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Abstract

The object of this article is to determine Hyers-Ulam-Rassias stability results
concerning the cubic functional equation in fuzzy normed space by using the fixed
point method.
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1 Introduction, definitions and notations

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in var-
ious problems arising in the field of science and engineering. It has a large number of
application, for instance, in the computer programming [1], engineering problems [2],
statistical convergence [3-7], nonlinear operator [8], best approximation [9] etc. Parti-
cularly, fuzzy differential equation is a strong topic with large application areas, for
example, in population models [10], civil engineering [11] and so on.

By modifying own studies on fuzzy topological vector spaces, Katsaras [12] first
introduced the notion of fuzzy seminorm and norm on a vector space and later on
Felbin [13] gave the concept of a fuzzy normed space (for short, FNS) by applying the
notion fuzzy distance of Kaleva and Seikala [14] on vector spaces. Further, Xiao and
Zhu [15] improved a bit the Felbin’s definition of fuzzy norm of a linear operator
between FNSs.

Stability problem of a functional equation was first posed by Ulam [16] which was
answered by Hyers [17] under the assumption that the groups are Banach spaces.
Rassias [18] and Gajda [19] considered the stability problem with unbounded Cauchy
differences. The unified form of the results of Hyers, Rassias, and Gajda is as follows:

Let E and F be real normed spaces with F complete and let f: E — F be a mapping
such that the following condition holds

I (evy) = F @ = £ )] = 0 (el + 7))

forall x, ye E, 6 >0 and for some p € [0, ) | {1}. Then there exists a unique addi-
tive function C : E — F such that

p
Nl s

||f(x) _C(x)”F = |2 _2p|
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forall x € E.

This stability phenomenon is called generalized Hyers-Ulam stability and has been
extensively investigated for different functional equations. It is to be noted that almost
all proofs used the idea imaginated by Hyers. Namely, the additive function C : E - F
is explicitly constructed, starting from the given function f, by the formulae (i)

C ) =limy oo Lf ("), if p < 1; and (i) C(x) = 1imn%02"f(2xn), if p > 1. This

method is called a direct method. It is often used to construct a solution of a given
functional equation and is seen to be a powerful tool for studying the stability of many
functional equations. Since then several stability problems and its fuzzy version for var-
ious functional equations have been investigated in [20-26]. Recently, Radu [27] pro-
posed that fixed point alternative method is very useful for obtaining the solution of
Ulam problem.

The stability problem for the cubic functional equation was proved by Jun and Kim
[21] for mappings f: X — Y, where X is a real normed space and Y is a Banach space.
In this article, we show that the existence of the limit C(x) and the estimation (i) and
(ii) can be simply obtained from the alternative of fixed point.

In this section, we recall some notations and basic definitions used in this article.

A fuzzy subset N of X x R is called a fuzzy norm on X if the following conditions are
satisfied for all x, ye X and ¢ € R;

(a) N(x, £) = 0 for all non-positive t € R,
(b) N(x, t) = 1 for all e R" if and only if x = 0,

(¢) N(cx, ) =N (x, IEI) forallte R"and ¢ # 0,

(d) N(x + 9, ¢t + s)= min{N(x, t), N(y, s)} for all s, € R,
(e) N(x, t) is a non-decreasing function on R, and sup,=N(x, ) = 1.

The pair (X, N) will be referred to as a fuzzy normed space.
Example 1.1. Let (X, ||.||) be a normed linear space. Then

toift>0
N t) = 4 el ! '
1) {0 ift <0,

is a fuzzy norm on X.

Example 1.2. Let (X, ||.||) be a normed linear space. Then

Lift> |xll,

N = {Oifts lxll,

is a fuzzy norm on X.

Let (X, N) be a fuzzy normed space. Then, a sequence x = (xy) is said to be fuzzy
convergent to L € X if lim N(x; - L, £) = 1, for all £ > 0. In this case, we write N-lim
X = L.

Let (X, N) be an fuzzy normed space. Then, x = (xy) is said to be fuzzy Cauchy
sequence if lim N(xy,, - % ) = L forall £ >0and p = 1, 2, ....

