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important role in proving our results.
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1 Introduction

We consider the second-order nonlinear difference equation

Ax(n) + f(x(n)) =0, n=no, (1.1)

n(n+1)

where f(x) is a real-valued continuous function satisfying
xf(x)>0 ifx#0. 1.2)

Here the forward difference operator A is defined as Ax(#) = x(# + 1) — x(n) and A%x(n) =
A(Ax(n)).

A nontrivial solution x(x) of (1.1) is said to be oscillatory if for every positive integer N
there exists #n > N such that x(n)x(n + 1) < 0. Otherwise, it is said to be nonoscillatory,
that is, the solution x(#) is nonoscillatory if it is either eventually positive or eventually
negative.

When f(x) = Ax, equation (1.1) becomes the linear difference equation

A2x(n) + x(n) =0, (1.3)

A
n(n+1)
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which is called the Euler-Cauchy difference equation. It is known that (1.3) has the general

solution
= z - 1-z 1
I<1H<1+7>+1<2H(1+f> ifk;lz,
1 j 1 j
x(n) =, " 1 = 2 1
1+ — |{K; + K — 1 ifa=—,
H(+2j){ 3t 422k+1} ey
J=no k=n0

where K, K3, K3, Ky are arbitrary constants and z satisfies z> —z + A = 0 (for the proof, see
[1-3]). Hence, all nontrivial solutions of equation (1.3) are oscillatory if A > 1/4, and other-
wise they are nonoscillatory (see the Appendix). In other words, 1/4 is the lower bound for
all nontrivial solutions of equation (1.3) to be oscillatory. Such a number is generally called
the oscillation constant. Other results on the oscillation constant for difference equations
can be found in [4—7] and the references cited therein.

Equation (1.3) is a discrete analogue of the Euler-Cauchy differential equation

A
&'+ 5x=0. (1.4)
It is well known that an oscillation constant for equation (1.4) is also 1/4 (see [8]). The
oscillation constant for equation (1.4) plays an important role in the oscillation problem
for linear, half-linear and nonlinear differential equations. For example, those results can
be found in [8-15]. In particular, using phase plane analysis of Liénard system, Sugie and
Kita [12] considered the second-order nonlinear differential equation

X"+ tizf(x) =0, (1.5)

and gave a pair of an oscillation theorem and a nonoscillation theorem (see [12, Theo-
rems 3.1 and 4.1]). We note that their results are proved by using exact solutions of the
Riemann-Weber version of Euler differential equation

,o1(1 A
X+ =1+ ——tx=
214 (logt)?

By their results, we can show that an oscillation constant for equation (1.5) is 1/4 provided

1 A
Sfx) = (Z + (logT)z>x (1.6)

for |x| sufficiently large. A natural question now arises. What is an oscillation constant for
equation (1.1) where f(x) satisfies (1.6) for |x| sufficiently large? The purpose of this paper
is to answer the question. Our main results are stated as follows.

Theorem 1.1 Assume (1.2) and suppose that there exists A with A > 1/4 such that

A
(logx?)?

f@ 1
x 4

1.7)

for |x| sufficiently large. Then all nontrivial solutions of equation (1.1) are oscillatory.
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Theorem 1.2 Assume (1.2) and suppose that

f@ 1,1

- (18)
x ~ 4 éL(logx2)2 ’
forx>0orx<0, |x| sufficiently large. Then equation (1.1) has a nonoscillatory solution.

Remark 1.1 As a discrete analogue of Euler-Cauchy differential equation (1.4), the linear

difference equation

Ax(n) +

A
P 1)x(n +1)=0 (1.9)

is often considered instead of (1.3) (for example, see [4, 6, 7]), because Sturm’s separa-
tion and comparison theorems can be applied to equation (1.9). However, it is not easy
to find an exact solution of equation (1.9). On the other hand, equation (1.3) has the gen-
eral solution, and therefore, we can get more precise information for discrete analogues of
equation (1.4). In this paper, we consider the nonlinear term for equation (1.1) as f(x(#))

instead of f(x(n + 1)) to use exact solutions of linear difference equations.

This paper is organized as follows. In Section 2, we give general solutions of a discrete
version of the Riemann-Weber generalization of Euler differential equation and decide
an oscillation constant for the discrete equation. In Section 3, we complete the proof of
Theorem 1.1 by means of the Riccati technique. In Section 4, using phase plane analysis,

we prove Theorem 1.2.

