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1 Introduction

In finance and economics, in order to obtain the dynamics observed, it is important to
model the impact of event-driven uncertainty. Events such as corporate defaults, opera-
tional failures, market crashes or central bank announcements lead to the introduction of
stochastic differential equations (SDEs) driven by random measure; see [1, 2] since such
equations were initiated by Merton [3].

Since only explicit solutions of a small class of SDEs with Poisson random measure can
be obtained, one needs, in general, discrete time approximations which can be divided into
strong approximations and weak approximations. Strong approximations provide path-
wise approximations, while weak approximations are appropriate for problems such as
derivative pricing or the evaluation of risk measures and expected utilities.

We give an overview of the existing literature on the strong approximations of SDEs
with Poisson random measure. Early, in [4], Platen gave a convergence theorem for strong
approximations of any given order y € {0.5,1,1.5,...} and originally introduced the so-
called jump-adapted schemes which were based on time discretizations that included all
the jump times. Moreover, by using an order 1.5 scheme for approximating the diffusion
part, Kloeden and Platen (see [5]) obtained the jump-adapted order 1.5 strong scheme, and
they also constructed the derivative free or implicit jump-adapted schemes with desired
order of strong convergence. In [6], for the specific case of pure jump SDEs, the strong or-
der of convergence of Taylor schemes was established under weaker conditions than those
currently known in the literature. Recently, Bruti-Liberati and Platen [5, 7] have presented
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the drift-implicit schemes which achieve strong order y € {0.5,1}. Mao [8] deals with the
convergence of numerical solutions for variable delay differential equations driven by Pois-
son random measure. In [9], the improved Runge-Kutta methods have been presented to
improve the accuracy behavior of problems with small noise for SDEs with Poisson ran-
dom measure. Weak approximations can be seen in [7, 10, 11].

As for the stability of SDEs with Poisson random measure, only limited results have
been presented in currently known literature. Li, Dong and Situ [12] have shown that the
almost sure asymptotic stability of linear SDEs with Poisson random measure depends on
the negative Lyapunov exponential functions. Using Liapunov’s method, Swishchuk and
Kazmerchuk [13] have presented the stability of a trivial solution of semi-linear stochastic
delay differential equations with Markovian switchings and with Poisson bifurcations.

However, to the best of our knowledge, little has been presented about the stability of
numerical methods to SDEs with Poisson random measure. The main contribution in our
work shows that the implicit compensated Euler method shares exponential mean-square
stability for any step size At with SDEs with Poisson random measure; that is, the method
can preserve exponential mean-square stability without any restrictions on a step size. To
some extent, our numerical experiments demonstrate that the stability behavior of the
implicit compensated Euler method is not influenced by an increasing step size, while the
Euler method and drift-implicit Euler method can only preserve stability for restricted
step sizes. Our work is motivated by [5-7, 14]. In [5, 7], the drift-implicit Euler method of
order 0.5 was introduced to SDEs with Poisson random measure and its convergence was
considered. In [6], Euler method was presented to SDEs with Poisson random measure. In
[14], the stability was analyzed for the compensated split-step backward (CSSBE) method
and split-step backward Euler (SSBE) method to SDEs with Poisson process.

Our work is organized as follows. In Section 1, an implicit compensated Euler method is
introduced to SDEs with Poisson random measure. In Section 2, a convergence theorem
of the method is proved by four lemmas under the Lipschitz conditions and the linear
growth conditions. In Section 3, the exponential mean-square stability of such an equation
is analyzed. Subsequently, the stability of the implicit compensated Euler method to such
an equation is presented in the last theorem under the one-sided Lipschitz conditions.
In Section 4, some numerical experiments show the performance of the convergence and
stability. Finally, a concluding remark is given.

1.1 Problem’s setting
Throughout this paper, unless otherwise specified, we use the following notations. Let
uy V up = max{uy,us}. Let | - | and (:,-) be the Euclidean norm and the inner product of
vectors in R, d € N. If A is a vector or matrix, its transpose is denoted by AT IfAisa
matrix, its trace norm is denoted by |A| = /trace(ATA). Let L}O(Q; R?) denote the family
of R?%-valued Fy-measurable random variables & with E|£|?> < co. C}(R?; R?) denotes the
family of continuously differentiable R?-valued functions defined on R?.