It is known that every convergent sequence in a fuzzy normed space (X, N) is Cau-
chy. Fuzzy normed space (X, N) is said to be complete if every fuzzy Cauchy sequence
is fuzzy convergent. In this case, (X, N) is called fuzzy Banach space.
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2 Fixed point technique for Hyers-Ulam stability
In this section, we deal with the stability problem via fixed point method in fuzzy
norm space. Before proceeding further, we should recall the following results related to
the concept of fixed point.

Theorem 2.1 (Banach’s Contraction principle). Let (X, d) be a complete generalized
metric space and consider a mapping J : X — X be a strictly contractive mapping, that
is

d(Jx,Jy) < Ld(x,y), ¥x,y € X

for some (Lipschitz constant) L < 1. Then

(i) The mapping J has one and only one fixed point x* = J(x*);
(ii) The fixed point x* is globally attractive, that is

lim J"x = x¥,
n—o0

for any starting point x € X;

(iii) One has the following estimation inequalities for all x € X and n > 0:

d(J"x,x*) < L'd (x, x*) (2.1.1)

d(J"x,x*) < . i Ld(]”x,]"“x) (2.1.2)

d *) < ! d(x, ] (2.1.3)
(x,x)_l_L (x, Jx) . 1.

Theorem 2.2 (The alternative of fixed point) [28]. Suppose we are given a complete
generalized metric space (X, d) and a strictly contractive mapping / : X — X, with
Lipschitz constant L. Then, for each given element x € X, either

d(]"x,]"*lx) =+00, Vn >0 (2.2.1)
or
d(J"x, J""'x) < +o0 Vn > n, (2.2.2)
for some natural number 7y Moreover, if the second alternative holds then
(i) The sequence (/"x) is convergent to a fixed point y* of J;
(ii) * is the unique fixed point of ] in the set Y = {y € X, d(J™x, y) < +o0}
(iii) d (y, y*) < , iLd(y,Iy),y ev.

We are now ready to obtain our main results.
The functional equation

f@x+y)+f(2x—y) =2f (x+y) +2f (x —y) + 12f (%) (2.0.1)
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is called the cubic functional equation, since the function flx) = cx” is its solution.
Every solution of the cubic functional equation is said to be a cubic mapping.

Let ¢ be a function from X x X to Z. A mapping f: X — Y is said to be ¢-approxi-
mately cubic function if

N(f(x+y)+f(2x—y) =2f (x+y) —=2f (x—y) = 12f ), 1) = N' (¢ (x,) , 1) (2.0.2)

forallw, ye Xandt > 0.

Using the fixed point alternative, we can prove the stability of Hyers-Ulam-Rassias
type theorem in ENS. First, we prove the following lemma which will be used in our
main result.

Lemma 2.1. Let (Z, N’) be a fuzzy normed space and ¢ : X — Z be a function. Let E
={g: X > Y; g(0) = 0} and define

dM( ,h) :inf{ae]R+ :N(g(x)—h(x),at) >N (¢ (x,0),1t) forallx € Xandt > 0},

for all 2/ E. Then d; is a complete generalized metric on E.
Proof. Let g £, kL E da(g h) <& and dy(h, k) <&. Then

N (g —hx),&t) =N (p),t) and N (h(x) —k(x), &0 > N (¢ (), 1),
for all x/ X and £ > 0. Thus
N(g@ — k@, & +8&)t) = min {N(g(x) —h (), &), Nh@® —k@), &0} =N (9 ®,0),

for each x/ X and ¢ > 0. By definition dy(h, k) <&, + &. This proves the triangle
inequality for d,;. Rest of the proof can be done on the same lines as in (see [[29],
Lemma 2.1]).

Theorem 2.3. Let X be a linear space and (Z, N’) be a FNS. Suppose that a function
¢ : X x X - Z satisfying ¢(2x, 2y) = a¢p(x, y) for all x, y[ X and o # 0. Suppose that
(Y; N) be a fuzzy Banach space and f: X — Y be a ¢-approximately cubic function. If
for some 0 <o < 8

N'(¢(2x,0),t) > N'(ap(x, 0), 1), (2.3.1)
and
nli_)noloN’(go(Z”x, 2"y),8"t) =1,
for all x, y € X and ¢ > 0. Then there exists a unique cubic mapping C : X — Y such
that
N(C(x) = f(x),£) = N'(¢(x, 0), 2(8 — a)1),
forallx € X and all £ > 0.