2 General solutions of linear difference equations

Consider the second-order linear difference equation

Ax(n) + x(n) =0, (2.1)

1 1 A
nn+1) { 4 " I(n)l(n+1) }

where the function [(») is positive and satisfies Al(n) = 2/(2n +1). Note that I(n) ~ log#n as
n — oo. Here if a(n) and b(n) are positive functions, the notation a(n) ~ b(n) as n — oo

means that lim,_, o a(n)/b(n) = 1. Then we have the following result.

Proposition 2.1 Equation (2.1) has the general solution

n-1 1 n-1 1 1 ’ 1
KIH<1+_+Z_(1))+(2H(1+_+W> lf)»#z,

2

11 - o1
1:{(1 T 2,1(,)) {K3 K 2;) 2k + DI(k) + 1} fr=yp

where K1, Ky, K3, Ky are arbitrary constants and z is the root of the characteristic equation

22—z+Ar=0. (2.2)
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Proof Put
w(n):ﬁ(1+l+i> and w(n):ﬁ<1+i+1;z>.
N ) Sl 2 lG)

Then ¢(n) and ¥ (n) are the solutions of equation (2.1). We prove only the case that ¢(n)
is a solution of equation (2.1), because the other case is carried out in the same manner.
Here, we compute Ag(n) and A%2¢(n). Then we have

Aga(n)=(i+ d )¢(n),

2n  nl(n)
B DN _E 1 z
Aeln) = {A<2n) " A(nl(n)) }(p(n) " (2(;1 +1) " (n+1)i(n+ 1))A<p(n)
B 1 zA(nl(n)) )
- {_2;1(11 1) nn+ Dimin+1) }‘” "

1 1 z 1/1 z
Jr;f1+1(§+ l(n+1)>;(§+m)w(n)

~ 1 1 Z{l(n) + (m+ 1) Al(n)}
N _n( +1) {

n 2 " I(n)l(n+1)
1 z z z? )
N\ um T 2um Ay Tl + 1)) }‘p "
~ 1 1 z{2l(n) +2(n + D)Al(n) = l(n +1) — I(n)} z?
TP 2(n)l(n +1) Cm)ln+1)
~ 1 1 zQ2u+1)Al(n) z>
T+ D) |4 2min+l)  Im)i(n+1)
1
4

~ 1 z-72*
TTam+) |4 T il }"’(”)'

}w(n)

+

}w(n)

Since z satisfies (2.2), ¢(n) is a solution of equation (2.1). We also see that ¢(n) and V(1) are
linearly independent if A #1/4. In fact, the Casoratian W (n) of ¢(n) and v (n) is given by

B em) Y | 1-2z
W (n) = det (A(p(n) Aw(n)) e o)y (n) #0.

Hence, Ki¢(n) + Ky (n) is a general solution of (2.1).
We next consider the case that A =1/4. Then (2.2) has the double root 1/2. Hence, by a

direct computation, we can show that

n-1

~ . ) 3 } n-1 2
F(n) = 1‘[(1 " 2_] + m) and Y(n)= 90(71)];) 2k + )I(k) +1

j=no

are linearly independent solutions of equation (2.1), and therefore, K3¢(n) + Kypr(n) is a

general solution of (2.1). O

To establish the oscillation constant for equation (2.1), we need the following lemma
which is a corollary of the discrete 'Hospital rule (for example, see [16]).
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Lemma 2.1 Let a(n) and b(n) be defined for n > ny. Suppose that b(n) is positive and sat-

isfies

i b(n) = 0.

n=ng

If a(n) ~ b(n) as n — oo, then

> a()~ Y b)

j=no j=no

asn— oQ.

Proposition 2.2 The oscillation constant for equation (2.1) is 1/4. To be precise, equation
(2.1) can be classified into two types as follows.

(i) If x> 1/4, then all nontrivial solutions of equation (2.1) are oscillatory.

(i) Ifr» <1/4, then all nontrivial solutions of equation (2.1) are nonoscillatory.