The following d-dimensional stochastic differential equation with Poisson random mea-
sure is considered in our paper:

dx(t) = a(x(t—)) dt + b(x(t—)) aw(t) + /c(x(t—),v)p¢(dv xdt), t>0 (1.1)

&

with initial condition x(0-) = x(0) = x¢ € L%_-O (Q;R?), where x(t—) denotes lim,_, ,_ x(s).
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The randomness in this equation is generated by the following (see [11]). An m-
dimensional Wiener process W = {W(t) = (W(¢),..., W"(¢))”} with independent scalar
components is defined on a filtered probability space (2%, F¥, (F});0, PY). A Poisson
random measure ps(w,dv x dt) is on @/ x & x [0,00), where ¢ C R\ {0}, with r € N,
and its deterministic compensated measure ¢(dv)dt = Af(v)dvdt. f(v) is a probabil-
ity density, and we require finite intensity A = ¢(¢) < co. The Poisson random mea-
sure is defined on a filtered probability space (€, F/,(F))i=0,P’). As a consequence,
the process x is defined on a product space (22, F,(F,)=0,P), where Q = Q¥ x &/,
F=FY x F, (Fiso = (F =0 x (F))i=0, P = PV x P/ and F, contains all P-
null sets. The Wiener process and the Poisson random measure are mutually indepen-
dent.

The drift coefficient @ : R? — R?, the diffusion coefficient b : R* — R**” and the jump
coefficient ¢ : R? x ¢ — R? are usually assumed to be Borel measurable functions and the

coefficients satisfy the Lipschitz conditions

|at) - a()[* v [b6) - b)|* v / e, v) - ey, )| $(dv) < Kalx -y (1.2)
for every x,y € R? and K] > 0, and the linear growth conditions

@) v [b@)[* v [ |e(, v)[*p(dv) < Ko (1 + |xI?) (1.3)

for all x € R? and K; = max{2K3,2|a(0)[?,2|5(0)I%,2 [, |c(0,v)[*¢(dv)}, where

2

|a(0)| +|b(0)|2+/|c(0,v)|2¢(dv)§L, L>o.

A unique strong solution of the equation (1.1) exists under the conditions (1.2) and (1.3);
see [15, 16].

1.2 Implicit compensated Euler method
It is convenient to rewrite the equation (1.1) in terms of the compensated Poisson measure
(see [6])

Doldv x dt) := py(dv x dt) — p(dv) dt,

as

dx(t) = (a(x(t—)) + /c(x(t—), v)db(dv)) dt + b(x(¢-)) dW (¢)

&

+ /c(x(t—),v)§¢(dv x dt), (1.4)

for x € RY.
Given a step size At > 0, the implicit compensated Euler method applied to (1.1) com-

putes approximation Y, =~ x(¢,), where t, = nAt, n=0,1,..., by setting Y, = xo and form-
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ing
Yoo = Y, + (a(YM) . / c(Yn+1,v)¢(dv>)At +b(Y,) AW,

tnsl
+ / /C(Yn,V)ﬁ¢(dV x dt), (1.5)
tn &

where AW, = W(t,..1) — W(t,).
The continuous-time implicit compensated Euler method is then defined by

Y(t) =Yy + /0 (a(Zz(s—)) + /C(Zz(s—), v)¢(dv)> ds + /o b(Zi(s-)) dW (s)

+ /t/c(Zl(s—),V)ﬁ,,(dv x ds), (1.6)
0 Je
where Z1(t) = Y,, Z5(t) = Y,,1 for t € [t,, t,41), n=0,1,....

