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Abstract

As the foundation of double integral, we propose a triangular integral, which is an
antisymmetric double integral by single limit of double dependent sums of
triangularly divided areas. Extending integrand from scalar function to tensor one, we
derive the curl theorem based on this triangular double integral. It is derived by
substituting the total differentials in the transformation lemma, which is based on
this triangular double integral. We may thus infer that this triangular integral is the
inverse operation of the total differential.

1 Introduction
The variational principle of the 2D theory is conventionally given as

5/‘/;)£dxdy= 0, (1.1)

where the integrand £ = L(X, Y, X, X,, Y, Y,) is a scalar functional and D is a

. X oX Yy Yy
domain. Here, X = X(x, y), Y = Y(», y), X, = ax'Xy = oy’ Y, = oy andY, = By
The double integral in (1.1) is conventionally defined as

n k
Ldxdy = li li L(xi, 7)) Axi Ay, 1.2
J1, ey = im 3 i 5 sy a2

where Ax; = x; - x,.; and Ay; = y; - y;.1. According to the conventional method of the
perpendicularly combined form of the Riemann and the Lebesgue integrals [1,2], the
area of double integral demands double limits at infinities, k — e and n — oo, of dou-
ble independent sums, j = 1,2, ..., kand i = 1,2, . . ., n, of rectangularly divided areas
as shown in (1.2). Based on this definition of the conventional rectangular double inte-
gral (1.2), the curl theorem on the 2D plane is formulated as

ﬁD(de Ydy) = //D (3; - z)y() dxdy, (13)

where 9D is an integral path.

Meanwhile, the total differential is widely used even in the exterior derivative [3].
However, it is not known how to derive the curl theorem (1.3) by substituting the total
differentials in an integral formula based on the conventional rectangular double integral
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method. Extending integrand from scalar function to tensor one, we may derive the curl
theorem by substituting the total differentials in an integral formula. It depends on how
to define a new kind of double integral. We extend the variational principle (1.1) to

) / f Lopdx®dx'? = 0, (1.4)
D

where the integrand L,g = Log(X,, X,,,) is a tensor functional and indices are
X

summed over ¢, 8 = 1, 2. Here, X, = X,,(x’l) and X, , = 88 5(&, u, v=1,2). A new
X

type of double integral in (1.4) is defined as

n k
/ /D Lapdt“dy” = lim 33" Lo ((x*)k,j) A A (), (1.5)
k

=1 j=1

where A(x%) = (x)r - %1, A(xﬁ)/ = (xﬁ),- - (xﬁ)j,l and indices are summed over o, =
1,2. It makes possible to introduce a new kind of triangular double integral by the fol-
lowing two properties:

1. replacing rectangular area by triangular one;
2. replacing double limits of independent double sums by single limit of dependent
double sums.

We propose an antisymmetric triangular double integral. It demands only single limit at
infinity # — oo of double dependent sums, j =1,2,...,kand k=1,2,..., n, of triangu-
larly divided areas as shown in Definition 1. We succeed to define a new kind of triangular
integral method, which may derive the curl theorem by substituting the total differentials
in an integral formula. In this article, we formulate the curl theorem based on a new kind
of integral formula (1.5). We name it as the curl theorem of a triangular integral on the
2D plane as shown in the main theorem (4.6). In detail, we derive (4.1) by substituting the
total differentials (4.3) and (4.4) in (4.2). The curl theorem of a triangular integral on the
2D plane (4.6) is finally derived from (4.1) and (4.5) under the condition of a closed curve
(4.8). We may thus infer that this triangular integral is the inverse operation of the total
differential.

There are three advantages of this theory. One is the conceptual coherence despite of its
complicated procedure of calculation in the derivation of the curl theorem (see Section
4.1). Another one is that this theory is applicable for finite element method in the case of
1 <n < oo (see (2.12) and (2.18)). The other one is applicability to the integral in the varia-
tional principle of multiple variables in the case that the integrand is extended to tensor
(see (1.4) and (1.5)).

This article is structured as follows. In Section 2, a triangularly divided area is intro-
duced. This triangular double integral is defined by single limit of double sums of triangu-
larly divided areas. In Section 3, the combination and the transformation lemmata are
derived. In Section 4, the curl theorem on the 2D plane is derived by substituting the total
differentials in the transformation lemma. In Section 5, the curl theorems of a triangular
integral in the 3D space and the 4D hyper-space are presented.



Tokunaga Advances in Difference Equations 2012, 2012:23
http://www.advancesindifferenceequations.com/content/2012/1/23

2 Single limit of double sums
A triangular integral as the foundation of double integral is proposed in Section 2.1

and its example is shown in Section 2.2.

2.1 Sum of triangular areas
The sum of triangular areas is introduced as follows.

First of all, the respective triangular area is introduced. Let flx, y) = 0 be a piecewise
smooth curve of equation on the xy-plane, expressed in terms of the Cartesian coordi-
nates (x, y) € R> Assume there are two fixed points of A(x,, ) and B(xg, yg). Sup-
pose there is a sequence of points {Pr(x, yx) | k=0, 1,2,..., n} on fix, y) = 0, where
the initial and the terminal points are respectively Py (xo, y0) = A(xa, y4) and P,(x,, ¥,)
= B(xp, yg). The respective triangular area AS; (k = 1, 2, . . ., n), which is surrounded
by three vertices of O(0, 0), Pr.1(%xx.1, Yx-1) and Pi(xs yx), is introduced as in Figure 1 by

1
ASk = ) (xkyk—l — }/kxk—l) (k =1,2,..., Tl). (2~1)

The increments of x; and y;, i.e., Axg and Ayy, are respectively denoted as

AXy, = X — Xp—1 (k=1,2,...,n), (2.2)

