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1 Introduction and main results

In this paper, the problem of the existence and growth of solutions of complex differ-
ence equations will be studied. The fundamental results and the standard notations of the
Nevanlinna value distribution theory of meromorphic functions will be used in this paper
(see [1-3]). In addition, for a meromorphic function f, S(r,f) denotes any quantity satis-

fying S(r,f) = o(T'(r,f)) for all r outside of a possible exceptional set E of finite logarithmic

dt
nE ¢

for all  on a set F of logarithmic density 1 (or for all r outside of a possible exceptional set

measure lim,_, o, f[l,r) < 00, 81(r,f) denotes any quantity satisfying S;(r,f) = o(T(r,f))

F’ of logarithmic density 0, the logarithmic density of a set F is defined by

. 1 1
limsup — - dt.
r—o0 10g7 Junr t

Throughout this paper, the set E of finite logarithmic measure and F of logarithmic
density will be not necessarily the same at each occurrence.

In recent years, there has been an increasing interest in studying difference equations,
difference product and g-difference in the complex plane C, considerable attention was
paid to the growth of solutions of difference equations, value distribution and the unique-
ness of differences analogues of Nevanlinna’s theory [4—13]. Chiang and Feng [6], Halburd
and Korhonen [14] established a difference analogue of the logarithmic derivative lemma
independently, and Barnett, Halburd, Korhonen and Morgan [4] also established an ana-
logue of the logarithmic derivative lemma on g-difference operators. After their works,
many people applied it to prove a number of results on meromorphic solutions of com-

plex difference equations.
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In 2000, Ablowitz, Halburd and Herbst [15] studied some class of complex difference

equations,
_ aog(z) +ar1(z)f +--- + ﬂp(Z)fp
flz+1)+f(z-1)= by(2) + b1(2) +"'+bq(Z)fq’ O
flz+1)f(z—1) = a0(2) + a1 (2)f + -+ + ap(2)f? i

bo(2) + bi(2)f +--- + bq(z)fq’

where the coefficients are meromorphic functions, and obtained the following results.

Theorem 1.1 (see [15]) If the difference equation (1) (or (2)) with polynomial coeffi-
cients a;(z), bi(z) admits a transcendental meromorphic solution of finite order, then d =
max{p,q} <2.

In 2001, Heittokangas et al. [16] further investigated some complex difference equations
which are similar to (1) and (2) and obtained the following results which are the improve-
ment of Theorems 1.1 and 1.2.

Theorem 1.2 (see [16, Proposition 8 and Proposition 9]) Let cy,...,c, € C\ {0}. If the

equations
Y fera)=Ref@),  [1ftera)=Rs)
i=1 i
R(Z f(z)) = P(Z,f(z)) _ aO(Z) + 611(2)_f + e+ as(z)f‘s

Qz.f(2)  bo(2) + bi(2)f + -+ + by(2)f*

with rational coefficients a;(z), b;(z) admit a transcendental meromorphic solution of finite
order, then d = max{s, t}.

In 2002, Gundersen et al. [17] studied the growth of meromorphic solutions of g-
difference equations and obtained the result as follows.

Theorem 1.3 (see [17, Theorem 3.2]) Suppose that f is a transcendental meromorphic
solution of an equation of the form

2o @@ (@)
=R@f@) =S e
f(c2) =R(z.f(2)) Z,t': o bi(2)f (2

with meromorphic coefficients a;(z), bj(z) and a constant ¢ #0 (|c| > 1), assuming that d :=

max({s, t} > 1, a,(z) # 0, b,(z) # 0, and that R(z,f(2)) is irreducible in f. Then p(f) = llggg‘fl )

In 2010, Zheng and Chen [18] further considered the growth of meromorphic solutions
of g-difference equations and obtained some results which extended the theorems given
by Heittokangas et al. [16].

Theorem 1.4 (see [18]) Suppose that f is a transcendental meromorphic solution of the
equation of the form

erl d, (Z)f(qz)l'klf(qZZ)iAz . ‘f(q”z)iln
Zue/ ey (Z)f(qZ)j“lf(qzz)jltz .. -f(q”z)/un

= R(o.f(2)), (3)
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where I = {(i, 5,5 00,)} ] = urrjugs -1 ju, ) are two finite index sets satisfying
MaX(isy + i+ i 4+ s =0,
"

q € C\ {0}, |9l >1,d > 2, and all coefficients 0f(3) are of growth S(r,f). If d = max{s, t} >

2nao, then for sufficiently large r, T(r,f) > K(5 d )”'Oglq‘ where K (>0) is a constant. Thus,

the lower order of f satisfies u(f) > k’gjlol#ﬁm.

