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1 Introduction
The classical Bernoulli polynomials B, (x) and Euler polynomials E, (x) have played impor-
tant roles in many branches of mathematics such as number theory, combinatorics, special

functions and analysis, and they are usually defined by means of the following generating

functions:
et & ¢ 20 & "
= B, (x)— t| <2m), = E,(x)— tl<m). 1.1
p gn()n! (el <2m), ;mm (It <) (L)

In particular, B, = B,,(0) and E,, = 2"E,,(1/2) are called the classical Bernoulli numbers and
Euler numbers, respectively. Numerous interesting properties for these polynomials and
numbers have been explored; see, for example, [1-3].

Recently, using some relationships involving Bernoulli numbers, Agoh and Dilcher [4]
extended Euler’s well-known quadratic recurrence formula on the classical Bernoulli num-

bers

(Bo +By)" = <n>BiBn—i =-nB,,-(n-1B, (m>1) (12)

i
i=0

to obtain an explicit expression for (By + B,,)" with arbitrary non-negative integers k, m,

n and k and m not both zero as follows:

n
n
(Bk + Bm)n = Z <l.)Bk+iBm+n—i

i=0

k'm!(n + 8(k, m)(m + k + 1))
== Bipinsk
(m+k+1)!
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m+k , ,
1y Biyiki1-i f K+ (k+1—i im
Rt (-1 -

+Z m+k+l {( )( i )( k+1 " k+1

1 1-14 ik
+(DM(M+ )(m+ S )}Bmpb (13)
i m+1 m+1

where §(k, m) = 0 when k = 0 or m = 0, and 8(k, m) = 1 otherwise. As further applications,

Agoh and Dilcher [4] derived some new types of recurrence formulae on the classical
Bernoulli numbers and showed that the values of Bg, depend only on By, Byy2, .. ., Bay
for a positive integer # and, similarly, for Be,,2 and Bg.4.

In this paper, using generating functions and combinatorial techniques, we extend the
above mentioned Agoh and Dilcher quadratic recurrence formula for Bernoulli numbers
to Apostol-Bernoulli and Apostol-Euler polynomials and numbers. These results also lead
to some known ones related to the formulae on products of the classical Bernoulli and
Euler polynomials and numbers stated in Nielsen’s classical book [5].

2 Preliminaries and known results

We first recall the Apostol-Bernoulli polynomials which were introduced by Apostol [6]
(see also Srivastava [7] for a systematic study) in order to evaluate the value of the Hurwitz-
Lerch zeta function. For simplicity, we here start with the Apostol-Bernoulli polynomials
B,(f)(x;)h) of (real or complex) order « given by Luo and Srivastava [8]

(M ) ZB x,k)— (1t +log Al < 27m;1% := 1). (2.1)

Especially the case @ =1 in (2.1) gives the Apostol-Bernoulli polynomials which are de-
noted by B,(x;A) = BS,I)(x;A). Moreover, B, (L) = B,(0; A) are called the Apostol-Bernoulli
numbers. Further, Luo [9] introduced the Apostol-Euler polynomials 5,(,“)(96; A) of order a:

(Aef+1) ZE (x,)»)— (1t +1logh| < ;1% :=1). (2.2)

The Apostol-Euler polynomials &,(x; 1) and Apostol-Euler numbers &,(1) are given by
EnlwsA) = 5,(,1)(x;k) and &,(A) = 2"&,(1/2; 1), respectively. Obviously, B, (x; 1) and &,(x; 1)
reduce to B,(x) and E,(x) when A = 1. Several interesting properties for Apostol-Bernoulli
and Apostol-Euler polynomials and numbers have been presented in [10-17]. Next we give
some basic properties for Apostol-Bernoulli and Apostol-Euler polynomials of order « as
stated in [8, 9].

Proposition 2.1 Differential relations of the Apostol-Bernoulli and Apostol-Euler polyno-
mials of order a: for non-negative integers k and n with 0 <k <m,
k

0
B ) -

n!BSIO‘_)k(x; A) 8_"
(n-k) "’ dxk

nE® (x;1)

(@)
(& s = (m=ky

(2.3)

Proposition 2.2 Difference equations of the Apostol-Bernoulli and Apostol-Euler polyno-
mials of order a: for a positive integer n,

B (@ +132) - B (1) =BV wn) (BY (52) =), 24)
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and
WD+ L)+ EP 1) =260V wh) (7 1) =a"). (2:5)

Proposition 2.3 Addition theorems of the Apostol-Bernoulli and Apostol-Euler polynomi-
als of order a: for a suitable parameter B and a non-negative integer n,

B+ y;0) =) <’7)6}“><x;x)62’i§@;x) (B9 (x; 1) =), (2.6)
i=0 L
and
ErP(xry0) =Y ('i’)e}“>(x;x)5,5ﬁ1(y;)\) (EO(x;1) = 2"). 2.7)
i=0

Proposition 2.4 Complementary addition theorems of the Apostol-Bernoulli and Apostol-
Euler polynomials of order a: for a non-negative integer n,

(-1)"

B (%27, Ea-x) = )

— & (7). (2.8)

B,(f‘)(a —XA) =

Settinga =1, $ =0 and @ = A =1, B = 0 in the formulae (2.3) to (2.8), we immediately
get the corresponding formulae for the Apostol-Bernoulli and Apostol-Euler polynomials,
and the classical Bernoulli and Euler polynomials, respectively. It is worth noting that the
cases o = A = 1 in Proposition 2.4 are also called the symmetric distributions of the clas-
sical Bernoulli and Euler polynomials. The above propositions will be very useful to in-
vestigate the quadratic recurrence formulae for the Apostol-Bernoulli and Apostol-Euler
polynomials in the next two sections.