AykEyk—yk,l (k= 1,2,...,1’[). (2.3)

Substituting Ax; and Ay, in AS; of (2.1), it is modified to be

1
ASk =, (b —xeAye)  (k=1,2,...,n). (2.4)
¥y
 ~t Polx0.y0)
" Py(x1.31)
M
Yi-1 / Py (X1, ¥5-1)

1
\ ASy = S (X Vi1 — Vi Xe-1)

" b, Pr(xe, k)
Ynt Py 1(Xp-1.¥n-1)
Yn / Py(xn¥n)
|
flxy =0

\ X
Xo Xk Xn-1 Xn

Figure 1 Sum of triangularly divided areas. The respective triangular area AS,, which is surrounded by
three vertices of O(0, 0), Py (X1, Vir) and Pulxe Vi), is introduced as

1
ASp = 2 (xk)’k—l - }’kxk—l) (k=1,2,..,n).
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Next, we introduce triangular sum S, (n = 1, 2, 3, .. .) as a sum of #n triangular

areas ASy, i.e.,
n
Su=)_ AS (2.5)
k=1
Substituting (2.4) in (2.5), it is modified to be

1 n
Sn = 5 Z (YkAxk - xkA)/k)~ (2.6)
k=1
Furthermore, the sum of triangular areas is modified to be the sum of a triangular
area and double sums as follows. Using the notations of Axy in (2.2) and Ay, in (2.3),
xr and y are respectively expressed as

k

xk=xO+Zij (k=1,2,...,n), (2.7)
j=1
k

ye=yo+ Y Ay (k=1,2,...,n). (2.8)
j=1

Substituting (2.7) and (2.8) in (2.6), it is finally modified to be

n

k
1 1
Sn=, ; s (AxeAy; — Ayedx;) + 5 (xBYA = yBXA). (2.9)
= J=

The cases of n = 1, 2, 3 and n — = of

n

k
(AxpAy; — AypAx;) (2.10)
j=1

1
2 k=1

-

in (2.9) are shown in the following. Let the coordinates of point Q be (x,, yo).
1. In the case of n = 1, i.e., for two points of Py(xq, yo) and Py(x1, ¥1) = P,(x,, ¥,), it
holds

k

M-

1
) (AxpAy; — AypAx;) = 0. (2.11)
1

=
I

1 j=

2. In the case of n = 2, i.e., for three points of Py(xo, ¥0), P1(x1, y1) and Py(xy, y2) = P,
(%,» ¥n), as shown in Figure 2, the area of PyPP; is

k
1
Z (AxpAy; — Ay Ax;) = 5 (Ax; Ayr — Ay, Axy). (2.12)
1 j=1

M~

1
2

=
I

Introducing R, as the area of triangle P,QP,, we obtain

Roo = ;(xz —x0) (Yo —¥2)
(2.13)

1
= —2(AX1 + AJQ)(A)/l + A)Q)

Page 4 of 22
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e N
y
T ~ Po(x0.¥0) Ol va)
Ry
o>
hg! -
Py
Raa
Yn Py(Xn,¥n)
/ fx=0
0 Xo x Xn \ !
Figure 2 Triangularly divided areas in the case of n = 2. The area of triangle PoP;P; is
02 =Ry0 —Ry1 — Rz
1
= 5 (Ax;_ Ayl — Ay;)_ Axl) .

Introducing R, as the area of triangle PyP;Q, we obtain

1
Ry1 = 2(x2 —x0) (Yo — 11)

(2.14)
1
= —2 (Ax1 + Ax;_)Ayl
Introducing R, , as the area of triangle P,P,Q, we obtain
1
Rys = 2(962 —x1)(Yo —y2)
1 (2.15)
= —2AXQ(A)/1 + A)/z)
We introduce 0, as the area of triangle PoP;P, as
02 =Ry0 — Ro1 — Rz, (2.16)
Substituting (2.13), (2.14) and (2.15) in (2.16), it is modified to be
1
o) = 2(AX2A)/1 — A}QAX]) (217)

We thus see the coincidence of (2.12) and (2.17).
3. In the case of n = 3, i.e., for four points of Py(xo, yo), P1(x1, y1), Pa(%s, y2) and Ps
(%3, ¥3) = P,(x,, ¥,,), as shown in Figure 3, the area of PyP,P,P; is

k

3
1 1 1 1
2 ;];Zl (Ax Ay — AprAx) = Z(szAh — ApAxy) + 2(AX3A)’1 — AysAxr) + Z(Asth —ApsAxy). (2.18)
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e N
y
T ~ Po(x0.¥0) Ol va)
Rs,
bl
Py
R3)
a3
y2 Py Rss
Yn Py(Xn,¥n)
// fxy =0
X
0 Xo X X2 Xn \
Figure 3 Triangularly divided areas in the case of n = 3. The area of PoP1P,P; is
03=R30—Rs1 —Rs2—Rs3
1 1 1
=, (Ax2Ayy — Ayr Axy) + ) (Ax3Ay; — AysAxy) + ) (Ax3Ay, — AysAxy).