Proof We consider only the case that A #1/4 because the other case can be proved easily.
In case A > 1/4, equation (2.2) has the conjugate roots z = (1 £ icr)/2, where o« = ~/4A — 1.
Hence, by Proposition 2.1 and Euler’s formula, the real solution of equation (2.1) can be

written as
n-1 n-1 n-1 n-1
x(n) = Ks (]‘[ r(j)) cos (Z e(,')) + Ko (]‘[ r(j)) sin (Z 9(;)),
=10 Jj=no =10 Jj=no
where r(j) and 6(j) satisfy 0 < 0(j) < 7 /2,
) cosf() =1 1 d r()sin6() = o
r(j) cos 6(j) = +2—j+2jl(i) and r(j)sinf(j —%

for ng <j <n-1.1f (K5, Kg) = (0,0), then x(n) is the trivial solution. On the other hand, if
(Ks,Ks) #(0,0), then

V=10

=10

x(n) = K7 (ﬁ r(j)) sin (i 6(j) + Ks),

where K = /K2 + K2, sin Kg = K5/K7 and cos Kg = Kg/K;. Since

o

tan0(n) = W -0

as n — 00, we obtain 6(n) ~ tan6(n) ~ «o/(2ni(n)) ~ a/(2nlogn) as n — oo. Using

Lemma 2.1, we have

n-1

n-1
o o
§ 0(ji ~§ ~ = 1log(l
j 0] 2 3jlogj 2 og(logn)
-~ -~
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as 1 — 00, because

n-1

" od,
> P E/ Y dx-= g{log(logn) —log(lognp)} — o0
o 2jlogj 2 J,, xlogx 2

as 1 — 0o. We note that, for any sufficiently large p € N, there exists # € N such that
n-1
pr < ZG(}') +Kg<(p+1)r
J=no

because 0(n) \ 0 as n — co. Thus, we conclude that x(n) is oscillatory.
We next consider the case that A < 1/4. Put

= 1 z 7 1 1-z
<p(n)=1Q(1+2—j+%) and w(n)zla<l+2—j+m),

where z satisfies (2.2). Then, without loss of generality, we may assume that z > 1/2. From
Proposition 2.1, the solution of equation (2.1) can be represented as

(1) = K1p() + Ko () = () {Kl AL }

p(n

for some Kj € R and K, € R. Since
M=ﬁ<l_ 2z-1 )<exp(—nz_l 2z-1 )_}0
o(n) e O +lG)/2+2z) s JG) +1()/2+z

as 1 — 00, we see that all nontrivial solutions of equation (2.1) are nonoscillatory. O

3 Oscillation theorem
To begin with, we prepare some lemmas which are useful for proving oscillation criteria,
Theorem 1.1.

Lemma 3.1 Assume (1.2) and suppose that equation (1.1) has a positive solution. Then the

solution is increasing for n sufficiently large and it tends to oo as n — 0o.

Proof Let x(n) be a positive solution of equation (1.1). Then there exists ny € N such that
x(n) > 0 for n > ny. Hence, by (1.2) we have

1
n(n+1)

A’x(n) = - f (x(n)) <0 (3.1)
for n > ny.

We first show that Ax(¢) > 0 for n > ny. By way of contradiction, we suppose that there
exists n; > ng such that Ax(n;) < 0. Then, using (3.1), we have Ax(n) < Ax(n;) < 0 for
n > ny, and therefore, we can find 7y > n; such that Ax(n;) < 0. Using (3.1) again, we get
Ax(n) < Ax(ny) < 0 for n > ny. Hence, we obtain x(n) < Ax(n3)(n — ny) + x(n3) = —00 as
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n — 00, which is a contradiction to the assumption that x(n) is positive for n > ny. Thus,
x(n) is increasing for n > ny.

We next suppose that x(r) is bounded from above. Then there exists L > 0 such that
lim,,, oo x(n) = L. Since f(x) is continuous on R, we have lim,,_, o f(x(#)) = f(L), and there-
fore, there exists n3 > ng such that 0 < f(L)/2 < f(x(n)) for n > n3. Hence, we have

o1 S 1 fW1 1
Axm) = Ax(”“gmf(x(/)) > 7§,g+1) - T(% - ;>

for n > m > ns3. Taking the limit of this inequality as n — oo, we get Ax(m) > f(L)/2m for
m > n3, and therefore, we obtain

m-1
fO~1
2 k

k=ng

x(m) = x(n3) +
as m — 0o. This contradicts the assumption that x(#) is bounded from above. Thus, we
have lim,,_, » #(11) = co. The proof is now complete. d

Lemma 3.2 Suppose that the difference inequality

s+ ——— (wim-1) <o (3:2)
wn+m<wn—§>_ .

has a positive solution. Then the solution is nonincreasing and tends to 1/2 as n — oo.