3 Recurrence formulae for Apostol-Bernoulli polynomials

In what follows, we shall always denote by §;, the Kronecker symbol which is defined by
81,5, = 0orlaccordingto A #1or A =1,and also denote B_,,(x; A) = £_,(x; A) = O for any pos-
itive integer n. Before stating the quadratic recurrence formula for the Apostol-Bernoulli
polynomials, we begin with a summation formula concerning the quadratic recurrence of
the Apostol-Bernoulli polynomials.

Theorem 3.1 Let k, m, n be non-negative integers. Then

n

Z <IZ> (Bi(x; W)+ Bmwz—i(y; )\M))k

i=0

== Bisnsk(x + y; A1)

+1

+k
" 1 Bm+1(y; )")Bn+k—1(x + M)

+ Bm(y;)")BnH((x +y;ﬂ) +
m +

m Sy -1
s (’f) ()™ B g+ 35 1) A ) (31)
i=0

m+1—i
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Proof Multiplying both sides of the identity

1 1 ret 1 1 (3.2)
= + .
ret —1 e’ —1 ret -1 puev—1) Aue*tv -1

by v(u + v)e” ) yields

ve”  (u+v)eEV e yelt
=(u+v)
-1 etV -1 Aet

e(l—x)u (Lt + V)e(x+y)(u+v)
- Av . (3.3)
-1 pe -1 ret -1  Aupe*tv -1

Making k-times derivative for the above identity (3.3) with respect to v, with the help of
the Leibniz rule, we obtain

i ( ) ( ve™ ) ok ((u+v)ey(”*")>
P v \ e’ —1) avky

Aperty —1
uert ak 1/e(x+y)v e ak Ve(x+y)v e ak—l Ve(x+y)v
= — +v — +k
ret —1 vk \ per —1 ret —1 vk \ pe’ —1 ret —1 vkl \ pev -1
(1—x) k (x+y) (u+v) (1-x)u k-1 (x+y) (u+v)
e ad u+ve e 0 u+ve
-\ w+v) -k (1) (3.4)
Aet —1 ovk Aperty —1 Aet —1 gvk-t Aperty —1
Since By(x;1) =1 when A =1 and By(x; 1) = 0 when A # 1 (see, e.g, [8]), so by setting
Bo(x; 1) = 81,1, we get
e 1) it (% A) u™
ﬂ _ m+1 ) (35)
ret — m+l m
On the other hand, by Taylor’s theorem, we have
(u +v)er 2 gn
rettv —1 = Z du" \ \et — I’l‘ Z ZB”H'n %A m! !’ (36)
n=0 m=0 n=0

Applying (2.1), (3.5) and (3.6) to (3.4), in view of the Cauchy product and the complemen-
tary addition theorem of the Apostol-Bernoulli polynomials, we derive

0o 00 n k m i n
Z Z[Z < ) Z (f) Bi+j(x;H)Bm+n+k l—}(y )\N):| I:n' ‘;l‘
=0 n=0 L i=0 j=0 :

m+1

00 kByy1 (95 M) Brye—1 (% + 93 un v
:ZZ[Bm(y;k)Bn+k(x+y;M)+ ) Bt yﬂ)]%ﬁ

+ i i m+1()’ )\)Bm.k(x +; ,LL) u” Vn+1

BM 1 +y )
— m+1 m' n‘
81A oo ki 1 Vn+1
+=2) Bl +y,u)— o Z ZBm+n+k(x HPM)
n=0 m=0 n=0 :

* i i |:i (T) (_1)m+[Bn+k+i(x + )\M)M} u” vl

- m+1-—i m! n'
i=0
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o — B 1) un v
+k 1), Biiiksie A) ———
;;[1 ( ) +k+ 1(x+y /"L) m+1— m| I’l'
o i T
- k(Sl,A Z Z Bm+n+k—1(x +%; )",u-) P ; (37)

m=0 n=0

Comparing the coefficients of u”v**!/m!(n + 1)! and u™/m! in (3.7), we conclude our
proof. d

As a special case of Theorem 3.1, we have the following

Corollary 3.2 Let m and n be positive integers. Then
1 - m—i -1 1
= Z (1" Byei(y = 5 27) Buaict (5. A1) = = By 1) Bua (5 1)
m 0 m