Introducing Rs, as the area of triangle PoQP,, we obtain

1
Rso = 2(x3 —x0)(yo — ¥3)
1 (2.19)
= —2(Ax1 + sz + AX3)(A}/1 + A}/z + A}/3)
Introducing R3; as the area of triangle PyP;Q, we obtain
1
Ry = 2(363 —x0)(yo — 1)
) (2.20)
= —2(Ax1 + Axy + Axz)Ays.
Introducing Rs, as the area of triangle P;P,Q, we obtain
1 1 1
Rsz = (x3 —x1)(yo —y2) — 2(x3 —x1)(yo —y1) — 2(362 —x1)(y1 —y2) — 2(x3 —x2)(yo — 12)
1 1 ) (2.21)
= —zszAyl — 2Ax2Ay2 — 2Ax3Ay2.
Introducing Rj 3 as the area of triangle P,P3Q, we obtain
1
R33 = 2(9C3 —x2)(vo — ¥3)
(2.22)

1
—zAxg,(Ayl + A)/Z + A)/_v,)

We introduce o3 as the area of PyP,P,P5 as

03 =R30—R31—R32 —R33. (2.23)
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Substituting (2.19), (2.20), (2.21) and (2.22) in (2.23), it is modified to be
1 1 1
03 = 2(AX2AY1 — Ay Axy) + 2(Ax3Ay1 — AysAxy) + 2(Ax3Ay2 — AyzAxy).  (2.24)

We thus see the coincidence of (2.18) and (2.24).
4. In the case of n — oo, i.e., for a segment of AB and a piecewise smooth curve of

equation f{x, y) = 0, as shown in Figure 4, the area o surrounded by the segment and
the curve is

n

k
o=, }Lrgo 1 21: AxpAy; — Ay Ax)). (2.25)
K1 e

Definition 1. (Definition of a triangular integral) The triangular double integral of
f I [AB] (dxdy — dydx’) is defined in the case of a piecewise smooth curve of equa-

fley)=0

tion flx, y) = 0 by the formula,

[A,B] n k
(dxdy —dydx') = ! lim (Ax,Ay; — AypAx)), (2.26)
2 f /f(x,y)<o 2 =000 ]Z;

<

¥

~ A (xa.ya)

ya
% im 3 i AxkA)j Av‘.ij)
=] f=1

1
(B YA -8 xa)

e B (x5.78)
flx,y) =
X
0 Xa Xg \

Figure 4 Single limit at infinity n — o of double sums of triangularly divided areas. The area
surrounded by fx, y) = 0 and AB is

11m ZZ AxpAyj — Aykij)

2n—>oo
k=1 j=1

[4.5]
// (dxdy’ — dydx)).
flxy)=0

1
The area of the triangle OAB is ) (x8ya — yBXA)-

Page 7 of 22
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where dx’ and dy’ respectively correspond to increments of Ax; and Ay;, while dx and
dy respectively correspond to those of Ax; and Ay;.

Suppose S is the limit of S, at infinity n — o, i.e,,

S=lim S,. (2.27)

n—oo

Theorem 1. The area S of OAB surrounded by OA, OB and the graph of a piecewise

smooth curve of equation f (x, y) = 0 is expressed as

1 (48] / / 1

S= / / (dxdy’ —dydx') + _ (xsya — yBXa), (2.28)
2J Jrwp=o 2

where O(0,0), A(xA1 yA): B(xBr yB)’f(xAr yA) =0 (H’ldf(xB; yB) =0.

Proof. As n — oo in (2.9), we obtain S as

k

1. < 1

S = ) nli)rglo kX} 21: (Axkij - Aykij) + 5 (xByA — ¥BXA) (2.29)
=1 j=

as shown in Figure 4. Q.E.D.

Remark. The antisymmetric double integral here introduced demands only single

limit of double sums of triangularly divided areas.

2.2 Two kinds of solutions of an example of a parabola
An example that the integrand is constant is shown in Example 1. An example that the
integrand is not constant is shown in Section 4.2. Two kinds of solutions of the pro-
blem of a parabola are shown in the following. The first and the second solutions are
respectively given by the arithmetic and the geometric sequences.

Example 1. An area surrounded by a parabola of

= -2 49 (2.30)

and a segment of AR, where A(xa, y4) = (1,8) and B(xp, yg) = (2,5).
1. Integration by the arithmetic sequence (The first kind of solution)

The arithmetic sequences x; and x; are respectively

xi=1+ jl (i=0,1,2,..k), (2.31)

k
se=1+  (k=0,1,2,.,n). (2.32)

Using (2.2), the increments of the arithmetic sequences x; and xy, i.e., Ax = Ax; =
Axy, are

Ax= . (2.33)
n

Substituting (2.30) in (2.3), the increments of the arithmetic sequences y; and yy, i.e.,

Ay; and Ayy, are respectively

Page 8 of 22
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2 2j—1 ,
Ayj=— — =0,1,2,...,k), 2.34
R ) (234
2 2k-1
Ayp=— — k=0,1,2,...,n). 2.35
ne=— = ) (235)

Thus, the antisymmetric double increment of the arithmetic sequence (2.31) and

(2.32) is
1 k—j .
2(Axkij — AprAx;) = o (G=1,2....k),(k=1,2,...,n). (2.36)
The double dependent sums of (2.36) for j = 1,2,...,kand k= 1,2,..., nis
1 n k 1 n k
5 > (AxeAy — AppAx)) = s D3 (k—9)
k=1 j=1 k=1 j=1 (2.37)

R
"6 n2)’

As n — o in (2.37), we obtain

1 LA 1 1
lim Z Z (Axkij — AykAx]-) = lim (1 - )

— — 2
2T e N (2.38)
1
= o
2. Integration by the geometric sequence (The second kind of solution)
The geometric sequences x; and x; are respectively
j
x=2n  (j=0,1,2,...,k), (2.39)
k
xp=2n (k=0,1,2,...,n). (2.40)

The increments of the geometric sequences x;, x5 y; and yy, i.e., Ax;, Axy, Ay; and
Ay, are respectively

ij=2i(1—2"11) (G=01,2,...,k), (2.41)
Ayj= 23{ <23! - 1) (G=0,1,2,....k), (2.42)
Axk=2ﬁ(1—2’i) (k=0,1,2,...,n), (2.43)
Ay;z=22nk(2‘i -1) (k=0,1,2,...,n). (2.44)