Proof Let w(n) be a positive solution of (3.2). Then there exists ny € N such that w(n) > 0
for n > ny. Hence, we see that w(n) is nonincreasing because w(n) satisfies

2
Aw(n) < —; <w(n) - l) <0
n+w 2

for n > ny. Thus, we can find « > 0 such that w(n) \ @ as n — oo. If « #1/2, then there
exists m; > ng such that (w(n) —1/2| > | — 1/2|/2 for n > n;. Since w(n) is nonincreasing,
there exists 7, > n; such that w(n) < n for n > n,. Hence, we have

1 1\* 1 (a—-1/2\2
AW(n)S_rz+w(n)<w(n)_§) E_ﬂ( 2 )

for n > ny, and therefore, we get

2 n-1
w(n) < winy) - %(d _1/2> Z; NS

2 ,
j=n2
as n — 00. This is a contradiction to the assumption that w(n) is positive for n > ng. O
We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1 By way of contradiction, we suppose that equation (1.1) has a
nonoscillatory solution x(#). Then we may assume, without loss of generality, that x(») is
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eventually positive. Let R be a large number satisfying the assumption (1.7) for |x| > R.
From Lemma 3.1, x(n) is increasing and lim,_, o, x(77) = 0o, and therefore, there exists
no € N such that x(n) > R and Ax(n) > 0 for n > ny.

We define

win) = nAx(n)'

x(n)
Then, using (1.7), we have

A(nAx(n))x(n) — n(Ax(n))?

Awln) = x(n)x(n + 1)
_ Ax(n) + (n+1)A%x(n) (Ax(n))?
N x(n+1) B nx(n)x(n +1)
_ Ax(n) —f(x(n)/n  x(n) 1 < Ax(n) )2 x(n)
N x(n) x(n+1) n " x(n) x(n+1)
1 {n Ax(n)  flx(n) (n Ax(n)>2} x(n)
T n x(n) x(n) x(n) x(n+1)
=

1 1 A 9 x(n)
n {w(n) - <E " (logxz(n))z) -V (n)}x(n +1)
1 ) 1\? A x(n)

T Tn { (w(n B 5) " (logx?%(n))? }x(n +1)

1 ()12 A
‘_n+umﬂ{<wn _E) +mgx%my}

for n > ny. From Lemma 3.2, we see that w(n) N\ 1/2 as n — 00, because w(n) is positive

and satisfies (3.2) for n > ng.

Since A > 1/4, we can find gy > 0 such that

< =(1+480)% <. (3.3)

1
4

ISP

Then we see that there exists 1; > ng such that w(n) < 1/2 + g9 for n > ny, that is, x(n)

satisfies

x(n+1) <{1+(1+s )1}
x(n) 2%

for n > n;. Hence, we have

x(n) _n_l x(+1) i 1 1
w1175 5,1;[{“(5”")7}

for n > ny. Since log(1 + z) < z for z > -1, we get

n-1 n-1

logx(n) < Zlog{l + (% + 80)}} +logx(n) < Z(% + 80)} + logx(my)

j=m j=m
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for n > n;. Recall that I(n) satisfies Al(n) =2/(2n + 1) ~1/n as n — oco. Using Lemma 2.1,
we see that

n-1

1 ~3 1
j=n1

as 1 — 00. Hence, there exists n, > n; such that

1+4 1+4
logx(n) < +2 0 (m) < +2 0 n + 1)

for n > n,. We therefore conclude that

Aw(n) < -

1 1\* A 34
n+w(n){<w(n)_§) * (1+480)2l(n)l(n+1)} (34)

for n > n,.
Let v(n) be the function satisfying v(n,) = w(ny) > 0 and v(n + 1) = F(n, v(n)), where the
function F : N x [0,00) — R defined by

Fin) 1 1\* A
(v)=v= I’I+V{<V_ 5) i 1+ 4eo)2l(m)l(n +1) }

Using mathematical induction on #, we show that the function v(n) is well defined and
satisfies v(n) > w(n) > 0 for n > n,. It is clear that the assertion is true for # = n5. Assume
that the assertion is true for n = p. Then v(p + 1) = F(p, v(p)) exists because v(p) > 0. Since

dF 1 1\* . >0
v (’”)‘W{(’”*5> +(1+480)21(P)1(P+1)}_ ’

F(p,v) is nondecreasing with respect to v € [0, 00) for each fixed p. Hence, together with
(3.4), we have

vip +1) :F(p,v(p)) ZF(p,w(p)) >w(p+1)>0.