In 2011, Liu and Qi [11] investigated the properties of meromorphic solutions of a g-shift

difference equation and obtained some results as follows.

Theorem 1.5 (see [11, Theorem 4.1]) Suppose that f is a transcendental meromorphic

solution of
flez+n) =R(af() = ﬁ

where the coefficients a;(z), bj(z) are rational, and |c| > 1. Assuming R(z,f (2)) is irreducible
inf,as(z)b(z) £0.If s>t +1 and m:=s—t, then M(1/f) > log |m|/log|c|, provided that f
has infinitely many poles.

In 2012, Gao [19] investigated a complex difference equation which is similar to (3) and

obtained the following theorem.

Theorem 1.6 (see [19, Theorem 1.1]) Let cy,...,c, € C\ {0}. If the equation

D el d,\(z)f(z)"AOf(z + cl)illf(z +0o)2 . flz + ¢
. . - — = R(z, 4
Yugen@f @rof(z+a)ynfz+c)rz .- flz+c,)mm (=/@) @

has a transcendental meromorphic solution of finite order, then
max{s,t} <I'1 + I'y,

where T'y = max{iy, + iy, + - + i}, Do =max{j,, +ju, + - +ju, ) 41(2), e.(2), a;(z) and
bj(z) are small functions of f.

Thus, the following questions arise naturally:

Question A Will the assertion of Theorem 1.6 remain valid if the transcendental mero-

morphic solution has infinite order?

Question B What will happen when f(z + ¢;) is replaced by f(¢'z + ¢;) for i = 1,2,...,n in
Theorem 1.6?

In this paper, we investigate the above questions and obtain the following theorem.


http://www.advancesindifferenceequations.com/content/2012/1/216

Xu et al. Advances in Difference Equations 2012, 2012:216 Page 4 of 18
http://www.advancesindifferenceequations.com/content/2012/1/216

Theorem 1.7 Let g,ci,...,c, € C\ {0}, and d,(2), e.(2), ai(z) and bj(z) be of growth
o(T (r,f)) without an exceptional set as r — oo. If f is a transcendental meromorphic solu-
tion of the equation of the form

et b @f (@) f (gz + c) "1 f (g2 + ¢2)" - f(q"z + ¢
Y e en@Df @0 f (qz + Vi f (g2 + caf2 - f(g"z + cuYin

- R(.f(2)) (5)

and satisfies one of the following conditions:
(i) g=1and p(f) <1;
(ii) q#1and p(f) =
Then the conclusion of Theorem 1.6 still holds.

Remark 1.1 Theorem 1.7 is an improvement of Theorem 1.6. And Theorem 1.7 is an an-

swer to Question A and Question B.

In this paper, we also investigated the extension of a meromorphic solution of the fol-

lowing system of complex g-shift difference equations of the form:

Pi(z.filgz +m) = 35 a5 (D) ([ 1, (2 + ),
Py(z,fo(qz + 1)) = Z}z ay,(2) H,e/zfl z+¢)),

(6)

and

QI(Z; 1)_f2) = Rl(zlﬁ)’
QZ(Z»fh 2) = RZ(Zr_fZ),

(7)

where ¢,1,¢1,...,¢, € C\ {0}, {J.} is a collection of all subsects of {1,2,...,n,},t=1,2, two
q-shift difference polynomials ©;(z,f1,£2), Q2(z,/1,f2) are defined by

(2 f1.f2) = (2.A().L@.filgz + c).filaz + cr)s... /i(@"2 + ). fo(d"2 + cn))

- a0 [T Gitaz + ) - G+ )

(i) k=1

Q(z,/1./2) = Q(2,/1(2),/2(2). filgz + 1), folgz + )., fi(q" 2 + cn) fo(q"2 + ¢1))

_ Zb(/ l_[ lko(fk(qz_l_cl) lkl (ﬁ((qnz+cn))jkn’

and Ri(z,f1), Ra(z,f2) are defined by

_ Pl(zufl) _ Zz 0 l Z)fl
Rl(nyi) - Ql(z; 1) - Z}zo b]l( )1

Poaf) _ Lol
Q&h) Y2, R

j=0 "

Ry(z.f2) =
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and all coefficients {a}(2)}, {a?(2)}, {b}(2)}, {b?(2)}, {a(2)}, {bw(2)} and ay, (2), ay, (z) are
small functions of fi, f5, and aﬁlbil #0for/=1,2. Let

n n

I';; = max i ¢ I'; = max iy (5
n n

[y = max Zjlv , [y = max 272“ ’
N (v (N e

and

2

S(r) := Z(Z T(r, af) + Z T(r, bll)) + Z T(r,aq) + Z T(r, bg).
() ()

=1

The order and hyper order of a meromorphic solution (f;, f) of the system (6) are defined

by

p=p(fi.fo) =max{p(h), p(f)}, P2 = p2(fi,fo) = max{pa(h), p2(2) },
where

o(fi) =lifl_1)soljp %, p2(fi) =lifr_1)ilsp W, k=1,2.

