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Abstract

This article is concerned with the defect indices of singular symmetric linear
difference equations of order 2n with complex coefficients and one singular
endpoint. We first show that the positive and negative defect indices d, and d. of a
class of singular symmetric linear difference equations of order 2n with complex
coefficients satisfy the inequalities n < d, = d < 2n and all values of this range are
realized. This extends the result for difference equations with real coefficients. In
addition, some sufficient conditions for the limit point and the strong limit point
cases are given.
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1 Introduction
In this article, we are interested in the positive and negative defect indices of the
following singular symmetric linear difference equation with complex coefficients:

n

> (1A (V) +i D0 [(- 1) Ak @(0p(0) + ) V()]
k=1

j=0
= aw(t)y(t), teZ,

(1.1)

where A and V are forward and backward difference operators, respectively, i.e., Ay(t)
=yt + 1) - 90 and Vy(®) = 5(0) - ¥(¢ - 1); T = [0, +00) = {15 () > 0, p(0), and qu(t)
are real-valued for 0 <j < n, 1 < k < m; p2(t) + g>(t) #0 for t € 7; and X is a complex
spectral parameter.

By letting u(t) = (u1(t), uo(2), ..., 12,(8))T with

uj(t) = A7y(t —j),

) = 32 (10 [ A (07900 — (o))}

=

(1.2)

for 1 <j < n, Equation (1.1) can be converted into the following singular linear dis-
crete Hamiltonian system

Jau(t) = (WW(1) + P(0)) R(w)(1), teT, (1.3)
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where

W(t) = diag{w(1), 0, ..., 0}, P(t) = (‘AC(S) fg;) (1.4)

and

At) = (iqno(t) 1"61), B(t) = diag {0, ..., 0,p, " (1)}

pa(t)

o - (Pom — 9 a(t) )

a*(t)  D(1)
a(t) = (ign-1(), ign-2(t), ..., iq1 (1)) ,
D(t) = diag {p1 (1), p2(1), - pu-1 (1)},

L, is the (n - 1) x ( - 1) unit matrix, and the right partial shift operator

R(u)() = (ur (4 1), o tn (£ + 1), U (1), ... u2n (1)) (1.5)

According to the classical von Neumann theory (cf. [1,2]) and its generalization [3], a
symmetric operator or a Hermitian subspace has a self-adjoint extension if and only if
its positive and negative defect indices are equal and its self-adjoint extension domains
have a close relationship with its defect indices. So it is very important to determine
the defect indices of both differential equations and difference equations in the study
of self-adjoint extensions.

Consider singular symmetric linear differential equation with complex coefficients:

n

S [pen@]” Y [(00490)" + (wre0) "]
k=0

py (1.6)

= aw(x)y(x), x€(ab),

where p; and g are all real functions, and w(¢) > 0 defined on (a4, b). The defect
indices of Equation (1.6) has been studied for a long time. It is well known that the
positive and negative defect indices d. of (1.6) are equal to the number of linearly
independent square integrable solutions of (1.6) with ImA > 0 and Im\ < 0, respec-
tively. In the special case that the coefficients of (1.6) is real; that is all gx(¢) = 0, it is
evident that d, = d_ := d. Glazman [4] showed that the defect index d of Equation
(1.6) with real coefficients defined on (0, +<), where x = 0 is a regular endpoint, satis-
fies the inequalities #n < d < 2n and all values of 4 in this range are realized. Many
other results on the defect index d of Equation (1.6) with real coefficients were sum-
marized in [5]. Mcleod gave an example of a fourth-order symmetric ordinary differen-
tial equation, whose positive and negative defect indices are different [6]. Kogan and
Rofe-Beketov discussed the positive and negative defect indices of Equation (1.6), and
showed that the positive and negative defect indices may differ an integer [7,8].