Actually, as we see in [6], py = {pg(£) := py(e % [0, £])} is a process that counts the number
of jumps until some given time. The Poisson random measure p,(dv x dt) generates a se-
quence of pairs {(7;,&,),i € {1,2,...,ps(T)}} for a given finite positive constant T if A < co.
Here {7;: 2 — R,,i € {1,2,...,ps(T)}} is a sequence of increasing nonnegative random
variables representing the jump times of a standard Poisson process with intensity 1, and
{&:Q—¢e,ie{l,2,...,ps(T)}} is a sequence of independent identically distributed ran-
dom variables, where &; is distributed according to ¢(dv)/¢(e). Then (1.5) can equivalently
be of the following form:

Yy = Y, + (a(YM) + / c(Yn+1,v)¢(dv>)At +b(Y,) AW,

12 (tn+1)

- f (Y V)pd)At+ Y oYy, &) (17)

¢ i=pg(tn)+1

As the special case of (1.1), that is, c(x, v) = c(x), the method (1.5) reduces to
Y=Y, + (“(Ynﬂ) + )LC(YMI))At +D(Y,) AW, = Ae(Yy,) At + c(Y,) Apy,
where Ap,, = py(ts.1) — py(t,) is a Poisson distributed random variable with mean AA¢.

2 Strong convergence of implicit compensated Euler method
In this section, we present a convergence theorem of the implicit compensated Euler
method (1.5) to the SDE with Poisson random measure (1.1) over a finite time interval
[0, T] under the Lipschitz conditions and the linear growth conditions, where T is a con-
stant and At = T/N, N € N. At the beginning, we give four lemmas.

The first lemma demonstrates the existence of a solution to the implicit compensated
Euler method (1.5).

Lemma 2.1 Under the Lipschitz conditions (1.2), if (VK1 + /AKy) At < 1, then the equation
for the implicit compensated Euler method (1.5) can be solved uniquely for Y, given Y,
with probability one.
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Proof Writing (1.5) as Yy41 = F(Y,41) and then using the Cauchy-Schwarz inequality and
(1.2), we have

|F(u1) - F(us)| = At

air) - alus) + / 1, V) () - / V) ()

) 1/2
< |a(w) - a(w,)| At + ( / Pg(dv) / |e(t1,v) = c(un, v)| WV)) At
< (VK + VAK) Aty — ),

for uy, uy € R%. Hence, the result follows from the classical Banach contraction mapping

theorem. U

The second lemma shows that the discrete implicit compensated Euler method (1.5) of

the equation (1.1) has bounded second moments.

Lemma 2.2 Under the linear growth conditions (1.3), there exists Aty > 0 such that for all
0 < At < Aty <1/(1+2K;5 + 20K3),

E|Y,|> < Ci(1+Elxol*), whenever nAt<T, (2.1)

where C; is a constant independent of At.

Proof 1t follows from (1.5) that

2

Y- (ﬂ(YrHl) + /C(Ynﬂr V)¢(dv)>At

2

7751
Y, +b(Y,) AW, + / /C(Yn,v)}a’d,(dv X dt)
tn P

Thus, by taking expectations and using the martingale properties of dW,, and ps(dv x dt),

we have
E|Yn+1|2 < 2AtE<Yn+lrﬂ(Yn+1) + /C(Yn+1; V)¢(dV)> + E|Yn|2

+ ALE[B(Y,)[? + E / o / (Y, )P b ) it (22)

2 2
Now, using the inequalities (u,v) < |u||v| < (W)2 < % for u,v € R?, the Cauchy-
Schwarz inequality and the linear growth conditions (1.3), we can obtain

E<Yn+l,a<y,,+l) . / c(Yn+1,v)¢(dv>>

§E<|Yn+1|

a(Yo) + / (Yo, (V)

)

/ (Y1, V)B(d)

2

2
= E|Yn+1|2+E|a(Yn+l)| +E

1
2
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1
< SENY,al” + Ela(ty)[ + E( / 126 (dv) / (Y| ¢<dv))
1
) E|Y,a|? + E|a(Y,0)| +E( ]|C(Yn+1,V)| ¢ dv))
1 2
< E + Ky + AKy |E| Y |” + (1(2 + 1K), (23)
E|b(Y,)* 51<2(1+E|Yn|2), (2.4)
and
b+l
E/ /\c(yn,v)yzqs(dv) dt < K, At(1+E|Y, ). 2.5)
tn e

So, by substituting (2.3), (2.4) and (2.5) into (2.2) and then choosing any Aty € (0,1/(1 +
2K; +20K3)), we get

1+4K; + 20K,
1= Ato(1+ 2K, + 20Ky)
4K, + 20K,
T At (1+ 2K, + 20K,)

E|Y,l* <E|Y, > + AtE|Y,|?