To state our main results, we require the following definition.

Definition 1.8 (see [19]) If (fi,f2) is a meromorphic solution of the equation system (6),
and its component f; satisfies

lim sup S() k=12,

r—>00,r¢E T(rr_ﬁ() -

then f; is called admissible, where E is an exceptional set with finite logarithmic measure.

Theorem 1.9 For the system (6), {J;} are two collections of all non-empty subsets of
{1,2,...,m} for i = 1,2, ¢; (j = 1,2,...,n) are distinct complex constants, and Pi(z,u) is a
polynomial in u of deg, = s; (>0), its coefficients of P;(z,u) are all small functions of fi, fa.
Let (f1,f2) be a meromorphic solution of the system (6) such that fi, f, are non-rational
meromorphic, and all the coefficients of (6) are small functions relative to fi, f>. Thus,

(i) if0<|gq| <1 and sisy > mn,, we have

logsisy — logmny )

8
—log|q| ®)

w(fi) + u(fa) >

(ii) iflq| > 1 and s1s5 < mny, then

logniny —logs;sy )

p(f) + p(f) < og 4] ; )

(iii) if g =1 and s1sp > mny, then u(fi) + u(fa) > oo,
where u(f) is the lower order of f.
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Some examples will show that the conclusions (8) and (9) in Theorem 1.9 are sharp.

Example 1.1 The function (fi(z),f2(2)) = (€%, e7?) satisfies the system

Az + )% [fiz - 0% + filz + 2¢) + fi(z — 2¢)
= m(2)(hgz +m)® + bi(2)(fa(gz + 1)),
oz + )P [fa(z = )] + fo(z + 2¢) + fo(z — 2¢)
= ay(2)(filgz + n))® + b2 (2)(fi(gz + 1)),

where ¢, 17 are any nonzero complex constants, g = —%, and
ar(z) = ¥, bi(z) = ¥ (e* + ), as(z) = 8", by(z) =¥ (e* + 7).

Thus, we have

log s1s5 — logmn,

=1+1=
wih) + p(fa) =1+ “Togld]

where s; =sp =8, m =ny =4 and |gq| = 5 5 <L This example shows that the equality in (8)
can be arrived at.

Example 1.2 The function (fi(z),f2(z)) = (ezz, e(z+1)2) satisfies the system

fiz +0) +filz - ) = a1(2)(falqz + n)*%,
Sflz+¢) +folz - ) = ar(2)(filgz + n)%,

where ¢ is any nonzero complex constant, g = %, n =-1, and

2zc —2zc)

a(2) = ¢ (e +e (e+1)? (e

—2z(c+1)—4c) 4z—4

) ax(z) =e +e e

(z+1)?

We note that a,(z), a2(z) are small functions relative to ezz, e . Thus, we have

log s1sy — logmn,

=4>9=
1h) + nlf) = 4> “ogld]

where sy =5y =4, 1, =ny=2and |q| = % < 1. This example shows that the inequality (8) is
true.

Example 1.3 The function (fi(z),f2(z)) = (¢%, e7%) satisfies the system

filz+)filz—)filz + 2c)fi(z — 2¢) + filz + O)fi(z — ¢)
= m(2)(fa(qz + m)* + bi(2)fa(gz + ),

folz+)fa(z—)falz +2¢)f5(z — 2¢) + falz + ¢)fa(z — )
= ax(2)(fi(qz + m)* + b2(2)fi (g2 + m),

where ¢, 7 are any nonzero complex constants, g = -2, and

a1(2) = €, bi(z) =€, ax(z) = e, by(z) =€
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Thus, we have

log niny —log sis
p(ﬁ)w(fz):z:w
log |g]

where 1) =ny =4, 51 =5, =2 and |gq| = 2 > 1. This example shows that the equality in (9)
can be arrived at.