For the discrete case, Atkinson first studied the number of linearly independent
square summable solutions of second-order symmetric linear difference equations with
real coefficients [9]. Subsequently, his study was further developed (cf. [10-13]). Sun
studied the number of linearly independent square summable solutions of second-

order symmetric difference equations with complex coefficients [14]. It has been
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shown that the positive and negative defect indices of second-order symmetric differ-
ence equations with complex coefficients are still equal; that is (d,, d.) = (1, 1) or
(2, 2). The positive and negative defect indices of singular symmetric linear difference
equation with real coefficients:

D (=1YN (p(0) V(1) = aw(t)y(1), teZ, (1.7)

j=0

has been discussed in [15]. Since the coefficients of (1.7) are all real, it can be easily
verified that d, = d_ := d. It has been shown in [15] that n < d < 2#x, and all values in
this range can be realized. There are seldom results on the positive and negative defect
indices of symmetric difference equation with complex coefficients.

In the present article, we study the positive and negative defect indices of Equation
(1.1). The rest of the article is organized as follows. In Section 2, two equivalent forms
of Equation (1.1) are formulated, and some useful lemmas are stated. In Section 3, we
pay attention to the defect indices of Equation (1.1) and its equivalent forms. Theorem
3.1 and Example 3.1 show that the positive and negative defect indices of a class of
symmetric difference equations of order 2n with complex coefficients satisfies the
inequalities # < d, = d_ < 2n and all values in this range are realized. This extends the
corresponding result for symmetric difference equations with real coefficients in [15].
We point out the method used here is different from that in [15]. In addition, several
criteria of the limit point and strong limit point cases are established. Most of the
results in the present article extend the corresponding results for real coefficient equa-
tions in [15].

2 Preliminaries

This section is divided into three sections. In Section 2.1, a classification of limit cases
of Equation (1.1) is introduced. In Section 2.2, two equivalent forms of Equation (1.1)
are introduced. In Section 2.3, some sufficient and necessary conditions of limit point
case and strong limit point case of Equation (1.1) are given. Some of the results in this
section can be regarded as extensions of those in [15].

2.1 Classification of limit cases
By C denotes the set of the complex numbers, and by z and u* denote the conjugate of
z and the complex conjugate transpose of u, respectively.

We now introduce the following space:
B(T) =y = (O)=, € € D wO)f < +oo
teZ

with inner product

(1), = S w0,
tel
where the weight function w(¢) > 0 on 7. For x,y € I2(Z), x is said to be equal to y if
Il - ¥l = 0, where || - ||, := (¢, )"% In this sense, 12(Z) is a Hilbert space with the
inner product (., -),,. In the special case of w(t) = 1,2(Z) is briefly denoted by (7).
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Similarly to the scalar case, denote

L2(2) = {u = {u(t)} c ¢ ZR*(u)(t)W(t)R(u)(t) < +00

teZ

with the inner product

(u, vy = Y R*@)(OW(DR(u)(2),
teZ

where the weight function W(¢) is a 2n x 21 non-negative Hermitian matrix, R(-) is
defined by (1.5). Then L2,(Z) is a Hilbert space with the inner product ¢, -),, in the
sense that u = v if ||u - v|w = 0, where || - ||y := ((, Yw)">

As stated in the previous section, (1.1) can be converted into (1.3) by (1.2). It is evi-
dent that for any A € C, if y(¢) is a solution of (1.1), then u(¢) defined by (1.2) is a solu-
tion of (1.3) and conversely, if u(t) is a solution of (1.3), then y(¢£) = u;(¢ + 1) is a
solution of (1.1). Moreover, it follows from (1.2) and (1.4) that

luld, = 3R @)OWORW) = Y w@) o) = [y]2-
tel tel

By d,,(A) and Dy/()) denote the number of the linearly independent solutions of
Equation (1.1) in I2(Z) and system (1.3) in L3,(Z), respectively. Then the following
result is obtained:

Lemma 2.1. Dyw(\) = d,,(A) for any L € C.

Denote d, = d,(i) and d_ = d,,(-i). By Theorem 5.1 of [16], d, and d. are equal to the
positive and negative defect indices of the minimal operator generated by (1.1), respec-
tively. The following result is directly derived from Corollary 4.1 and Theorem 5.4 in
[16] and Lemma 2.1:

Lemma 2.2. n < d,, d_ < 2n.