(2.6)

for all At € (0, Atp). Summing the inequality (2.6) from 0 to n € N when nAt < T, we find

1+ 4K, + 21K <
ElY,? <E[Yo] + 2 ALY E|Y?
1= Atg(1+2K; +20K) =

4K2 + 2)\.[(2
+
1- Atp(1 +2K; + 2AK3)

’

which yields the following result by the discrete-type Gronwall inequality (see [17]) and
nAt<T

) ) 4K, T + 20K, T T +4K,T + 20K, T
E|Y,|” < | E[Yo[" +

1- Ato(l + 21(2 + 2)\.1(2) 1- Ato (1 + 21(2 + 2)\1(2)

So, we have the result (2.1), where

o (1+ 4K, + 20K T
max4y ex
L= P AT An L+ 2K, + 20K)

(4K, + 200G) T (1 + 4K, + 20K,) T
ex .
1— Afo(1 + 2K, + 21K3) 1— Afo(1 + 2K, + 21K)

d

The third lemma shows that the continuous-time implicit compensated Euler method

(1.6) has bounded second moments.

Lemma 2.3 Under the linear growth conditions (1.3), there exists a positive constant C,
such that for all 0 < At < Aty,

E sup [Y(5)|” < Co(1+Elxol?). 2.7)
te[0,T]
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Proof 1t follows from (1.6) that

2

Yo <4|Y0|2+4‘/< Zy(s-)) + f(Zz( -), )¢(dv))ds

2

+4 b( 1(s— dW +4 21 p¢ (dv x ds)| , (2.8)

where the inequality |u; +uy +us +ug|? < 4|ug|? +4|uz)? + 4|uz|? + 4|uq|? for uy, uy, us, ug €
R? is used. Now, using the inequality (|u| + |v])? < 2(|u|* + |v|?) for u,v € R?, the Cauchy-
Schwarz inequality, the linear growth conditions (1.3) and Fubini’s theorem, we have

t 2
Ezes[l(l),pT]/o (a(Zg(s—))+/Sc(Zz(s—),v)¢(dv)) ds
t 2
<28 sup | [/ a(aeo) ”E,:;;pn/ [ et@smpanas

<2E sup (/ lzds/ |aZ2 )
te[0,T]

1%2ds Zz(s ),V ¢(dv)

2
ds)

<2TE a(Zy(s—) *ds +2TE sup 12p(dv) [ |c(Zy(s-),v 2(1)(dv) ds
[ etz [ Cota [le(zats-1.)

t€[0,T]1 JO

+2E sup (
te[0,T]

T
< (2T +2TH) / K (1+E|Zy(s-)[*) ds. (2.9)
0

Moreover, Doob’s martingale inequality (see [17]), the linear growth conditions (1.3) and

Fubini’s theorem imply

t 2
E( sup / b(Zl(s—)) dw (s) )
te[0,T]1J0
T T
54]2/ |b(Zl(s—))|2ds§4/ K (1+E|Zi(s-)|*) ds, (2.10)
0 0
and
(tes[lépﬂ// Zl p¢dvxds ><4E/ /‘ 21 ’qbdv

T
<4 / K (1+E|Zy(s-)|) ds. (2.11)
0

Thus, substituting (2.9), (2.10) and (2.11) into (2.8) on the interval [0, T + 1], we get the
result (2.7) by taking

Cy = max{4 + (8T + 8TMK,C, T + 32K, C, T,

(8T +8TMK>(1+ C)T +32K,(1+ C)T}. O

Page 7 of 17
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The last lemma shows the close relation between the continuous-time implicit compen-
sated Euler method (1.6) and its step functions Z;(£) and Z,(t).