Example 1.4 The function (fi(z),f2(2)) = (ezz,e(“l)z) satisfies the system

di1(2)fi(z + O)fi(z — o)fi(z + 2c)fi(z — 2¢)fi(z + 3c)fi(z — 3c)
X fi(z + 4o)fi(z — 4c) + da(2)fi(z + O)fi(z - O)fi(z + 5)filz - 5)
= ai(2)(fa(qz + m)* + bi(2)fa(qz + ),
e (2)fa(z + o)fa(z — O)fa(z + 2¢)fo(z — 2¢)fa(z + 3¢)fa(z — 3¢)
X fo(z + 4o)fs(z — 4e) + ex(2)fa(z + O)fa(z - O)falz + 5)fa (2 - 5)
= a>(2)(fi(qz + m)* + b2(2)fi (g2 + m),

where c is a nonzero constant, g =2, n = -1,
_60c2 5.2 _60c2-8 — _5:2_4 _
di(2)=e%%, dyz)=e27,  e(z)=e 0B, ey(z)=e 2 e,

and

We note that a;(z), b;(z), d;(2), e;(z), i = 1,2 are small functions relative to ezz, e, Thus,

we have

log niny —logsisy
log |g]

’

p(f) + p(fa) =4 <log, 25 =

where n; = ny =10, 515, =2 and |g| = 2 > 1. This example shows that the inequality in (9)
is true.

Example 1.5 The function (fi(z),/2(2)) = (e, e ) satisfies the following system:

fiz +21og2) + fi(z + 3log2) + fi(z + 2log 2)fi(z + 31og 2)
= fo(~z—210g2) + (fo(~z - 210g 2))* + (fo(~z - 210g 2))3,
fo(z+21log2) + fo(z +310g2) + fo(z + 21og 2)fo(z + 310g 2)
= fo(—z—=210g2) + (fi(—z - 210g2))* + (fo(—z — 210g 2))3.

We have wu(fi) + iu(fz) = co. Thus, it shows that (iii) in Theorem 1.9 is true when s; = s, =
n=ny=3,c1=2log2,c; =3log2,q=-1and n =-2log2.

Theorem 1.10 Let (fi,f>) be an admissible meromorphic solution of (7), max{sy, 1} > I'1y,
max{sy, &2} > I'yg and satisfy one of the following conditions:


http://www.advancesindifferenceequations.com/content/2012/1/216

Xu et al. Advances in Difference Equations 2012, 2012:216 Page 8 of 18
http://www.advancesindifferenceequations.com/content/2012/1/216

(i) g=1and p2(fi,f2) <1;
(i) g #1and p(fi,f2) = 0.
Then

(max{sl, tl} — Fll)(max{sz, t2} — F22) S F12F21.

Theorem 1.11 Let (fi,f2) be an admissible meromorphic solution of (7), the coefficients
{a}(2)}, {a?(2)}, (b} (2)}, {b?(2)}, {aw)(2)} and {b)(2)} of (7) be meromorphic functions and

not necessarily small functions of fi, fo and
max{s;, t;} > 'y, max{sy,tr} > 'y

Iffi, f> and q satisfy one of the following conditions:
() g=1and pa(f.fo) <1;

(i) g #1and p(fi,fo) =0.
Then the solutions in the pair (fi,f>) are either both admissible or both non-admissible.

Remark 1.2 It is easy to see that Theorem 1.7, Theorem 1.10 and Theorem 1.11 are the

improvement of some results in [19].

2 Some lemmas
Lemma 2.1 (Valiron-Mohon’ko [20]) Let f(z) be a meromorphic function. Then, for all

irreducible rational functions in f,

Ref@) = S G ey

with meromorphic coefficients a;(z), bj(z), the characteristic function of R(z, f (2)) satisfies
T(r,R(z,f(z))) =dT(r.f) + O(\Il(r)),
where d = max{m, n} and V(r) = max;;{T(r,a;), T (r, bj)}.

Lemma 2.2 ([21, Theorem 5.1]) Let f be a transcendental meromorphic function of px(f) <

1, ¢ <1, ¢ be a number small enough. Then

fz+o\  (Trf)\
(757 ) <o) s

for all r outside of a set of finite logarithmic measure.

Lemma 2.3 ([21, Lemma 8.3]) Let T : [0, +00) — [0, +00) be a non-decreasing continuous

function and let s € (0,+00). If the hyper order of T is strictly less that one, that is,

. loglog T'(r)
lim sup W <1,
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and § € (0,1 - ¢), then
T(r+s)=T(r)+ o(l:)>
r

for all r runs to infinity outside of a set of finite logarithmic measure.
From Lemma 2.3, we can get the following lemma easily.