Definition 2.1. Equation (1.1) is called in the (d,,d.) case at t = +co. In the case that
d. = n, Equation (1.1) is called in the limit point case at t = +oo; in the case that d. =
2n, Equation (1.1) is called in the limit circle case at t = +oo.

Lemma 2.3 [14]. For second-order symmetric difference equation:

c(t+1)y(t+ 1)+ b()y(t) +c(O)y(t — 1) = aw(t)y(t), teZ, (2.1)

where c(t) is a complex-valued function and b(t) is a real-valued function, and w(t) > 0
on T, the positive and negative defect indices (d., d.) are equal to either (1, 1) or (2, 2).

2.2 Two equivalent forms of Equation (1.1)
In this section, we formulate two equivalent forms of (1.1).

For convenience, we first introduce the following useful formulae:

k .
ARy() = Viy(t+ k) = > (=) TCy(t +j), (2.2)
j=0
k .
A*(y(0)z(1)) = > CATy(1) A Tz(1 + ), (2.3)
j=0

where C],; =k!/(j!(k — j)!) is the binomial coefficient.
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First, by using (2.2) and (2.3), Equation (1.1) can be rewritten as

n

D (Pt +5) +iQi(t +)) y(t +) + Po(t)y(t) + D (Pi(1) — iQi(1))y(t — )
= = (2.24)

=xw(t)y(t), tel,

where
n s—j .
P0) = (-1y Y. T p(e 4 k), 1<j<n,
s=j k=0
Po(t) = Y Y CrCTFpi(t + k), (2.5)
s=0 k=0
Q(t) = (1" Y Can(r), 1<j=n,
k=]
or

pn(t) = (_1)npn(t)/

s—j
() = (—1YP() = Y. Y T p(t+k), 0<jsn—1,

s=j+1 k=0

(2.6)
an(t) = (—1)""Qu(0),

G(t) = (17" Q) = Y. Ca(r), 1<j=n—1.
k=j+1

Equation (2.4) is a equivalent form of Equation (1.1). In addition, it is evident that
Equation (2.1) is a special case of Equation (2.4) with n = 1.
Second, setting

y(1) = w2 (0)x(1), =0, (2.7)

and multiplying w/*(¢) on the both side of (2.4) we get

3 (f)j(t ) +iQ(t + j)) x(t+5) + Po(Dx(t) + 3 (f)j(t) - in(t)) x(t — ) o8
j=1 j=1 .
=x(t), t=>mn,
where
Pi(t) = P(w P ()w (e —j), 0<j<n,
, (2.9)
Qi) = Qyw P(yw Pt —j), 1<j=<n
Further, (2.8) can be rewritten as
> (N (FOVED) +i Y[ (D AR @(0)x(0) + G0 V()|
p p (2.10)

=xx(t), t=mn,

Page 5 of 13
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where p;(t) and j(t) are determined by (2.6) with Py(¢), p(t), Q{t), and g(¢) replaced
by Pi(t), ps(t), Qj(t) and §y(t), respectively. It is evident that p;(t), 0 < j < n, and Gy(t), 1
< k < n, are all real-valued, and p2(t) + G2(t) # 0 for all £ > n.

Equation (2.10) is an another equivalent form of Equation (1.1). It is evident that for

1/2

any L € C, y(¢2) is a solution of Equation (1.1) if and only if x(¢) = w™'=(£)y(¢) is a solu-

tion of Equation (2.10). Moreover, it follows that
+00 )
> w()|y(1)]” < +oo
1=0

if and only if

+00

Z |x(t)|2 < +00.

t=n

By d(L) denotes the numbers of the linearly independent solutions of Equation (2.10)
in (7). Then we have that

d(x) =dw(r), VreC.
This means that Equation (1.1) has the same positive and negative defect indices as

those of Equation (2.10).