Lemma 2.4 Under the conditions (1.3), there exist positive constants Cs and Cy indepen-
dent of At such that for all 0 < At < Aty,

E sup |Y() - Zi(8)]” < CsAL(1+Elxo %), (212)
tel0,T]
and
E sup |Y(6) - Zo(5)|* < Canre(1 + Elwo ). (2.13)
tel0,T]

Proof 1t follows from (1.6) in t € [t,, t,41] € [0, T that
Y)-Z1(t) = Y, +/ (a(Zz(s—)) + /C(Zz(s—),v)d)(dv)) ds +/ b(Zl(s—)) dW (s)

+ /tn /S‘C(Zl(s—),v)i%(dv x ds) —

Using the inequality |u; +uy +us + ua|? < 4lug|? + 4|uy | + 4|uz | + 4|ug|* for uy, u, uz, uys €

R?, we have

< 2
sup ‘ Y(t) - Z:1(t) ’
te[0,T]

+4- 22 -),v ¢(dv)ds

< max sup {
n=0,1,..., T/ At-1 reltutnsl]

/ (Zz ds
n

T 2
+4/ b(Zi(s-)) dW (s)

2
+4 } (2.14)

C(Zl(s—), V)?¢ (dv x ds)

Now, the Cauchy-Schwarz inequality gives

/ Zz (S
tn

/12dsf| (Za(s-) |ds<At/ Na(zalso) s, (215)
and

2
12 dS Zz (s-) )d)(dl/)

< At/t:m lc(Zz(s—), V)qb(dv)

<acf” ( [eo@n [ |C(Zz(S—):V)|2¢(dV)) ds

ao [ [1e(Zatso ) Pt ds, (2.16)
[ [letza-)

Zz(s )v dv)ds

2

Page 8 of 17


http://www.advancesindifferenceequations.com/content/2012/1/214

Song and Yu Advances in Difference Equations 2012,2012:214 Page9of 17
http://www.advancesindifferenceequations.com/content/2012/1/214

Moreover, Doob’s martingale inequality (see [17]) implies

T 2 tnsl
E( sup / b(Zy(s-)) AW (s) )5413 / |b(Z:(s-))| ds, (2.17)
T€[tnstns1llV ty tn
and
T 2
E(re[stll,5,+1] [tn /Sc(Zl(s—),V)ﬁ(,)(dvxds) )
<4E / o f le(Z1(5-),v) | pldv) ds. (2.18)

Therefore, by substituting (2.15), (2.16), (2.17) and (2.18) into (2.14) and then applying the
linear growth conditions (1.3) and Fubini’s theorem, we can obtain

= 2
E sup |Y(t)—Zl(t)|
tel0,T]

tny
<  max {41(2Atf l(1+E|Zz(s—)‘2) ds
n=0,1,..,T/At-1 t

ty+ tnt
+41<2Atk/ (1+E|Zo(s0)]) ds+321<2/ l(1+13|Zl(s—)]2)afs}.
tn tn

Hence from (2.1), it follows that
E sup |Y() - Zi(8)] < At[(1 + C)(&Ky Aty + 4Koh Aty + 32K5)
te[0,T]

+ C1(4~1(2At() + 4](2)\At0 + 321(2)E|x0|2}
< C3At(1 +Elxo|?),

where C3 = (1 + Cl)(4K2At0 + 4](2}\At0 + 321(2)
A similar analysis gives the result (2.13). O

Now, let us state the convergence of the implicit compensated Euler method by relying

on the lemmas above.

Theorem 2.5 Under the Lipschitz conditions (1.2) and the linear growth conditions (1.3),
the continuous implicit compensated Euler method (1.6) of the equation (1.1) satisfies

E sup [Y() - ()"
te[0,T]

< Cs(1+Elxol?)At, (2.19)

forall 0 < At < Aty, where Cs is a constant independent of At.