Lemma 2.4 Let f(z) be a transcendental meromorphic function of hyper order px(f) <1
and ¢ be a non-zero complex constant. Then we have

T(r,f(z+¢)) =T(r.f(2) + S /) N(r,f(z +¢)) = N(r.f(2)) + S(r,f).

Lemma 2.5 ([22, p.36] or [13, Theorem 1.1 and Theorem 1.3]) Let f(z) be a transcendental
meromorphic function of zero order and q be a nonzero complex constant. Then

T("»f(qz)) = T(r,f(z)) + Sl(r’f)’ N("’f(qz)) = N(V’f(z)) + Sl(rrf),

on a set of logarithmic density 1 or for all r outside of a possible exceptional set of logarithmic
density 0.

Lemma 2.6 Let f(z) be a transcendental meromorphic function of zero order and q, ¢ be
two nonzero complex constants. Then

T(r,f(qgz+0) =T(r,f(2)) + $i(r.f) and N(r,f(qz+c)) < N(r.f) + Si(r.f).

Proof By using the idea of [22, p.47], we can get the conclusions of Lemma 2.6 easily. Now,
we will give another method to prove this lemma as follows.

From Lemma 2.4 and Lemma 2.5, we get the first equality of this lemma.

Next, the idea of the proof of the other inequalities of this lemma is from [8, 23]. Since
f is of zero order, by Lemma 2.5, we have

———)
) s(e)
;,f)+51<r,f(z+§1)>. (10)

§N<r+

By Lemma 2.5 and since f is a meromorphic function of zero order, we have S (r, f (z + g)) =
S1(r,f). And by Lemma 2.3, we have

c
N<r+
q

,f> < N(f)+ S(rf), )

outside of a possible exceptional set with finite logarithmic measure.
From (10), (11) and N(r,f) < N(r + |§|,f), we have N(r + |§|,f) = N(r,f) + S(r,f) and
N(r,f(qz+c))5N(r,f)+51(r,f). O
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Lemma 2.7 ([4, 14] or [11, Theorem 2.1]) Let f(z) be a nonconstant zero-order meromor-
phic function and q € C\ {0}. Then

" (r’f(qz +1)

f(z) ) =50f),

on a set of logarithmic density 1 for all r outside of a possible exceptional set of logarithmic
density 0.

Lemma 2.8 ([22, p.44] or [19, Lemma 2.5]) If

. S(r) B
rETo,Srligl Tof) 0, T(r,f2) = O(S(r)) (r ¢ Ey),

then

T(f)

lim su =0
rﬁw,réEIEEg T(r!_fl)

where E;, E; are sets with finite logarithmic measure.

Lemma 2.9 Let g,ci,...,c, € C\ {0}, fi, f2 be two transcendental meromorphic functions
and T(}’,ﬂ(l‘)) = O(T(ryﬁ))) k= 1,2,

2
Q. fifo) = Zﬂ(i) kalko (fk(qz+ Cl))lkl . (fk(q"z+ Cn))lkn,

() k=1

where (i) is an index set consisting of finite elements.
Ifq=1and py(fy) <1 for k =1,2, then

2
T(r, (2., f2) < Z TuT(r.fi) + M+ o(T(r, fi) + T(r,f2))

k=1

for all r outside of a possible exceptional set E of finite logarithmic measure.
Ifq#1and p(fi) = 0 for k =1,2, then

2
T(r, (2 fifp)) < Y TuT(rfi) + M+o(T(r.f) + T(r,f2))

k=1

for all r on a set F of logarithmic density 1 or for all r outside of a possible exceptional set
F' of logarithmic density 0, where Tk, k = 1,2 are as stated in Section 1, M a real constant
and not necessarily the same at each occurrence.

Proof Set G = ag(2) [Teo, (@)% (filgz + 1)) - - (filq"z + c,))kn.

Let z; be a pole of Q(z,f1,/2) of order t that is not the zero and pole of 4;(z), then
there exists at least one index i € {(i)} such that G(; has a pole at z; of order 7; > 7. Thus,
there exists a subset {09,01,...,0,} of {0,1,2,...,n} such that each one of fi(z),fi(qz +
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c1)...Ji(@"z + ¢u) (k = 1,2) has a pole at z;. If m,; (>1) (j = 0,1,..., 1) are the order of
Sf(qz + c,;) at z; respectively, then we have

T < Ty = Moyloy + Mgloy + -+ + mgui(,ﬂ

=< Migoiko + Mgpigy + -+ + Mg, .