2.3 Sufficient and necessary conditions of limit point case and strong limit point case
The natural difference operator corresponding to Equation (1.1) is defined by

LU = Y (1A (Vi) +i Y [(-D) A% @(0y(0) + a0 V()]
j=0 k=1

and the bilinear form [, -] associated with (1.1) is defined by

eyl = (Z (1) A (0 V5(0) + igu(7(0)) | | A x(e - )

=1\ ke

=D A=) (Z (=17 [ (0 V"5(0) - iqk“)x(”)]) |
j=1 k=j

Then, it follows from [16, Lemma 2.2] that for any x(¢) and y(¢) defined in {t};2°, we
have

> [0 - o] - kol (2.11)
=0
Denote

D:={yell(T):w Ly e 2(T)},

which is the domain of the maximal operator corresponding to operator £. It yields
from (2.11) that lim, ,,.[% y](f) = ¢ for any x,y € D, where c is a finite constant. The
following lemma is a direct consequence of [16, Theorem 6.15].
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Lemma 2.4. Equation (1.1) is in Lp.c. at t = +o if and only if for all x,y € D,

tgrgo[x, yl(t) = 0. (2.12)

Following the concept of the strong limit point case for singular discrete Hamilto-
nian system given in [17], we give the following concept:

Definition 2.2. Equation (1.1) is said to be in the strong limit point case (s.l.p.c.) at t
= +oo if for all x,y € D,

n

,EE%OX”:NAT’U_D (Z (1) T Ak [Pk(t)VkX(t) - iqk(t)X(t)]) =0.
j=1

=

For convenience, denote

=1 =

S(r)(6) =) A y(t ) (Z (=17 [A* (p() V(1) - iqk(t)y(t))]) .

The following result is a direct consequence of Theorem 2.1 in [17].

Lemma 2.5. Equation (1.1) is in s.Lp.c. at t = +oo if and only if lim,_, .. S(y)(¢) = 0 for
all y € D.

Lemma 2.6. Assume that there exist a constant ¢ and an integer to 2 0 such that pj(t)
(1 <j < n) and po(t) - cw(t) are either non-negative for all t > to or non-positive for all t
> to. Then lim, , .. S()(t) exists, finite or infinite, for all y € D.

Proof. Using (2.2) and (2.3), we have that

ASH)(©) = Y Af(t— ) (Z (= 1) 8% [pe(0) Vi (e) - iqk(t)y(t)])

=1 =

SN 1) (Z (=) TA" () VHy(0) iqk(t)y(t)])

-1 kej

= Y Vi) (Z (=) ak [0 7'y(0) - iqk(t)y(t)])

j=1 k=i

j=0 k=j+1

n—1 n
- > Vi (Z (=1 A [pu0) V() - iqk(t)y(t)])

= YOIV + 7O o (O¥(0) — (Lr)(©)

j=1

=Y pOV©] - 7L .

=0
Summing up above relation from ¢, to m, we get

S()(m+1) = S()(to) + ¢ Y_ w(®)y(t)|* = Y F(O(LY)(®)

t=ty t=tp

3 (po(6) — aw(®) [y + >3m0 V(o).

t=to j=1 t=to

(2.13)

Page 7 of 13
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For any y € D, it follows from Cauchy’s inequality that the second and third items on
the right side of (2.13) converge. Since p;(f) (1 < j < n) and po(t)-cw(t) are either non-
negative for all ¢ > ¢, or non-positive for all ¢ > £, the last two items on the right side
of (2.13) are monotonic. Therefore, lim, ,,.. S(y)(¢) exists, finite or infinite. The proof
is complete.

Remark 2.1. Note that the assertion of Lemma 2.6 in the present article are the
same that of [15, Lemma 2.7]. Moreover, we point out that none conditions of Lemma
2.6 impose a restriction on g;(t), 1 <j < n.

3 Main results

In this section, several results on the positive and negative defect indices of Equation
(1.1) and its equivalent forms; that is, (2.4) and (2.10), are given. It is first shown that
for a class of symmetric difference equations in form of (2.4), the positive and negative
defect indices are equal; that is n < d, = d_ < 2n, and all values in this range are rea-
lized. Next, several sufficient conditions of the limit point case for Equations (2.10)
and (1.1) are given. Finally, two criteria of the strong limit point case for Equations
(2.10) and (1.1) are established.