Proof From (1.1) and (1.6), we can have
1Y) - x|

/Ot(a(Zg(s—)) - a(x(s—))) ds

2
+ 4

2

<4 | (b(Z1(s-)) - b(x(s-)) W)
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2
+ 4

/0 /(C(ZQ(S—),V) - c(x(s—), v))d)(dv) ds

2
+ 4

’

/0 /(c(21 (s-), v) - c(x(s—),v))ia'(dv X ds)

where the inequality s + 1y +us + us|? < 4|ug|? + 4|uz)? + 4|uz|? + 4|uq|? for uy, uy, us, us €
R? is used. Hence, by the Cauchy-Schwarz inequality and Doob’s martingale inequality, for

any 0 <ty < T, we obtain

E( sup ‘Y(t) - x(t)‘z)

te[0,t0]
<08 | la(Za(5-)) - alxts) ' ds
0
+ 4t )E ! /IC(Zz(S—),V) ~ c(x(s-),v)[*p(dv) ds
0 &
ek [ " |b(Z1(5-)) - blats) ' ds
0

+ 16E/t0 /|C(Zl(s—),v) —c(x(s—),v)|2¢(dv) ds.
0 e

Fubini’s theorem, the Lipschitz conditions (1.2) and the inequality |z + v|? < 2|u|? + 2|v|?

then give

E( sup |7(t) - x(t)|2>

te[0,t0]

to to
<4TK, / E|Zy(s-) — x(s—)|* ds + 4TKy / E|Zy(s-) - x(s-)|* ds
0 0
to 9
+32K1/ E|Z1(s—)—x(s—)’ ds
0
to - 9 to _ 9
< (8TK; + 8TK ) / E|Y(s) - Zy(s-)| ds + 64K, / E|Y(s) - Zi(s-)| " ds
0 0

Lo _
+ (8TK; + 8TKy . + 64K)) / E sup |Y(0) - x(¢-)[ ds.
0

te(0,s]

Applying (2.12) and (2.13), we have

E( sup [Y()-x()[") = T(1+Elxol*) BT Cs + 8TKiA.Cy + 64K, C) At

te[0,t0]

Lo _
+ (8TK + 8TKiA + 64K)) / E sup |Y(¢) - x(¢-)|* ds.
0

te[0,s]

The result (2.19) then follows from the continuous Gronwall inequality (see [17]). (]

The theorem shows that the implicit compensated Euler method has strong order 0.5
under the conditions (1.2) and (1.3).

Page 10 of 17
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3 Mean-square stability
This section presents new results on the exponential mean-square stability for the equa-
tion (1.1) under the one-sided Lipschitz conditions in the following.

We assume that there exist constants pt1, (2, i3, itq such that Vx, y € R?

a(x), b(x), f c(x, v)$(dv) € C'(R%RY), 3.1)

(x a(x)) < pualxl, (3:2)

<x, [ ets v)¢>(dv)> < jalal, (33)

|b@)[* < palal, (3.4)

/g e[ pd) < palsl, (3.5)
and

4(0) = b(0) = ¢(0,0) = 0. (3.6)

And so the equation (1.1) admits the trivial solution x(f) = 0.
Since the numerical method (1.5) is implicit, the question of existence and uniqueness

arises. And we solve this question in the following lemma.

Lemma 3.1 Under the conditions (3.1), (3.2) and (3.3), the equation for the implicit com-
pensated Euler method (1.5) has a unique solution, with probability one, for all

(1 + mo)At < 1. (3.7)

Proof The required result is a special case of Theorem 14.2 in [18]. O

In this paper, we consider the exponential mean-square stability of the trivial solution,
which is defined according to [17, 19].

Definition 3.2 (see [17]) The equation (1.1) is said to be exponentially stable in the mean
square if there is a pair of positive constants ¢; and &, such that for any initial data x, €
L% (RY),

E|x(t)|2 < oqE|x|?e ™, forallt> 0. (3.8)
Definition 3.3 (see [19]) A numerical method applied to the equation (1.1) is said to be
exponentially stable in the mean square, if there is a pair of positive constants 8; and S,
such that the numerical approximations Y, satisfy

E|Y,|* < BiElxo’e ™", neN, (3.9)
for initial data xy € Lz}-O(Q; R?) and a given step size At > 0.