Hence, we have n(r,1(z,fi,£5)) < Y r_, ixo(n(r,fi(2))) + innn(r,fi(gz + 1)) + - + igan(r,
Silq"z + ca)) + 3 n(r,a(y), that s,

2
N(r,Q1(z./i./2) Z ivoN(r.fi(2)) + iiaN (1, fillgz + 1)) + -
k=1

+ iN (7, fc (472 + ¢0)) ZN(r, M. (12)

We can rewrite Gy; in the following form:
2 i i
ino+igg ++in, [ Ji(qz + 1)\ (q"z + )\
Gy =aw (@) | [ (@)™ (— R
E(f ) 7 3
It follows

m(r,Gy) < mr,ap) + Y (o + ik + -+ + i) m(r,fi) + M
k1

2 fl(qu+cp)> < fz(qu+cp)>)
+O{;<m<r, 7]”1(2) +m|r, 7}02(2) .
Thus,

m(r, Ql(r,ﬁ,_fg) Z m(r,a Z max{ixo + ixg + - -+ + L pma(r, fx)

k=1
- fl(qu+cp)> ( fg(qu+cp)>>
+M+ ing(m(r, e +m|r, T . (13)

We will consider two cases as follows.
Case 1. If g =1 and p5(fi) < 1. By Lemma 2.2, since the coefficients a;(z) are small func-
tions of fi, >, and from (13) and the definitions of S(r,f), S1(r,f), we have

m(r, Ql(z,fl,fZ)) <Tum(r,fi) + Tom(r.fo) + M + o(T(r,ﬁ) + T(r,fg)), r¢ E,  (14)

where E is a set of finite logarithmic measure and I'j;, I'15 are as stated in Section 1.
Since g =1 and p»(fi) <1, by Lemma 2.3 and Lemma 2.4, from (12), we have

2
N(r, @@ f.5) <Y N(rap)+ Y TuN@.f) +o(T(rf) + T(rf) + M (15)

k=1
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for all r outside of a possible exceptional set E of finite logarithmic measure. From (14)
and (15), we get

2
T(r, (z.fi.f2) < Z TuT(rfi) + M+ o(T(r, fi) + T(r,f2))

k=1

for all r outside of a possible exceptional set E of finite logarithmic measure.
Case 2. If g #1 and p(fx) = O for k = 1,2. By using the same argument as in Case 1, from
Lemma 2.6, Lemma 2.7 and Lemma 2.8, we can get

2
T(r, (& fify) < Y TuT(rfi) + M+0o(T(r.f)) + T(r,f2))

k=1

for all  on a set of logarithmic density 1. O

Lemma 2.10 ([24, Lemma 4]) Suppose that a meromorphic function f has finite lower
order L. Then, for every constant ¢ > 1 and a given ¢, there exists a sequence r, = ry(c, &) —
00 such that

T(cry,f) < e T (1. f)-

Lemma 2.11 ([25]) Let f(z) be a transcendental meromorphic function and p(z) = piz* +
P2t + -+ prz + po be a complex polynomial of degree k > 0. For given 0 < § < |p|, let

A= |pkl + 8, = |pk| = 6, then for given & > 0 and for r large enough,
1 —s)T(,urk,f) <T(rfop) <1+ s)T(Ark,f),

Lemma 2.12 ([26,27] or [5]) Letg:(0,+00) = R, h: (0, +00) — R be monotone increasing

functions such that g(r) < h(r) outside of an exceptional set E with finite linear measure, or
g(r) < h(r),r ¢ HU(0,1], where H C (1, 00) is a set of finite logarithmic measure. Then, for
any o > 1, there exists ro such that g(r) < h(ar) for all r > ry.

3 The proof of Theorem 1.9
From the assumptions of Theorem 1.9, we get that f;, f, are transcendental meromorphic
functions.

Denote W;(r) = max{T(r,a;(z))U =1,2,...,s), i = 1,2, and C = max{|c1], |c2l,...,|cul}.
Since T(r,f(z + ¢)) < (1L + o(L))T(r + |c|,f) + M (Ref. [15]), by applying Lemma 2.1 to (6)
and using the same argument as in Lemma 2.9, we have

siT(r,filgz + ) + Wi(r) = T(r, P (2.f1(qz + 1))

= T(r,Zah(z)<l_[f2(z+ c,-))> <> flz+¢) +Sr.5)
h j=1

jeh

< (1 + %) Z T(r+C,f2) +S(r.fo)
j=1

<m (1 R %) T(Birfs) + S(fo) (16)
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52T (1, fo(qz + ) + Wa(r) = T(r, P2 (2, fo(qz + 1))