Thus, the antisymmetric double increment of the geometric sequence (2.39) and
(2.40) is

Page 9 of 22
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1 2 ko 2j 2k j
;(Axkij—Aykij) = ; (1 —2*»1) (fn - 1) (2n2n -2 n12n> (=12..k(k=12..n). (2.45)

The double dependent sums of (2.45) forj =1,2,...,kand k=1,2,...,nis

k n k . .
1 1 2 ko 2j 2k j
> (AxeAy = ApAx) = > (1 -2 n) (2 n— 1) (2n2n —2n Zn). (2.46)

k=1 j=1

n

1
2 °
ke

:]]

As 1 — o in (2.46), we obtain

k=1 j=1 100 1

1
6

- nok 1 n k 1 2 k2 2k
2,}L‘EIOZZ(M"A”_AWM)=2 lim ZZ(l—z n) (2 n —1) <2n2n —2n2n> .47)

3 The combination lemma and the transformation lemma
The combination lemma is shown in Section 3.1 and the transformation lemma is
shown in Section 3.2.

Let y = flx) be a differentiable function on the xy-plane. Assume there are two fixed
points of A = (xa, y4) and B = (xp, yp) on y = flx), where y5 = fixa) and yg = flxg). An
ordinary integral is denoted in accordance with the notation of double integral denoted
in Definition 1. New notation for an ordinary integral of y = flx) in x € [x,, xp] is

[A,B] XB
/ ydx = / f(x)dx. (3.1)
v=f(x) XA

3.1 The combination lemma on the 2D plane

The combination lemma shows that the sum of an integral along x-axis and that along

y-axis between [A, B] is equal to the subtraction of two rectangles, xgyz and x4y4.
Lemma 1. (The combination lemma) Assume y = fix) is a differentiable function on

the xy-plane, and x = f'(y) is also a differentiable one, where f" is the inverse function

of . Between A(xa, ya) = (X0, ¥o) and B(xg, y8) = (%, ¥,), it holds

[A.B] [A.B]
f ydx + / xdy = xpyp — XaYA, (3.2)
y=f(x) x=f=(y)

where y5 = flxa) and yg = flxg).
We name (3.2) as the combination lemma.

Proof. 1t is divided into the following cases.

1. For a monotonically increasing function y = fix) in x € [xa, 4] or x = f'(y) in y €
[¥a, ¥8], it is indicated that the first term of the left-hand side of (3.2) is an integral of
y = fix) along x-axis i.e.,

[A,B] n
/ ydx = lim ZykAxk (3.3)
¥ k=1

~f(x) o0 47

and the second term of the left-hand side of (3.2) is an integral of x = f'(y) along y-

axis, i.e.,

Page 10 of 22
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/[A/B] 2”:
xdy = lim X Ay, (3.4)
x=f~1(y) [

as shown in Figure 5.
2. For a monotonically decreasing function y = flx) in x € [xa, xg) or x = f'(y) in y €
[¥B, ¥al, it holds

[B.A] [A,B]
/ xdy — xa (YA - YB) = / ydx — yp (xg — xa) (3.5)
x=f1(y) y=f )

as shown in Figure 6. We thus obtain (3.2). Q.E.D.

3.2 The transformation lemma on the 2D plane
The transformation lemma transforms an integrand to the second integral variable. It
transforms a single integral to an antisymmetric double integral of which integrand is
constant.

Proposition 1. (Integral along x-axis) For a piecewise smooth curve of equation flx, y)
= 0, it holds

¥
(xB,¥8)
B B
[AB] n E——
— xdy=lim » x Ay
‘ [ Y= Jim ; —
Ay ——

=f(x) n—oo

A
a (xa,¥a) /‘
A

0 x .

k= X
Axp B

Figure 5 Two kinds of integrals for a monotonically increasing function. An integral along x-axis is

[4,B] n
/ ydx = lim ZykAxk
y=f(x) G

and that along y-axis is

[4,B] n
/x xdy = nll)rglo ;xkAyk.

=f~1()
It holds
[A,B] [A,B]
/ ydx+/ xdy = Xpyp — XAYA,
y=f(x) x=f~1(y)

where ya = fixa) and yg = fixg).

Page 11 of 22
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A(xa.¥a)

L~

A}"kld\

:E
2

L plBA] Z I N
— xdy=-li Xp Ay
=

il

|A.B] n - B(xg.¥ys)
Vs J ydx=lim » y:Ax;
y=F(x)

n—eo

x
0 Xa (A_.'Tk XB

Figure 6 Two kinds of integrals for a monotonically decreasing function. An integral along x-axis is

[A.B] n
/ ydx = lim ZykAxk
Y k=1

=f(x) n—oo -

and that along y-axis is

[B.A] n
/x xdy = _nlg]go kX_;xkAyk.

=f~1(y)
It holds
[BA] [A,B]
/ xdy—xA(yA—yB)=/ ydx — yp(xp — xa),
x=f~1(y) y=f()
where ya = fixa) and yg = fixg).
[A,B] [A,B]
/ ydx = / / dxdy + xpya — XaYa- (3.6)
f(xy)=0 f(xy)=0

Proof. Substituting (2.8) into (3.3), it is modified to be

k

[A,B] n
f ydx = lim Z Z AyjAxp + YA (xB — XA). (3.7)
f(xy)=0 T =

Q.ED.