Thus, the assertion is also true for n =p + 1.

Letting
n-1 V(])
o =TT (1+*7)
j=n2

we can easily see that y(n) is a positive solution of the difference equation

1 (1 A
n(n+1) { 4" W+ el +1)

A?y(n) + }J’(ﬂ) =0.

Hence, from Proposition 2.2, we have

A

1
R
(1+4g0)? ~ 4

which is a contradiction to (3.3). O
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4 Nonoscillation theorem

In this section, we give a sufficient condition for equation (1.1) to have a nonoscillatory
solution. Let x(x) be a solution of equation (1.1) and put y(n) = nAx(n) — x(n). Then we
have

Ay(n) = Ax(n) + (n + 1) A’x(n) — Ax(n) = —%f(x(n)),
and therefore, we can transform (1.1) into the system

nAx(n) = y(n) + x(n), nAy(n) = —f(x(n)). (4.1)
To prove Theorem 1.2, we need the following results.

Lemma 4.1 Let (x(n),y(n)) be a nontrivial solution of system (4.1). If (x(n), y(n)) € Dy, then
(x(n +1),y(n + 1)) € D U Dyy; for k =1,2,3,4, where

D = {(x,y) €R2zx>0,y2—x}, D, = {(x,y) 6R2zx>0,y<—x},
D3 = {(x,y)eR2:x<0,y§—x}, Dy = {(x,y)eRZ:x<0,y>—x}
and Ds = Dy.

Proof We prove only the case k = 1, because the other cases are carried out in the same
manner. Let (x(n),y(n)) € D;. Then we have nAx(n) = y(n) + x(n) > 0, and therefore, we
obtain x(#n + 1) > x(n). Hence, we conclude that (x(n + 1), y(n + 1)) € D; U D;. (]

Lemma 4.2 Suppose that 0(n) and ¢(n) satisfy 0(no) = ¢(no) and
0(n+1) ZF(n,G(n)), <p(n+1):F(n,<p(n))

for ng < n < m, where F(n,x) is nondecreasing with respect to x € R for each fixed n. Then
6(n) = ¢(n) for no <n <m.

Proof We use mathematical induction on #. It is clear that the assertion is true for n = n,.
Assume that 6(n) > ¢(n) for n = p < m;. Since F(p,x) is nondecreasing with respect to x
for each fixed p, we have 8(p + 1) > F(p,0(p)) = F(p,¢(p)) = ¢(p + 1). Thus, the assertion
is also true for # = p + 1. This completes the proof. d

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2 We give only the proof of the case that

f0) 1,
X 4

1
4(logx?)?

for x > 0 sufficiently large. The proof is by contradiction. Suppose that all nontrivial solu-
tions of equation (1.1) are oscillatory. Let (x(n), y(n)) be the solution of system (4.1) satis-
fying the initial condition

11
_ | o+ D2 [ _— (ng+1)/2
(%(n0), ¥(n0)) <e ( St 2l(n0))e >
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Then x(n) is a nontrivial oscillatory solution of equation (1.1) and
def
(x(n0), y(n0)) € {(x,9) : x>0,y > —x/2} =

and therefore, (x(n), y(n)) cannot stay in DcCD;. By Lemma 4.1, there exists n; > ny such
that

(x(n),y(n)) eD formg<m<m and (x(nl),y(nl)) € {(x,y) (y<—x/2< O}.
Hence, we see that
(n) x(n)

nAx(n) = y(n) + x(n) > _xT +x(n) = >

for ny < n < ny, and therefore, we have x(n + 1) > {1 + 1/(2n)}x(n) for ny < n < n;. Thus, we
get

x(n) i x(+1) a 1
(o) ‘}.1;{ ) Z}l;{(“ 5,)