= T(V,Z%(z) (Hﬁ(z+ c,))> <> filz+¢) +S(rf)
J2

el j=1

< (1+ 82—2) 3 T+ Cf) + St )
j=1

<m (1 " 82—2> T(Bar i) + S(r, 1) (17)

for sufficiently large r and any given 8; > 1, ¢; > 0, i = 1,2. By Lemma 2.11 and (16), (17), for
0;=1ql —8; (0< ;< lql, 0 <6; <1),i=1,2 and sufficiently large r, we get

s11—e)T O, fi) <m+e)T(Bir,fo),

$3(1—82)T (61, f2) < ma(1 + £2) T (Bar, f1),

outside of a possible exceptional set E;, E; of finite linear measure, respectively. From
Lemma 2.12, for any given y; > 1 (i = 1,2) and sufficiently large r, we can obtain

s11—e)TOwr.f1) <m+e)T (B, fo),

$2(1 = &2)T(62r,f2) < ma(1 + &2) T(Bayar, f1),

that is,
si(1—¢1) Bivi s2(1-¢g3) Baye
W0 < T(e_l" 2>, 2T < T( o, 1). (18)

Case 3.1 Since B;>1, y; > 1, 0 < §; <1, then we have ﬁéz’i >1,i=1,2. From (18), and by
Lemma 2.10, for any given ¢ > 0, there exists a sequence r,, — oo such that

wif2)+e
MT(W: 1)< (:31)’1> Homf)

n1(1 + €1) 91

1 ulfi)re
=) oy < (B2 1,5
ny(1+ &) 0,

for r, > ry. From the above inequalities, we have

(19)

51— ) so(1—8y) - (@)M(f’z)ﬂ?(@)u(ﬁ)m

ml+e) ml+e) ~ \ & 02

Thus, let &’ — 0, 8; > 0, B; > 1 and y; — 1 for i = 1,2 and &’ = max{e, €1, &}, since 0 <

|| <1 and s1sp > mny, from (19), we can get

10g 8182 — 10g 125045)

w(f) + u(f) =
—log|q|

Thus, (8) holds.
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Case 3.2 Suppose that |g| > 1. By using the same argument as above, we can get

SiL-e)T(6(r.f1) < m (1 ; %) T(r+ G f) + S o),
52(1 - 82)T(9§r; 2) <ny (1 + %) T(r + Crfl) + S(Y’, 1);

where 6 = |g| — &; (§; > 0 is chosen to be such that 6] > 1), and r is sufficiently large. We

can choose sufficiently small &; > 0 such that & + &; < 1. Thus, it follows

)+Sr, 2)

<mQQ+e)T <— +81>rf2> +S8(r,f),

s1i1—e)T(r,f1) <m(Q+&1) T(

$2(1—e9)T(r,f2) Sn2(1+82)T< ) +S(r,f1)

<n(1+ 82)T<(§ + £2>r,f1) +S8(r.f),

2

outside of a possible exceptional set E; (i = 1,2) of finite logarithmic measure, respectively.
Since n1n; > s189, & <1,i=1,2,and f;, f, are transcendental, by applying Lemma 3.1 in
[17] and Lemma 2.12: for ¢; — 0 and §; — 0, we have

log n1ny —log sisy
2loglgql

logmny —logs;s,

<
Plh) = 2log|q]

, p(f) <

which implies that (9) is true.

Case 3.3 g =1and s;5; > nn,. By using the same argument as in Case 3.1, we can get that
wifi) + n(f2) = oo.

From Case 3.1, Case 3.2 and Case 3.3, the proof of Theorem 1.9 is completed.

4 Proofs of Theorems 1.7, 1.10 and 1.11
4.1 The proof of Theorem 1.7
Two cases will be considered as follows.

Case 4.1 Suppose that g =1 and p,(f) < 1. By applying Lemma 2.1 and Lemma 2.9 for
equation (5), we can get

max{s,t}T(r,f) < (Cy + To)T(r,f) + O(1) + o(T(r,f))

for all r outside of a possible exceptional set E of finite logarithmic measure. From the

above inequality, we have

O@) + o(T(r,f))
I(r.f)

max{s,t} <1+ +
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for all r outside of a possible exceptional set E of finite logarithmic measure. Since f is
transcendental, we can get

max{s,t} <T'1 +I's.