3.1 The range of the positive and negative defect indices
In this section, we consider a special case of Equation (2.4):

P(t+n)y(t+n) + P(y(t —n) = aw()y(t), teZ, (3.1)

where P(t) is a complex-valued function, and w(f) > 0 in 7.

Theorem 3.1. The positive and negative defect indices d. of Equation (3.1) satisfy
that n < d, = d. < 2n, and all the values in this range are realized.

Proof. We only prove the assertion holds for n = 2, and the other cases can be
shown similarly.

In the case that n = 2, Equation (3.1) can be written as

P(t+2)y(t+2) + P(t)y(t — 2) = aw(t)y(t), tel. (3.2)

It can be divided into the following two second order symmetric difference equa-

tions:
Qi(t+ 1)x(t+1) + Qi(t)x(t — 1) = awy (£)x(t), teZ, (3.3)
Qa(t+ 1)z(t+ 1) + Qa(t)z(t — 1) = awa (D)z(t), teZ, (3.4)
where

Qi(t) = P(21),  wi (1) = w(2t),  x(t) = y(20),
Qa(t) =P(2t+1), wa(t)=w(2t+1), z(t)=p(2t+1).

For any given A € C, let x(¢) be a solution of Equation (3.3) and z(¢) be a solution of
Equation (3.4). Denote

o [ x(k), £ = 2E,
y(t)‘{o, t=2k+1,

0, t=2k

= {z(k),t=2k+1, kel

Page 8 of 13
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It can be easily verified that y” and y” are two linearly independent solutions of Equa-
tion (3.2). Further, since

S w@l O =Y w0,
tel teZ
S w@ly' O] = > wa(0)]z(0)],
teZ teZ

It follows that y’ € I2(Z) if and only if x € I, (Z), and y” € I2(Z) if and only if
z €l (I). By d., d. and d{ denote the positive and negative defect indices of Equa-
tions (3.2), (3.3), and (3.4), respectively. Then it follows that

de =d, +d}. (3.5)
On the other hand, one has by Lemma 2.3 that

1<d =d <2, 1<d/ =d"<2 (3.6)
and all the values in this range can be realized. Inserting (3.6) into (3.5), one has that

2<d,=d <4.

and all the values in this range can be realized.

For the general Equation (3.1), we can write it into # second-order symmetric differ-
ence equations with complex-valued coefficients. The positive and negative defect
indices are equal to the sum of those of the # second-order symmetric difference equa-
tions, respectively. Then by Lemma 2.3 one can prove the assertion in Theorem 3.1.
The proof is complete.

Example 3.1. Let w{(¢£) = 1 for t € Z. It has been shown in [14] that for Equation
(3.3), if Q1(t) = 1 for t € Z, then Equation (3.3) is in the limit point case at ¢ = +oo; if
Qi(t) = -4t + 4% for t € T, then Equation (3.3) is in the limit circle case at ¢ = +oo,
Thus, if

P(t)=1, tel,
then the positive and negative defect indices of Equation (3.2) are (2, 2); if

1, t =2k
P(t) = {—4k+4ki,t=2k+1,

then the positive and negative defect indices of Equation (3.2) are (3, 3); if

—4k 4 4ki, ¢ = 2k;
P(t) = ,
() {—4k+4kl,t= 2k +1,

then the positive and negative defect indices of Equation (3.2) are (4, 4). This exam-
ple shows that the positive and negative defect indices of Equation (3.1) satisfies the
inequality n < d, = d_ < 2n and all values in this range are realized.

3.2 Criteria of the limit point and the strong limit point cases
In this section, we give some sufficient conditions for the limit point case and the
strong limit point case.

