s)) + Y G, $)f(s uls)) +y (1)

NS s€fy
e(s) ba(s) .
<Y G ) b +Y Gt 9) stV
NS se€l,
. e(s)
<Y G ) o +Y Gt )ba(s) + v
s=1 s€f,
T 6(5) T
<Y Gt ) o +Y Gt )ba(s) + v*
s=1 s=1
E*
< B+,

On the other hand, for every ue K,

T
(Au) (1) = D G(t, $)f(s, u(s)) +v (1)

s=1
= > Gt )f (s u(s)) + Y Gt )f(s, u(s)) +v(2)
sefy sefy
>3 G s) b;&f) +3 G ) b;gf) -
sefy sefy
> G(t, 3) b;ff) +Y G(t, ) b;ff)
sefi sefy
=MD b;ff) +Y G ) b;(j)
sefy sefy
4 b1 (s)
> ;G(t, ) po
> Bl*
= o

Thus Au € K if r, R are chosen so that

Bl* E*
Re 2T r” +(Bs+y*) <R

Note that B;-, E* >0 and taking R = l, it is sufficient to find R >1 such that

Bi,R'™% > 1, E*R" + (B5 + y*) <R,

and these inequalities hold for R big enough because ¢ <1 and v <1. O

Page 6 of 11
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Remark 3.1. It is worth remarking that Theorem 1.2 is also valid for the special case
that c(f) = 0, which implies that 3= = 0. O

4 Proof of Theorem 1.3
Define a closed convex set

K={ueX:r<u(t)<R, forallte[0,T]z, O0<r<1<R}

By a direct application of Schauder’s fixed point theorem, the proof is finished if we
prove that A maps the closed convex set K into itself, where R and r are positive con-
stants to be fixed properly and they should satisfy R > 1 >r > 0.

Recall that § = max{v, f} and r < 1, for given u € K,

T
(Au) (1) = DGt $)f (s, u(s)) +v (1)

= ic(t, $)f (s, u(s)) + X,: G(t, )f (s u(s)) +v (1)
< ;G(t, s) elgi) + ;G(t, s) bigs) +y*
<Y s) er(f) +>°G( ) bzrgs)
seh sels
< ZT: G(t, s) efj) + ZT: G(t, 5) bzrff)
1 1
o

where J; (i = 1, 2) is defined as in Section 3 and p* = E* + Bj.

On the other hand, since 0 = max {¢, o} and R >1, for every ue K,

T
(Au) (1) = DGt $)f (s, u(s)) +v (1)

s=1
=D G, $)f(s, u(s)) + Y G(t, $)f(s, u(s)) +r(t)
sely s€lp
=Y G ) b;ff) +3 Gt s) b;ff) -
sely s€lp
=Y 6 ) b;ff) +3G( ) b;ff) -
sely s€lp
Bl*
> Ro + Vs

In this case, to prove that A(K) € K it is sufficient to find » <R with 0 <r < 1 <R such that

Bl* *

0
R FVEZT s <R. (4.1)

If we fix R = ’;: , then the first inequality holds if r verifies

Bl*
(p*)°

17 4y, >,



Ma and Lu Advances in Difference Equations 2012, 2012:90
http://www.advancesindifferenceequations.com/content/2012/1/90

or equivalently,

Bl*
(0*)7

o)

Ve = f(r)=1— r7°.

1
(31»5 50] 1=b0 Taking r = ry, (1.4)
0*)’

implies that  <1. Then the first inequality in (4.1) holds if % > f (r,), which is just con-
dition (1.5). The second inequality in (4.1) holds directly by the choice of R, and it

The function f(r) possesses a minimum in , ._ [

would remain to prove that R = ﬁg > 1. To the end, it follows from (1.4) that

So

p*  (80B1,)’ - (p*)1 —d0
>

3 1)
To

R =
(80B1,)1 —éo
820

(80B1,)° - (80B1,)1 —do
= Bis

(80B1,)1 —d0
=1

This completes the proof. O
Remark 4.1. Note that the condition (1.4), which is stated as
1
p* > max {(80By,)’, (80B1.)o}

is crucial to guarantee that R >1 > 7y, and in the proof of Theorem 1.3 we require R
>1 > ry because the exponents in inequalities of (A3) is different. However, in the spe-

cial case that
A=a=B=u=v,

if we define w (£): = max{b,(¢), e(t)}, t € [0, T]~, then the condition (1.4) is needn’t

because R > ry can be easily verified by
bi(t) <w(t), t €0, T]z.

0O

Example 4.1. Let us consider the second order periodic boundary value problem

A2u(t — 1) + 4sin? 1”6u=f(t, u)—co, telldlz

u(0) =u(4), u(1)=u(5),

(4.2)

where

5—t
fltw=" ", ue (0, 00), te|l, 4]z
us

3.[8v10]
(4+3vV20W2—v2+2v2)"

and ¢ € | O, is a constant.

Page 8 of 11
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It is easy to check that (4.2) is equivalent to the operator equation

4 4
u(t) = ZG(t, $)f (s, u(s)) + ZG(t, s)(—co)ds =: (Au) (1), t €[0,4]z,

s=1 s=1
here
1 . m(t—s) . m(d—t+s)
.o |sin + sin ,0<s<t<4,
8
G, s) = sin g
’ 1 .n(s—t) . mw(d—s+1t)
.o |Sin +sin ,0<t<s<4.
sin g 8 8

Clearly, G(¢ s) > 0 for all (£ s) € 0[4]z x 0[4]z.

Let
bi(t)=1, by(t) =4, e(t) =6,
1 5 1 1
o =V= ’ = ’ = ’
2 o M7
Then
1
oc=8= _,
2
and
1 4—t
0< ;= |, = ,, uello0), t€][0T]z
u2 us uo
14—t
0< , = N uel0,1), tel0,T]z.
u?z us u2

Thus, the condition (A3) is satisfied. By simple computations, we get

1 (4+3V2)0V2-V2 /o
27 2 M

By(t) = Y G(t,s) -

By(t) =) G(t,s) -4 =(16+ 12«/2)\/2 —V2+8V2;

s=1

4
E()=) G(is) 6= (24+ 18«/2)\/2 —V2+12V2;

s=1

By, - B - (4+3\/22\/2 — V2 V2

By, =B = (16 + 12«/2)\/2 —V2+8V2;

E,=FE*=(24+ 18\/2)\/2 —V2+12V2;
1

(50Bu)’ - (4+3V2)V2-V2+2V2 ]2
OD1x) = 8 ;

(4+3J2)V2 -2+ 2\/2}2'

1
((SO’Bl*)U = |: 8

p* = E* + B} = (40 + 30J2)\/2 — /24202

_(12+8V2)V2 - V24742414

1
maX{((SO'Bl*)(S,((SUBl*)U} 32 ;
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and p* > max{(80B1.)’, (6031*); } So the condition (1.4) is satisfied. Moreover,

y(t) = i G(t,5)(—co) = —(4 + 3v/2)V2 — V2 - co — 2+/2¢0,
s=1

and so

Y =Y = —(4+3vV2)V2 — /2 - co — 24/2¢0 < 0.

3.[8v/10] ¥’
((4 13202 -2+ 2¢2) "
4

ot T (),

Finally, since co € | O, , it follows that

Ve = —3

Consequently, Theorem 1.3 yields that (4.2) has a positive solution. O
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