The result below shows the exponential mean-square stability of the equation (1.1).

Page 11 of 17
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Theorem 3.4 Under the conditions (3.1)-(3.6), if 0 < 0 in (3.11), then the equation (1.1)
is exponentially stable in the mean square. More precisely, any analytical solution of the

equation (1.1) with E|xo|? < 0o satisfies

E|x()|" < Elxo?e”’, forallt>0, (3.10)
where
0= 2(u1 + o) + U3 + . (3.11)

Proof Using Itd’s formula (see [1]) to f(¢,x) = |x(£)|%, we have

&

d|x(e)| = <<2x(t—),a(x(t—)) + / c(x(t—),v)¢(dv)> + |b(x(t—))|2) dt
+ / (|%(t=) + c(x(t=),v)|* = |xt-)|* = (22(2=), c(x(t-), v) ) $(dv) it

+ (2x(-), b(x(t-))) AW (£) + / (|x(t=) + c(x(2=),v)|* = [x(t=)| )Py (dv x dt)
for all £ > 0. Therefore, the conditions (3.1)-(3.5) give

d|x(2)|”

< ((Z,ul + 2y + U3 + u4)|x(t—)|2) dt + (2x(t—),b(x(t—))>dW(t)

1)+ el = )t o,
£
Hence, we have
E|x(t)|2 < E|xg|2e21t212tn3tualt

where the martingale properties of dW () and py(dv x dt) are used. d

The following lemma shows that the implicit compensated Euler (1.5) has a unique solu-

tion for all At under the condition o < 0 for the mean-square stability of the equation (1.1).

Lemma 3.5 Under the conditions (3.4) and (3.5), if o < 0 in (3.11), the implicit compen-
sated Euler method (1.5) produces a well-defined unique solution.

Proof From the conditions (3.4) and (3.5), we get 13 > 0 and p4 > 0. Therefore, o < 0 in
(3.10) can lead to 2(u; + i2) < 0. Hence, for any At > 0, we have (1 + 2) At <0 < 1. So,
according to Lemma 3.1, the equation for the implicit compensated Euler method (1.5) has

a unique solution, with probability one, for all Az > 0. O

In what follows, the theorem shows that as long as the equation (1.1) is exponentially
stable in the mean square, the implicit compensated method (1.5) applied to (1.1) indeed
shares the stability for any step size At > 0.
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Theorem 3.6 Under the conditions (3.1)-(3.6), if 0 < 0 in (3.10) and (3.11), then for any
step size At > 0 the implicit compensated Euler method (1.5) to the equation (1.1) is expo-
nentially stable in the mean square, namely

E|Y,|* <Elxol’e’"*, neN, (3.12)
where B(At) = o + O(AtL), as At — 0.

Proof 1t follows from (1.5) that

2

Y, - (a(Yn) + /C(Yn,V)¢(dV)) At

&

ty
Vi s b0 AW, [ [ ettt o)

7|

2
)

for any step size At > 0. Now, taking expectations and applying the martingale properties
of AW,,_; and py(dv x dt), we get

ElY,| < 2AtE<Yn,a<Yn) + / c(Yn,v)¢(dv)> +E[Y,]?
&
tn
+AtE|b(Y,,_1)|2+E/ (Y1, v)| () dit.
th—1 Je

Under the conditions (3.2)-(3.5), we have
E|Y,[* <21 + ) ACE|Y,* + (1+ u3 At + pa ADE| Y],
Since the conditions of (3.10) and (3.11) in Theorem 3.4 give
1-2(uy + (o)At >0,

and

1+ /L?,At + /,L4Af
Pl i
1-2(uy + p2)At

we get
E|Y,|* < Elxo|*e? (4074,

where

1 <1+,u3At+,u4At

Al = M T 0 + )