First, we consider the criteria of the limit point case. Similarly to the notations in
Section 2, we introduce the following notations for Equation (2.10):

Page 9 of 13
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Li()(0) = Y (1 (i) Vy(©))

j=0

+i Z (=1 A% (@ 0y) + a0 V()]

borlhi(©) =Y ( (=) [a% (b)) 7"5(0) + zak(tw(t))]) N )

=1 \ ks

=2 M=) (Z (=1 [ A5 (pu(0) V"x(0) - iak(t)x(t))]) ,

=1 =

Si0)(0) = Y AT - ) (Z (1) [A" (B0 V() - zak(r)y(t))]) :

=1 k=i
Dy = [y e B(T): Ly € B(T)}.

Theorem 3.2. Assume that there exist a non-negative function o(t) defined on T, a
constant M > 0 and an integer to > 0 such that

Z O’(t) = 400, (3.7)
teZ
o (t) ‘Alﬁj(t)‘ <M, o(t) )Alﬁj(t)‘ <M, t=>to, (3.8)

forall1 <j<nand0<1[<j-1 Then Equation (2.10) is in Lp.c. at t = +oo.

Proof. First, we mention that the main idea of the proof is the same as that of [15,
Theorem 3.3]. By Lemma 2.4, it suffices to show lim, ,,.[x, y]1(¢) = O for all x,y € D1.
By the discussion before Lemma 2.4, lim, ,,..[x y]1(¢) exists, finite, for all x,y € D;.
Suppose that there exist x,y € D; such that lim,, ..[x, y]1(f) = ¢ # 0. Then there exists
To = to such that |[x, y]1(£)| = |¢]|/2 > O for all ¢ > T,. It follows from condition (3.7)

that
D o |lxyl(0)] =D o(r) = +oo. (3.9)
t=Tp t=T,

On the other hand, we have from (2.3) that

n n k—j
[l (0] = D2 (A= )| Y0 30 Gy [A%hu(o)] [ ATy (e + s — k)|

j=1 k=j s=0
n k—j
+Z|A’ w(e-PIY S G A% ‘Ak j sy(t+s)‘
k=j s=0
n k—j
+Z|AJ =N Y G A% ‘Azk_’ 5x(t+5—k)‘
j=1 k=j s=0

2 IS zc A% | At

k=j s=0
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which, together with condition (3.8) and Cauchy’s inequality, implies that

n n k—j
o[l h O = MY Y Y Gy (2147 (e = + 28y =)

j=1 k=j s=0

+ Ak—j—s 2 ke—j—s 2
y(t+5s)| +|A x(t +s)

o syes—n)| v |a? s -1 ).
| |

Since x,y € D,

Akx| and | A*y| belong to 12(Z) for any k > 0. Hence,

+00

> o (0)][xy]4 ()] < +oo.

=Ty

This is a contradiction with (3.9). Therefore, lim; , ..[x, y]1(£) = 0 holds for all
x,y € D1. By Lemma 2.4, Equation (2.10) is in Lp.c. at £ = +oo.

Reversing the transformation from (1.1) to (2.10), we get the following result:

Theorem 3.3. Assume that there exist a non-negative function o(t) defined on T, a
constant M > 0 and an integer to > n such that o(t) satisfies condition (3.7), and

o(t) ‘Am [ps(t +k+)w P+ v)w P —j+ v)]) <M, (3.10)

a(t) ‘Ab [qs(t)w_l/z(t)uf”z(t—j)]) <M, t=>1, (3.11)

foralll1<s<n1<j<s,0<k<s-j,0<v<j-1,0sm<j-1-v,and0<bsj
- 1. Then Equation (1.1) is in Lp.c. at t = +eo.

Proof. Since Equations (1.1) and (2.10) have the same limit case at £ = +c under the
transformation (2.7), it suffices to show that conditions (3.10) and (3.11) can imply
that (3.8) holds. By the proof of Theorem 3.4 in [15], condition (3.10) implies that the
first condition in (3.8) holds. So, it remains to show that condition (3.11) can imply
that the second condition in (3.8) holds.