for ng < n < n;. Hence, we obtain

n-1

logx(n) > jznolog<1 + Zl]) +logx(ng) %log(l + 1 ) l(n02+ D
21 o1/1)? n0+1 1\ o +1)
=Xl3-30) :‘Z( )
128 2 g +1) ! In+1)  In)
25,»:”021'+3+ > ian;Al(]+1)+lno+l)] 2
for ng < n < m. We define 6(n) = y(n)/x(n). Then, using (1.8), we have
A6 (Ay(m)x(n) - y(m) Ax(n) _ ~f (x(m))x(n) - y(m)(y(n) +x(n))
n) =
x(n)x(n +1) nx(n)x(n + 1)
L) {f(x(n)) P | yn) }
T onxin+ 1) | x(n) x2(n)  x(n)
1 ) £
T )+l 07(n) +6(n) + x(n) }
1 ) 1 1
= O +n+l 67(n) +6(n) + 4 * 4(logx2(n))? }
S N RN SO S
T ) +n+1 2 4(n)l(n+1)
for ng < n < n1. Note that 6(n) satisfies
x(no) 1 1
0(ng) = o) == + 200m0) and 0(m) < ~5 (4.2)
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We compare the function 6(») with a solution

of the equation

NPT RS S | Y R S
o __w(n)+n+1{<‘”” +§) +41(n)1(n+1)}'

It follows from Lemma 4.2 that ¢(n) < 6(n) for ny < n < n; because ¢(ng) = 6(ny). Hence,
together with (4.2) and (4.3), we have

1 1
R <0 -,
) <@(m) <0(m) < )

which is a contradiction. This completes the proof. O

Appendix: Euler-Cauchy difference equations
In this appendix, we show that the oscillation constant for Euler-Cauchy difference equa-
tion (1.3) is 1/4, that is, we prove the following result.

Proposition A.1 Equation (1.3) can be classified into two types as follows.
(i) If x> 1/4, then all nontrivial solutions of equation (1.3) are oscillatory.
(i) If» <1/4, then all nontrivial solutions of equation (1.3) are nonoscillatory.

Proof The general solution of equation (1.3) is given by

i z i 1-z 1
Kll_[<1+ —_> +K; ]_[<1+ —> ifA+—,
Jj=no J j=no J 4
x(m) =1 1 1 (A1)
[ 1+ 2 WG4k ZL 5=
, 2 )17 =2k 41 T4
Jj=no k=ng
where K, Ky, K3, Ky are arbitrary constants and z satisfies
2Z2-z+1=0 (A.2)

(for the proof, see [1-3]). Hence, we consider only the case that A #1/4 because we can
easily check that all nontrivial solutions of equation (1.3) are nonoscillatory if = 1/4.

In case A > 1/4, equation (A.2) has the conjugate roots z = (1 +i«)/2, where o = Var-1.
Hence, by (A.1) and Euler’s formula, the real solution of equation (1.3) can be written as

n-1 n-1 n-1 n-1
x(n) = Ky (1_[ r(j)) cos (Z 9(/')) + K¢ (H r(j)) sin (Z 9(]’)),

=10

=10

=10

=10

where r(j) and 6(j) satisfy 0 < 6(j) < /2,

r(j)cos@(j) =1 + l and r(j)sin6(j) = i
2j 2j

Page 12 of 14
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for ng <j<n-1.1f (K5,Ke) #(0,0), then

=10

n-1 n-1
x(n) = K7 (]_[ r(j)) sin (Z 6(j) + 1(8),
Jj=no

where K; = /K2 + K2, sinKg = K5/K; and cos Kg = K¢/K5. Since

tanf(n) = -0

2n+1

as n — 00, we obtain 0 (n) ~ tan6(n) as n — oo. Using Lemma 2.1, we have

n-1 n-1
o o
0(j) ~ ~Z1
200~ D 5y~ e
J=no J=no

as n — 00. Hence, for any sufficiently large p € N, there exists n € N such that

n-1

pr 529(1')+K8 <(p+)m,

Jj=no

and therefore, x(n) is oscillatory.
We next consider the case that A < 1/4. Put

n-1 n-1
o(n) = H(l+;> and w(n)zn(1+1;fz),
Jj=no j=no

where z satisfies (A.2). Then, without loss of generality, we may assume that z > 1/2. From
(A.1), the solution of equation (1.3) can be represented as

x(n) = Kip(n) + Ky (n) = ¢(n) {KI + Ky Y ) }

@(n)

for some K; € R and K; € R. By Stirling’s formula for the gamma function, we see that
¢ t
C+1)~ v2nt<—)
e

as t — 0o, where I' is the gamma function (as to Stirling’s formula, for example, see [17]).
Hence, we have