Case 4.2 Suppose that g #1 and p(f) = 0. By using the same argument as in Case 4.1, we
can get

max{s,t}T(r,f) < (T1+ o) T(r,f) + O(1) + o(T(r,f))

for all r on a set of logarithmic density 1. Since f is transcendental, from the definition of
logarithmic density, we can get

max{s,t} <I'1 + I'y.
Thus, this completes the proof of Theorem 1.7.

4.2 The proof of Theorem 1.10
Two cases will be considered to prove Theorem 1.10.

Case 4.3 If g =1 and p,(fi,f2) < 1. By applying Lemma 2.1 and Lemma 2.9 for the system
of complex equations (7), and from the assumptions of Theorem 1.10, we have

2

max{s;, 5} T(r,f) < Y TuT(r.fi) + OW) + o(T(r,f) + T(r,f3)), r ¢ H, (20)
k=1
2

max{sy, L} T(r,f2) < Z Tk T(r,fr) + OQ1) + 0(T(r,f1) + T(}",_fz)), ré& Ho, (21)
k=1

where Hi, H, are the sets of finite logarithmic measure. Since (fi,f,) is a transcendental
meromorphic solution of (5), from (20) and (21), we have

[max{sl, Ly -y + o(l)] [max{sz, th} — T + 0(1)] T(r, )T (r.f2)

< (T12 + 0(1))(Ta1 + o) T(r, A) T(r,f2) (22)

for all r outside of a possible exceptional set Hs = H; U H; of finite logarithmic measure.
Thus, from (22), we can get

[max{sb h}- Fn][max{sz, b} - Fzz] <TI'ala.

Case 4.4 Suppose thatg #1and p(f;,f;) = 0. By using a similar method as that in Case 4.3,
we have

2
max{s, {1} T(r,f1) < Z i T(r.fi) + OQ) + 0(T(r,f1) + T(}",_fz)), ré¢F,
k=1

2

max{sy, L} T (r,f2) < Z Cox T (r,fr) + OQ) + 0(T(r,f1) + T(V,_fz)), ré¢F,
k=1
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where Fy, F, are the sets of logarithmic density 0. Thus, we get

[max{s;, 1} — Ty + o(1) | [max{sy, &2} — T2z + o) | T(r, ) T (1, f2)

< (12 +0(1)) (T2 + o) T(r, ) T (r,f2) (23)

for all r outside of a possible exceptional set F3 = F; U F, of logarithmic density 0. Thus,
from the definition of logarithmic density, we can get

[max{sy, 1} — T'nn][max{sy, £} — 33| < 1201
Thus, the proof of Theorem 1.10 is completed.

4.3 The proof of Theorem 1.11
Two cases will be considered as follows.

Case 4.5 If g =1 and pa(f1,/2) < 1. Since all coefficients {a}(z2)}, {a?(2)}, {b}(2)}, {b?(2)},
{a)(2)} and {b;(z)} are not necessarily small functions, by using the same argument as in
Lemma 2.9, from Lemma 2.1, we have

2

max{sy, f1} < Z T T(r,fx) + S(r) + O(1) + 0(T(r,f1) + T(r, 2)), r¢ Hs, (24)
k=1
2
max{sy, &} < Y Dok T(r,fi) + S(r) + OQ) + o(T(r,f3) + T(rf2)), r¢ Ha, (25)
k=1

where Hs, H, are two sets of finite logarithmic measure, S(r) is as stated in Section 1.
Suppose that the component f; is admissible and f; is non-admissible, from (24) we have

I(r.fa)  S(r)

+

I(r.p)  T(nh)

max{s;, 1} <T'n+0(1) + '

for all r outside of a possible exceptional set of finite logarithmic measure. Thus, from
Lemma 2.8, we have

max{s;, 41} <I'n

outside of a possible exceptional set E3 = Hs U Ey U E; with finite logarithmic measure,
which contradicts the assumptions of Theorem 1.11.

Suppose that the component f; is admissible and f; is non-admissible, from (25) we have

T(r,f1) .\ S(r)

T(V:fZ) T(’"’fZ)

max{sy, tr} < Ty +0(1) + 'y

for all r outside of a possible exceptional set of finite logarithmic measure. Thus, from
Lemma 2.8, we have

max({sy, fr} < Ty
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outside of a possible exceptional set E4 = Hy U E; U E; with finite logarithmic measure,
which contradicts the assumptions of Theorem 1.11.

Case 4.6 If g=1and p(f},f2) = 0. By using the same argument as in Case 4.5, noting the
definitions of logarithmic measure and logarithmic density, we can prove that the conclu-
sion of Theorem 1.11 is true.

Thus, the proof of Theorem 1.11 is completed.
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