Proposition 2. (Integral along y-axis) For a piecewise smooth curve of equation fix, y) =
0, it holds

[B,A] [A,B]

/ xdy = — / / dy dx' + xaya — xaYB. (3.8)
f(xy)=0 f(xy)=<0

Proof. Substituting (2.7) into (3.4), it is modified to be

[B,A] n k
f xdy = — lim Z Z Axj Ay +xa (ya — ¥8) - (3.9)
f(xy)=0 SR
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Q.ED.
Lemma 2. (The transformation lemma) For a piecewise smooth curve of equation f(x,
y) = 0, it holds

[4,B] [A,B]
/ / / (dxdy’ — dydx’) + (xB —xa) (ya +78) - (3.10)
f(xy)= 0 f(xy)=< <0

Proof. (Combining integral along x-axis with that along y-one) Combining (3.6) with
(3.8), we obtain

[A,B] [B.A] [A,B]
/ ydx + / // (dxdy — dydx') + xgya — xays. (3.11)
f f f

(xy)=0 (xy)= 0 (xy)=0

Substituting (3.2) into (3.11), we obtain the lemma. Q.E.D.

4 The curl theorem of a triangular integral on the 2D plane

The curl theorem of the conventional rectangular integral (1.3) is modified to be that
of a new kind of triangular integral (4.6) in Section 4.1 and its example is shown in
Section 4.2.

4.1 Proof of the curl theorem on the 2D plane
We present two lemmata in the following before the proof of Theorem 2.

Lemma 3. Let X = X(x, y) be a partially differentiable function with respect to x and y.
It holds

[A,B] [A,B] / [A,B] ,
Jo s L =), - e
()= 0 f(xr)=0 f(xy)=0 (4.1)
* s (xB —xp)(Xa + X3)
for a piecewise smooth curve of equation fix, y) = 0 between A(xa, ya) and B(xp, yg),
where XA = X(xA, yB) and XB = X(xB, yB)

Proof. Rewriting the transformation lemma (3.10) for X = X(x, y) and flx, y) = 0, it is
expressed as

[A,B] [A,B] 1
/ Xdx = / / (dxdX' —dXdx')+ _(xp — xa)(Xa + Xg). (4.2)
F(xy)=0 2 J Jr@y)=o 2

Substituting two kinds of the total differentials of X, i.e., dX and dX’,

X 0X

dX = o dx + oy dy, (4.3)
X’ X’

dX' = 8x’dx/ -y dy (4.4)

in (4.2), it is modified to be (4.1). Q.E.D.
Remark. Precise modifications in the proof of Lemma 3 are shown in Appendix 1.

Lemma 4. Let Y = Y(x, y) be a partially differentiable function with respect to x and
y. It holds
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[A,B] [AB] 4 [A,B] 7
J / Jipeo Gt = imar )y [ [ (o = 5y )
Fxn)= o Fxp)=o \ 9% o f(xp)=0 (4.5)
*, ()/B —ya) (Yo + Yg)

for a piecewise smooth curve of equation fix, y) = 0 between A(xa, ya) and B(xp, yg),
where Ya = Y(xa, ya) and Yg = Y(xg, ¥p).

Proof. In the similar procedure as Lemma 3, we obtain (4.5). Q.E.D.

Theorem 2. (The curl theorem of a triangular integral on the 2D plane) Let 0D be a
piecewise smooth curve of equation fix, y) = 0 on the xy-plane, which is expressed in
terms of the Cartesian coordinates (x, y) € R>. Let D be the region inside and on oD.
Let X, = X = X(x, y) and X, = Y = Y(x, y) be partially differentiable functions with
respect to x' = x and x* = y in D. It holds

75 K = // <gfﬂ axﬂ)dx“dx’ﬂr (4.6)

where indices are summed over o, B = 1,2.
Proof. Combining (4.1) with (4.5), we obtain

[A,B] [A,B] / /
/ (Xdx + Y dy) = /f [(BX 8Y)dxd)/+(ay - 8X>dydx/]
f(xy)=0 F(xy)=0 ox ax oy
[AB] X 9x v ay
A RN
2J Jrn=o L\ 3x" 9x Iy oy
1 1
+ 2(JCB —xa)(Xa + Xg) + 2(yB —ya)(Ya + Ys).

For an integral on a closed curve, the initial point A(xs, ¥4) coincides with the term-
inal one B(xp, yp), i.e, A(xa, ya) = B(xp, yp). It then holds

:12(3(?]3 — xA)(XA +XB) + :12()/3 — }’A)(YA + YB) =0 (48)

regardless of values of X, X, Yo and Yg. We thus obtain (4.6). Q.E.D.
!

Remark. E;X and i;X/ must be rigorously distinguished as integrands. See (5.20) and
x x

U

(5.19) in detail. An inequality holds for 0x and aX, in an integral form, i.e.,

ox 0x
9 ~ AX[Ax]  AX[Ax]
//D <8 )dxdx JLI&; ]Zl ( Ax A% AxpAx; #0. (4.9)

Here, AX[Ax;] is denoted as AX[Axi] = X(xx yx)-X(%xx.1, ¥i)- See an example in (5.23).

X
However, they coincide as explicit forms of derivatives. An equality holds for 5 and
x

4

o in arbitrary derivative form, i.e.,
x

X (x, X' (x, AX | Ax;
(vy) X Coy) oy AXTAw) o AX[Ay] g (4.10)
ax ax’ Axp—>0  AXxy AG—0  Ax;

X X’ / Y oY’
Similar formulae hold for and , for o and o and for and .
dy 3y’ ax ax’ dy a3y’
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Corollary 1. In the case of which it holds

1
f Xpdx® = — //Ea,gdx“dadﬂ, (4.11)
aD 2 D

where indices are summed over o, B = 1, 2, a sufficient condition to hold (4.11) is

X, 09X,

L = b T gy

(,B=1,2). (4.12)

Proof. Using (4.6), (4.11) is modified to be

X, oX
// <ax/ﬂ i ’3) W dx'? = // Eqpdx®dx’?, (4.13)

where indices are summed over o, = 1, 2. A sufficient condition to hold (4.13) is
(4.12). Q.E.D.
Corollary 2. In the case of (4.11), we obtain an antisymmetric property of E,p as

—Eug = Ega (a, B=1,2). (4.14)
Proof. Interchanging o and f3 in (4.12), it also holds

X,  0Xj

- B=1,2). (4.15)
oxf  Oxe (@ p )

Ego =
Comparing (4. 12) with (4. 15), we obtain (4. 14). Q.E.D.