= O(Atb), At — 0.
AL ) o + O(At), as At— 0

4 Numerical experiments
This section presents several numerical experiments that demonstrate the results about
convergence and stability in Section 2 and Section 3.
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We consider the following equation:

dx(t) = ax(t-) dt + bx(t=) dW (¢) + /cx(t—)vp¢(dv xdt), t>0, (4.1)

&

with x(0), where d = m = r = 1. The compensated measure of the Poisson random measure
Po(dv x dt) is given by ¢(dv) dt = Lf (v) dvdt, and

1 (Inv)?
f(V)—mVeXp(— 5 ) 0<v<oo,

is the density function of a lognormal random variable. We simulate W (¢), p,(t) and §;
which are from independent sources of randomness, mainly according to [2, 20]. Here
three examples are given as

and

In Figure 1, the convergence of the implicit compensated Euler method (1.7) to I, I and
III is described. In this numerical test, we focus on the error at the endpoint T =1, and the
endpoint error is denoted as E|x(T) — Y(T)|. The expectation is estimated by averaging
M =1,000 sample paths over [0,1], and for each path, the implicit compensated method
is applied with four different step sizes At = 278t for 1 < p < 4, 8t = T/212. The solid line
shows a log-log plot of the expectation E|x(T) — Y(T')| against At. For reference, a dashed
line of slope 0.5 is added. We can see that the computational result is consistent with a
strong order equal to 0.5.

To observe the performance of the stability of the implicit compensated Euler method
(1.7) to (4.1), we compare the method with the Euler method (see [6]) and the drift-implicit
Euler method (see [5]) for an increasing step size At in Figure 2, Figure 3, Figure 4 and Fig-
ure 5. Here, E| Y, |? denotes the expectation of the numerical approximations. The expecta-
tion is estimated by averaging M = 50,000 sample paths, that is to say, w; : 1 <i < 50,000,
E|Y,|? =1/50,000 37%°°° | Y, ()% According to Theorem 3.4, I, II and III are exponen-
tially stable in the mean square.

—— Example Il
— — —Lineof slope 05

107"

107
At At At

Figure 1 The global error of implicit compensated method for (4.1) at T = 1 with x(0) = 0.1.
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At=1/22 for example |

09 At=1/2% for example |
) implicit compensated Euler] Euler
08 Drift-implicit Euler rit-implict Euler
- - - Euler Implict compensated Euler
07

x10° At=1 for example | At=1 for example | At=1 for example |
4.5 1.8 0.9
. [= - - Euer] 16 — — — Drift-implict Eer| 08 Implicit compensated Euler
; k P .
3.5 Ho14 !
3 12 ’,’
N;ze.s ! N; 1 ;
o 2 ‘{mos o
15 / 06 /
1 J 0.4 ///
05 o 02 i~
o - () Sa—
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 16
t

Figure 3 The stability of numerical methods for | and Il about larger step sizes with x(0) = 0.01

Implicit compensated method with At=60 and x(0)=0.95
1 T T T
Example Il
— — —Example | 4
1 0‘00 2060 3(;00 4(;00 50‘00 6000
t
Figure 4 The stability of numerical methods for I and Il about larger step sizes.

At=1 for example Il

0.04 T T T

0.005

Figure 5 The stability of implicit compensated Euler for pure jump example Il with x(0) = 0.0025.
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From Figure 2, for a small step size At = 1/2°, the three numerical methods to I are mean-
square stable and behave similarly. Moreover, for a step size At = 1/22, slight difference
appears among the three methods. However, from Figure 3, for a larger step size At =1,
there is observable instability of the Euler method and drift-implicit Euler method while
the implicit compensated Euler method remains stable for I. Therefore, our numerical
results show that for the parameter values used here, the Euler method and drift-implicit
Euler method are stable in the mean square only for restricted step sizes. It is interesting
to observe that even for a very large step size At = 60, the implicit compensated Euler
method is still stable in the mean square for I and II in Figure 4. And in Figure 5, pure
jump example III is described.

So, we can think that the numerical experiments are consistent with our results in Sec-
tion 3, that is to say, the implicit Euler compensated method performs better stability than
current numerical methods of order 0.5.
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