From (2.5), (2.6), and (2.9) we have

(1) = (1) (w2 (w2 (¢ = ), (3.12)
LI LI
() =Y Ca(w P (Ow (e —j) = Y Ca(), 1<j<n—-1.  (313)
k= k=il
When s = j = n, it follows from (3.11) that
o (1) ‘Ab [qn(t)w_l/z(t)w_l/z(t - n)]) <M, O<b<n-—1,
which together with (3.12) yields that
a(t)‘Aban(t)} <M, O<b<n-—1. (3.14)
When s = j = n - 1, it follows from (3.11) that

o (1) ‘Ab [qn,l(t)w*/z(:)w*”z(t “n+ 1)]‘ <M, 0<b<n-2 (3.15)
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When s = nand j = n - 1, (3.11) implies that
o (t) ‘Ab [qn(t)w_l/z(t)w_l/z(t Cn+ 1)]) <M, 0<b<n-2. (3.16)

Inserting (3.14)-(3.16) into (3.13) with j = n - 1, we have

n
o(t)‘Aban,l(t)‘ M| Y glv1], osb=n-2 (3.17)
k=n—1

With a similar argument one can conclude that

n n
o (1) ‘Abg,s(t)| <M (Z G+ > c;) (3.18)
k=s k=s+1

forall1 <s<mn 0<b<s-1byusing (3.13). Therefore, the conditions for g in
(3.8) hold. By Theorem 3.3, Equation (2.10) is in l.p.c. at £ = +oo, which is equivalent to
that Equation (1.1) is in Lp.c. at £ = +e. The proof is complete.

Note that if there exist a constant K > 0 and an integer Z, > 0 such that |[f(t)| < K¢
for ¢ > t,, then there exists a constant N > 0 such that |[A”'f(t + v)| < Nt for ¢t > ¢, + 1
and 0 < m, v < n. Thus the following result is a direct consequence of Theorem 3.4 by
taking o(t) = t

Corollary 3.1. If there exist a constant M > 0 and an integer to > n such that

|ps(t + k)| < Mtw' 2 (w2 (¢ — j),
|a()] < M2 (w2 (=), j =1,
foralll1<s<mn 1<j<sand0 < k<s -j, then Equation (1.1) is in Lp.c. at t = +co.

Remark 3.1. In the case that n = 1, the conditions of Theorem 3.3 are equivalent to
that of [14, Theorem 3.1]; that is

(w(t)w(t + 1)) .
= +00. (3.19)
)+ @+ 1)

1/2

In fact, the conditions of Theorem 3.3 in the case that # = 1 are

Z o(t) = +oo,

teZ
o (1) ‘Pl(t)W’l/Z(t)w*l/z(t - 1)| <M, (3.20)

o (0| (P Ow e - <M =0
If (3.19) holds, then (3.20) holds with

(w(t)w(t — 1))
NAORTHO

and M = 1. On the other hand, suppose that (3.20) holds. Then it follows from the
second and third conditions in (3.20) that

o(t) =
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(w(tyw(t — 1))/ _ (w(ow(e - 1) 40!

\/Pi"(t)w%(t) T @+ @] T o2Mm’ (3.21)

which, together with the first condition in (3.20), implies that (3.19) holds.

At the end of this section, two criteria of the strong limit point case for Equations
(2.10) and (1.1) are established, respectively.

Theorem 3.4. If p;, 0 <j < n, and Gi(t), 1 < k < n, satisfy all the conditions in Theo-
rem 3.2 and Lemma 2.6, then Equation (2.10) is in s.Lp.c. at t = +oo.

Proof. Since g;(t), 0 < j < n, satisfy the conditions in Lemma 2.6, lim,_, .. Si(y) (¢)
exists, finite or infinite, for all y € D;. With a similar argument to that used in the
proof of Theorem 3.2, it follows that lim, ,,.. S;(y)(t) = 0 for all y € D;. By Lemma 2.5,
(2.10) is in s.lp.c. at £ = +e. The proof is complete.

Theorem 3.5. If p(t), 0 < j < n, qi(t), 1 < k < n, and w(t) satisfy all the conditions in
Theorem 3.3 and Lemma 2.6, then Equation (1.1) is in s.l.p.c. at t = +oo.
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