4.2 An example of the curl theorem on the 2D plane
An example of Theorem 2 is shown in Example 2. The integral path of this problem is
an ellipse of

x=acosé, (4.16)

y=>bsing. (4.17)

Definition 2. (Definition of elliptical sequence) Using (4.16) and (4.17), we may
respectively introduce elliptical sequences x; y; % and y; as

Xj = acos 6, ¥j = bsin6; (i=01,2,..,k), (4.18)

X = acos O, Vi = bsin G, (k=0,1,2,..,n). (4.19)

The increments of x; and y; in (4.18), i.e., Ax; and Ay;, of the angular arithmetic
sequence 0; are respectively

Axj=a (cos 0; — cos 9]',1) (Gj=0,1,2,..k), (4.20)

Ayj = b (sin6; — sin6;_;) (i=01,2,..k). (4.21)

The increments of x; and y in (4.19), i.e., Axg and Ayy, of the angular arithmetic
sequence 6y are respectively

Axy, = a(cos O, — cos b,_1) (k=0,1,2,..,n), (4.22)
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Ayy, = b(sin 6, — sin G,_1) (k=0,1,2,..,n). (4.23)

Example 2. We calculate both of the line integral and the area integral in the coun-
terclockwise direction. The example is the curl theorem of a triangular integral on the
2D plane in the case of X = X(x, y) = -«’y and Y = Y(x, y) = xy°, where the closed
curve is an ellipse of (4.16) and (4.17).

The arithmetic sequences of §; and 0y are respectively

2

b =j Z (j=0,1,2,..k), (4.24)
2

6 =k ; (k=0,1,2,..,n). (4.25)

The increments of 0; and 0, i.e., A = A0, = AGy, are

2
N (4.26)
n
1. Calculation by line integral

The line integral is calculated to be

O O
% (Xdx + Ydy) = ﬁz 2 (—xzydx + xyzdy)
oD 2 =1
. (4.27)
=ab(a® + b?) / sin?6 cos?6 db.
0

The integral in (4.27) is executed in the formula of

2r n
/ sin’6 cos?6 dd = lim Z sin’6), cos?6, A
0 n— 00 —

27 & 2w 2w
= lim E sin? (k )cos2 (k ) (4.28)
n—-oo n n n
T=1
R
-,

Substituting (4.28) into (4.27), we finally obtain

O
ﬁcz 2 (Xdx+Ydy) = Zab (a® + V7). (4.29)

a2 tp=l

2. Calculation by area integral

The area double integral in the region of Zi + Zi

1 o X Yy 1 o Y X
2/ﬁ1 7 (3/73 )dx’jy/Jrz/[cl P (afoa )dydx/
a2+b2§1 14 X az*}ﬂil 14
1 Y X X 1 © Yy 3y
+ //Z ) ( - )dxdx’ + // ) < - )dydy’ - "ab (a® +1%).
2 Sa\ay o 2 f Joa\ay  dy 4

Calculations of the respective terms of (4.30) are shown in Appendix 2. We hence

< 1 is calculated to be

(4.30)

conclude that Theorem 2 holds for this problem.
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Remark. 1t is very complicated to execute this triangular integral only by human’s
brain. Computer and formula manipulation software are recommended to verify these
calculations in the case of # — . This theory is also applicable for numerical calcula-
tion in the case of 1 <11 < oo,

5 The curl theorem of a triangular integral in the higher dimensions
The curl theorem of a triangular integral in the 3D space is derived in Section 5.1 and
that in the 4D hyper-space is derived in Section 5.2.

5.1 The curl theorem in the 3D space
We extend the curl theorem of a triangular integral in the 3D space. We present three
lemmata in the following before the proof of Theorem 3.

Lemma 5. Let X = X(x, y, z) be a partially differentiable function with respect to x, y
and z. It holds

[AB] 1 [ [IABl X’ aX ax’ )¢
/ Xdx = f/ ( dedy — dydd' +  dxdz — dzdx/)
p ay 0z 0z

(x,,2)=0 8(x,y,2)=0 3’ (5.1)
1 [AB] X X , 1
+ - dxdx' + _(xg — xa) (Xa + X3)
2JJ) gyzy<o \ 3% 9x 2

for a piecewise smooth curve of equation g(x, y, z) = 0 between A(xa, ya, za) and B(xg,
¥Bs 2B), where Xp = X(xa, ya, za) and Xp = X(xg, y8, z8)-

Proof. Rewriting the transformation lemma (3.10) for X = X(x, 3, z) and g(x, y, z) = 0,
it is expressed as

A,B 1 ..aB N
JH o X dx = ) JIE  o(drdX’ — dX dx') + 5 (3 = x2) (Xa + Xa). (5.2)

Substituting two kinds of the total differentials of X, i.e., dX and dX,

0X X 0X

dX = _ dx+ _ dy+ _ dz, (5.3)
ox ay 0z
X X' X'

dx’ = oy dx’ + oy dy’ + a2 dz (5.4)

in (5.2), it is modified to be (5.1). Q.E.D.
Lemma 6. Let Y = Y(x, y, z) be a partially differentiable function with respect to x, y
and z. It holds

[A.B] 1 (A8l Y’ Y Y’ i)'
/ Ydy= / / < dydd — " dxdy + _ dydd — _ dz dy/)
g 2 ax’ ax d0z/ 0z

1

(x,,2)=0 g(x,}[/;);]o oy oy . (5.5)
+ — dydy + B —¥a)(Ya +Yp
Z/fg(x,y,z)so ( ay’ 8)/) e 2 O =)t )

for a piecewise smooth curve of equation g(x, y, z) = 0 between A(xa, Ya, za) and B(xgp,
v, zp), where Ya = Y(xa, ya, za) and Yy = Y(xp, ¥B, 23)-

Proof. In the similar procedure as Lemma 5, we obtain (5.5). Q.E.D.