Proof. Put y = 0 in (2.0.2). Then for all x € X and ¢ > 0

(G0 s, ) = Nt

Consider the set E = {g: X — Y, g(0) = 0} together with the mapping d,; defined on
E x E by

du (g, h) = inf{a € R* : N(g(x) — h(x), at) = N'(¢(x,0),t) for all x € X and t > 0}.

Page 4 of 8
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It is known that d,(g, &) complete generalized metric space by Lemma 2.1. Now, we
define the linear mapping / : E — E such that

1
J3(x) = ¢ 8(2%).
It is easy to see that J is a strictly contractive self-mapping of E with the Lipschitz
constant Z. Indeed, let g /[ E be given such that dy(g /#) = &. Then
N(g(x) — h(x), &) = N'(¢(x, 0), 1),

forallx e X and ¢ > 0. Thus

N (]g(x) = Jh(x), ‘;‘st) -N (; g(2x) — ;h(2x), :st)
= N(g(2x) — h(2x), ast) > N'(¢(2x, 0), at).

It follows from (2.3.1) that

N (Jg(x) = h(x), g et) = N'(erg(x,0),at) = N'(p(x,0), ),
for all x € X and ¢ > 0. Therefore

du(g,h) = & = dy(ig Jh) < _e.
This means that

(g, h) = d (g h),

for all g h € E. Next, from

N (f(2x) W)

. t ) > N'(p(x,0), 1),

16
1
we have dy(f,Jf) < 16
Using the fixed point alternative we deduce the existence of a fixed point of J, that is,
the existence of a mapping C : X — Y such that C(2x) = 8C(x), for all x| X. Moreover,
we have d(J'f, C) — 0, which implies

f(2%)
811

N — llm = C(x)l
n

for every x[ X. Also
1

1 o 1
du(f,C) = | | du(f,Jf) implies du(f, C) = 16(1- z) T 2(8-a)

This implies that

N (C(x) —f(x), 28 1_ o) t) > N'(¢(x, 0),1).

Page 5 of 8
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Replacing ¢ by 2(8 - &)t in the above equation, we obtain
N(C(x) = f(x), £) = N'(¢(x, 0),2(8 — a)t),

for all x/ X and ¢ > 0.
Let x, y/ X. Then

N(C(2x +y) + C(2x —y) — 2C(x +y) — 2C(x — y) — 12C(x), t) = N'(p(x, ), 1).
Replacing x and y by 2”x and 2"y, respectively, we obtain

N (C(2”(2x +7)) . C(2"(2x—y)) 2C(2"(x+y)) _2C(2"(x—y)) _ 12C(2"x) t)
8n 8n 8n 8n gn
> N'(p(2", 2"y), 8"1)

for all %, y[ X and all £ > 0. Since

. 7 n n ney _
nlggoN (p(2"x,2"y), 8"t) =1,

we conclude that C fulfills (2.0.1).
The uniqueness of C follows from the fact that C is the unique fixed point of J with
the following property that there exists %[ (0, =) such that

N(C(x) = f(x), ut) = N'(¢(x, 0), 1),

forall x/ X and ¢ > 0.

This completes the proof of the theorem.

By a modification in the proof of Theorem 2.3, one can prove the following:

Theorem 2.4. Let X be a linear space and (Z, N’) be a FNS. Suppose that a function
¢ : X x X > Z satisfying

X y> 1
¢ (2, )= o)

for all %, y/ X and o = 0. Suppose that (Y, N) be a fuzzy Banach space and f: X < Y

be a ¢-approximately cubic function. If for some o > 8

N'(¢(x/2,0),t) > N'(¢(x, 0), at),
and

lim N'(8 (27 "x, 27"y), 1) = 1

n—o0

for all x, y[ X and ¢ > 0. Then there exists a unique cubic mapping C : X — Y such
that

N(C(x) = f(x),1) = N'(¢(x, 0), 2(a — 8)1),

for all x/ X and all £ > 0.
The proof of the above theorem is similar to the proof of Theorem 2.3, hence
omitted.

3 Conclusion

This study indeed presents a relationship between three various disciplines: the theory
of fuzzy normed spaces, the theory of stability of functional equations and the fixed
point theory. This method is easier than those of previously proved (stability problem)
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by other authors for fuzzy setting. We established Hyers-Ulam-Rassias stability of a
cubic functional equation in fuzzy normed spaces by using fixed point alternative
theorem.
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