" z (1) (1 + 2) I(no) I'(np) Iz
o) = H(“ 7) ST+ 2T0)  Towsa 4 VO~ ="

Jj=no
as 1 — 00, and therefore, we obtain

Y (n)

im =0.
n—>00 (p(n)

Thus, we conclude that all nontrivial solutions of equation (1.3) are nonoscillatory. O


http://www.advancesindifferenceequations.com/content/2012/1/218

Yamaoka Advances in Difference Equations 2012,2012:218
http://www.advancesindifferenceequations.com/content/2012/1/218

Competing interests
The author declares that they have no competing interests.

Acknowledgements
The author thanks the referees for their valuable suggestions that helped to improve this manuscript.

Received: 18 August 2012 Accepted: 30 November 2012 Published: 19 December 2012

References

1.
2.

3.

Akin-Bohner, E, Bohner, M: Miscellaneous dynamic equations. Methods Appl. Anal. 10, 11-30 (2003)

Bohner, M, Peterson, A: Dynamic Equations on Time Scales. An Introduction with Applications. Birkhduser, Boston
(2001)

Huff, S, Olumolode, G, Pennington, N, Peterson, A: Oscillation of an Euler-Cauchy dynamic equation. Discrete Contin.
Dyn. Syst., 423-431 (2003)

. Dosly, O, Fisnarova, S: Linearized Riccati technique and (non-)oscillation criteria for half-linear difference equations.

Adv. Differ. Equ. 2008, Art. ID 438130 (2008)

. Dosly, O, Hilscher, R: A class of Sturm-Liouville difference equations: (non)oscillation constants and property BD.

Comput. Math. Appl. 45, 961-981 (2003)

. Luef, F, Teschl, G: On the finiteness of the number of eigenvalues of Jacobi operators below the essential spectrum.

J. Differ. Equ. Appl. 10, 299-307 (2004)

. Zhang, G, Cheng, SS: A necessary and sufficient oscillation condition for the discrete Euler equation. Panam. Math. J.

9,29-34(1999)

. Swanson, CA: Comparison and Oscillation Theory of Linear Differential Equations. Academic Press, New York (1968)
. Dosly, O, Hasil, P: Critical oscillation constant for half-linear differential equations with periodic coefficients. Ann. Mat.

Pura Appl. 190, 395-408 (2011)

. Dosly, O, Rehak, P: Half-Linear Differential Equations. North-Holland Mathematics Studies, vol. 202. Elsevier,

Amsterdam (2005)

. Fidnarov4, S, Mafik, R: On constants in nonoscillation criteria for half-linear differential equations. Abstr. Appl. Anal.

2011, Art. ID 638271 (2011)

. Sugie, J, Kita, K: Oscillation criteria for second order nonlinear differential equations of Euler type. J. Math. Anal. Appl.

253,414-439 (2001)

. Sugie, J, Onitsuka, M: A non-oscillation theorem for nonlinear differential equations with p-Laplacian. Proc. R. Soc.

Edinb. A 136, 633-647 (2006)
Wong, JSW: Oscillation theorems for second-order nonlinear differential equations of Euler type. Methods Appl. Anal.
3,476-485 (1996)

. Yamaoka, N: A comparison theorem and oscillation criteria for second-order nonlinear differential equations. Appl.

Math. Lett. 23, 902-906 (2010)

. Agarwal, RP: Difference Equations and Inequalities: Theory, Methods, and Applications, 2nd edn. Monographs and

Textbooks in Pure and Applied Mathematics, vol. 228. Dekker, New York (2000)

. Kelley, W, Peterson, A: Difference Equations: An Introduction with Applications, 2nd edn. Harcourt/Academic Press,

San Diego (2001)

doi:10.1186/1687-1847-2012-218
Cite this article as: Yamaoka: Oscillation criteria for second-order nonlinear difference equations of Euler type.
Advances in Difference Equations 2012 2012:218.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 14 of 14


http://www.advancesindifferenceequations.com/content/2012/1/218

	Oscillation criteria for second-order nonlinear difference equations of Euler type
	Abstract
	MSC
	Keywords

	Introduction
	General solutions of linear difference equations
	Oscillation theorem
	Nonoscillation theorem
	Appendix: Euler-Cauchy difference equations
	Competing interests
	Acknowledgements
	References