Lemma 7. Let Z = Z(x, y, z) be a partially differentiable function with respect to x, y
and z. It holds
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[A,B] [A,B] 57’ 97 97! 97
/ Zdz = /[ ( dzdy — dydz’ + ., dzdy — dxdz’)
8(xy,2)=0 g(xy,2)<0 ox ox

[A.B] RV Y/
+2// (8z’ 9z )d dz + (zB—zA)(ZA+ZB)

8(x,y,2)<0

(5.6)

for a piecewise smooth curve of equation g(x, y, z) = 0 between A(xa, ya, za) and B(xgp,
Vs ZB), where Zx = Z(xa, ya, 2a) and Zy = Z(xg, Y, Z8)-

Proof. In the similar procedure as Lemma 5, we obtain (5.6). Q.E.D.

Theorem 3. (The curl theorem of a triangular integral in the 3D space) Let D be a
plecewise smooth surface in the xyz-space, which is expressed in terms of the Cartesian
coordinates (x, y, z) € R>. Let 0D be the boundary of D. Let X; = X = X(%, 9, 2), Xo = ¥
=Y v, 2) and X5 = Z = Z(x, ¥, z) be partially differentiable functions with respect to
xt = x &% = y and x> = z in D. It holds

ax, X
7{ Xydx® = f/( e ﬁ)dxadxfﬁ, (5.7)
oD

where indices are summed over o, § = 1,2,3.
Proof. Combining (5.1) with (5.5) and (5.6), we obtain

[A,B]
/ (Xdx+Ydy+Zdz)
8(x,y.2)=0

1 [[laB X9y Y ax
: // [y e (o =5y J v
g(xyz)<0 ay’ ox ox’ ay

Y/ VA Y 0z X X 0z
8 dydd + 02" _ 0 dzdy + 0z"_ d dzdx' + Xt _ o dxdZ (5.8)
ay’ 0z ox’ 0z ox

(aX )d it + (BY B ay>dydy,+(az B aZ)d dz,}
By’ ay 0z 0z

1

2 (JCB — xA)(XA +XB) + ()’B — }’A)(YA + YB) + (ZB — ZA)(ZA +ZB)

for a piecewise smooth curve of equation g(x, y, z) = 0 between A(xa, ¥a, z4) and B
(xB, ¥, zB), Where X5 = X(xa, ya, za), XB = X(xB, ¥B, 28), YA = Y(xa, ¥a, 2a), Y5 = Y(xp,
Y8, 2B), Za = Z(xa, Y, z2a) and Zp = Z(xp, ¥p, zp). For an integral on a closed curve, the
initial point A(xa, ¥a, za) coincides with the terminal one B(xg, yg, zp), i.€., A(xa, YA,
za) = B(xp, yB, zp). It then holds

1 1 1
5 (xB — xA)(XA +XB) + 2 ()’B — }’A)(YA + YB) + 5 (ZB — ZA)(ZA + ZB) =0 (5.9)
regardless of the values of Xa, X3, YA, Y5, Za and Zg. We thus obtain (5.7). Q.E.D.

Corollaries 1 and 2 also hold for ¢, = 1,2,3.

5.2 The curl theorem in the 4D hyper-space
We extend the curl theorem of a triangular integral in the 4D hyper-space.

Theorem 4. (The curl theorem of a triangular integral in the 4D hyper-space) Let D
be a piecewise smooth surface in the txyz-hyper-space, which is expressed in terms of
the Cartesian coordinates (t, x, y, z) € R*. Let 0D be the boundary of D. Let Xo = T =
Tt % 9,2, X1 =X =X(t, x, 9, 2), Xo =Y =Y(t, x, 9, 2) and X3 = Z = Z(t, %, ¥, z) be
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partially differentiable functions with respect to x° = t, x' = x, x> = y and x> = z in D. It

holds
X!, 0X
% Xy dx® // ﬁ dx®dx’®, (5.10)
b

where indices are summed over o, B = 0,1,2,3.
Proof. In the 4D, it holds

[AB]
f (Tdt+Xdx+Ydy + Zdz)
hi

(t.x,y,2)=0

[AB] ’ /
=1// Gy =)o (” )W
h(txyz )<0 ay’ ox

d
Y’ >ddz’ B )
aX’ )
ax
X/
o 8x)dxdt )d dr +
T ) — )dtd’

(3
(6
1 (tB — tA)(TA + TB) + (.XB — .X'A)(XA +XB) + ;(YB — YA)(YA + YB) + ;(ZB — zA)(ZA +ZB)

(BY’

BY’

v 9z

<3T <3T _ az)dtdzi|
0z

for a piecewise smooth curve of equation /4(t, %, y, z) = 0 between A(ta, Xa, Ya, Za)
and B(t, xp, ¥, z8), where T = T(¢a, Xa, Ya> 2a), Tp = T(ts, xB, Y8, 28), Xa = X(la, xa,
Yar Za)s X = X(tg, %8, ¥B> 28), Ya = Y(Eas Xa> Yar 2a), Y = Y(tp, XB, ¥Bs 28), Za = Z(ta,
XA, YA 2a) and Zg = Z(tp, xp, ¥p, zg). For an integral on a closed curve, the initial point
A(ta, xa, ¥a, za) coincides with the terminal one B(tg, xp, ¥, 28), i.€., A(ta, XA, Yar ZA) =
B(tg, xp, yp, zp)- It then holds

;(IB—tA)(TA+TB)+ ; (JCB —XA)(XA+XB)+ ; (YB_YA)(YA+YB)+ ; (ZB_ZA)(ZA+ZB) =0 (512)

regardless of the values of T, Tg, Xa, Xp, Ya, Y5, Za and Zg. We thus obtain (5.10).
Q.ED.

Corollaries 1 and 2 also hold for o, 8 = 0 1,2,3.

Appendix 1
Using Definition 1, the first term of the right-hand side of (4.2) in the proof of Lemma

3 is expressed as

1 [A,B] 1 n k

// (dxdX' —dXdx') = _lim > > "(AxAX; — AX,Ax). (5.13)
f(xy)=0 2nmeo i

The total increments AX; and AXj in the right-hand side of (5.13) are respectively

expressed as
AX]' = X(x]-, yj) —X(x]-,l,yj,l)
_ X(x]-, yj) — X(x]-,l, yj) Ax: + X(x]-,l, yj) - X(xj,l, yjfl) Ay- (5.14)
X = X1 ’ %= ¥ :
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AXy, = X (X, Y1) — X(X—1, Vie—1)
_ X(Xrer Y1) — X (%=1, 71) Axy + X(xke—1,yi) _X(xk—l’yk—l)A
Xt — Xp—1 Yk — V-1

(5.15)

Substituting (5.14) and (5.15) in the right-hand side of (5.13), it is modified to be

n

hm ZZ(AxkAX] AXkAx,)— hm ZZ (-1, y] X (3~ I'yjfl)Axkij

k=1 j=1 k=1 j=1 — Vi1

11m ZZX(Xk 1 Vi) — X(%—1, V- I)AykAx

2 n— 00 o Vi — Vh—1
x] YJ x] 1')’1') ,
im 3 ) - Ay

k=1 j=1

hm ZZX(xk yk) — X (%1, }’k)

n—00 kR — X
k=1 j=1 k1

Each term of (5.16) is respectively expressed as

1 ABl X’ x 1,y Xi—1,Yi—1
// drdy - ,}52022 = ]__ X05111) g g

fey)=o0 Y’ o Vi1

1 [A'B] 3X X ’ _X ’
/f dydx' = hm ZZ (1. ) R I)AykAx],

feep)=o By 2ot Vi = Vi1

1w ax (x5, ¥) — X (x-1,9)
2// ,dxdx' = ,IILIEOZZ Axp AX;,

f(xy)=<0 0% 1 jo1 X — Xj-1

1 [f[ABl 5x X X(xp_1,
/ / dxdx' = hm Z Z (o) = X (@1, 7) AxpAx;.

2JJ fxp=o 9x 200 fmrim X — X1

We thus obtain (4.1) in Lemma 3.

Appendix 2

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

Substituting (4.24) in (4.20) and (4.21), substituting (4.25) in (4.22) and (4.23), the

respective terms of (4.30) are calculated as follows.
1. The first term of the left-hand side of (4.30) is

(e

2+ ox

_ 2 2 /
Z/ﬁiqﬁsl [(x) +y ]dxdy

n

1
= 721}Lm Z [(xj) +(vr) ]AxkAyJ
k=1 j=1
ab n k
—ab . 5
=, n]LngO Z (a*cos?6; + b?sin6y,) (cos O — cos B_1) (sin6; — sin6;_;)

~ 1

I
|
2
<
=
23
=
[} =
| —
S
0
o
(2]
N
~.
N
N \: S
E|
N
<
N
@,
5
N
=
N
N———"
—_

(5.21)
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2. The second term of the lefthand side of (4.30) is
1 © Yy X
2/ﬁc2 y (ax/ ) )dydx/
a2ty =1 Y
1 © N2 2
2/];§+yz<l [(y) +X ]dydx’
a2 ™ b?

n k

> [0)? + () | anay

k=1 j

1
5

I
S
=

5.22)

Il
=
j=
2B
=
—
53
N
2.
=]

N
~.
N——
+
2
o)

O

172)
N

=
N——
—_

3. The third term of the left-hand side of (4.30) is
O /
1/[22 <8X—8X>ddx’
2 ) J2. 7 \ax
112 bzf
o
, ff o (Y )y
a1+b251

n k
I}Lrg Z Z (=) + xeyre) Ay Ax;
k=1 j=1
Lo (5.23)
= a3bnli\rgc Z Z (— €0s 6 sin 6; + cos 6, sin Gk) (cos 6, — cos Oy—1) (cos 0; — cos Oj,l) :
k=1 j=1

_a3bnlggc;;[ cos( )sin <j2;>+cos (ﬁ;)sin (m:)]
e e (G C e R (G

1
=— wa’b.
2

4. The fourth term of the left-hand side of (4.30) is

Yy’ ay
dydy
// ( g 3y>yy

=// p_ (Y —)dydy
2=

n k
= lim DO Gy — x) AneAy;
k=1 j=1
n k 4
=ab’ lim Z Z cos 6 sin 6 — cos 0y, sin 6;) (sin 6, — sin 1) (sin 6; — sin 6;_1) (5.24)

n—o0
k=1 j=1

n k
3 T . 2 _ 2w\ . 2w
=ab J‘j{,‘oz E [cos( )sm (] " ) cos (k " )sm <k " )]

=1]

ot G e Gl S e e O |

1
=— mab’.
2
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