1« 1
= _Z Z (7) Bn—i(y —X; M m+i— 1(96, )\//L) + = Bm 1 xr B (y /“L (38)
i=0

Proof Setting k = 0 and substituting y for x and x for y in Theorem 3.1, we obtain that for
non-negative integers m and #n, we have

Z <}Z>Bni(y;ﬂ)6m+i(x;}\ﬂ)
i=0

= B )By(x + y 1) + ——B
m+1

m+1 (x; )\)Bn—l (x + y; /'L)

m+l

n m+1 - o ’
" m+1 ; ( i >(_1) " Bmﬂ—i(}’,)» )Bn+i_1(x + Y Al). (3.9)
Hence, replacing y by y — x in the above gives the desired result. 0

Remark 3.3 Setting A = =1,x =t and y =1 -t in Corollary 3.2, by B,(1 — ) = (-1)"B,(x)
for a non-negative integer n, we immediately get the generalization of Woodcock’s identity

on the classical Bernoulli numbers, see [18, 19],

L Z ( )( 1) B QB yi2(6) ~ - BBy (0

= Z ( ) n i Zt)BmH'—l(t) - an(t)Bm_l(t) (Wl,l’l > 1) (310)

n

Applying the difference equation and symmetric distribution of the classical Bernoulli
polynomials, one can get (~1)"B,(—x) = B,(x) + nx"! for a positive integer n. Combin-
ing with Corollary 3.2, we have another symmetric expression on the classical Bernoulli
numbers due to Agoh, see [4, 20],

n

1 & (m 1 n
— Z ( ,)Bm—iBrH-i—l + = Z < .)Bn—iBm+i—1 =—Buina (mmn=1). (3.11)
m =\ i n i

i=1
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Using Theorem 3.1, we shall give the following quadratic recurrence formula for
Apostol-Bernoulli polynomials.

Theorem 3.4 Let k, m, n be non-negative integers. Then

(Bie(; 1) + Buys An))”

kim!(n + 8(k, m)(m + k + 1))
== m+n+ ;)"
b (m+k+1)! b Kbr+yidin)

m+k
| (m m Bniksr-il A7)
_1 e - n+i— ;)\‘ - 45 - .
+i§( ‘ {"(;) k(i—l)}B R S pa

m+k . k k Bm+ A
+ ;(_l)kﬂ {l’l(l) - Wl<l _ 1) }Bnﬂ'l(x +9; M)kl—(y) (312)

m+k+1-i’

where 8(k,m) = -1 when k =m =0, §(k,m) =0 when k=0, m>1orm=0, k > 1, and

8(k,m) =1 otherwise.

Proof Setting k = 0 and substituting m + k for m in Theorem 3.1, we have

(Bo(@; 11) + Bk (3 A1a))"

an+n+ (x"' ;)\ll«)
= =8y, kj 4 Bk 05 ) B + 7 10)

m+k
ki1 (V5 A) By j i
N nBB k 1()’ )B 1(x+y :u) n nz (Wl + k)(_l)m+k+1

m+k+1 i

i=0
Bskr1-i(%; )L_l)

, 3.13
m+k+1—i ( )

X Bn+i—l(x +) )\,//L)

which is just the case §(k, m) = —1 or 0 in Theorem 3.4. Next, consider the case §(k, m) = 1.
We shall use induction on k in Theorem 3.1 to prove Theorem 3.4. Clearly, the case k =1
in Theorem 3.1 gives

(Bi@s ) + B An))" + (Bo(; 1) + Bunar (053 A10))"

= _al,A —Bm+n+1(x +; AI/L)
m+1

1
+ By (y; B (x + 35 1) + nt B (y; M) Bu(x + y; 1)
m+1

“ m m+i Bm+ —i(x;)‘il)
+(n+1) XO: < i >(-1) B+ g ) = (3.14)
Noting that for any non-negative integer &,

" m mi Bm+ —L’(x;)"il)

> < . )(—1) Buekaiaa (6 + y hp) -

5\ m+1—i
S ( m Bonviet-i(0537)

= -1k B, GAp) 3.15

Z<,-_k)( PR e i) AR (315)
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Hence, substituting (3.13) and (3.15) to (3.14), we get the case k =1 of Theorem 3.4. Now
assume that Theorem 3.4 holds for all positive integers being less than k. From (3.1) and
(3.15), we obtain

(Bi(; 1) + Biuys An))"

(Vl + k)Bm+n+k(x + J’;Ml)
m+1

i WY

+ Bm()/; )L)B,Hk(x oy M) + (ﬂ + k)Bm+l(y; A’)B}’H-k—l(x + //«)

m+1
™= kil 7Y
1 m+k+i i ; m+ A
+(n+k);:(i )( R R e S g
k-1
~ (Bow 1) + B 032" Z( ) 1)+ By 050))’ (316)
j=1

Since (3.12) holds for all positive integers being less than k, we have

Mk
<].> (B ) + Bpsie—j (5 A1) "

j=1
- k m+k k-1
(m+n+k+1)Byx(e+y;A0) kXI: (,) -y k
= —01,1 ik +Z(—1) Z .
m+k+1 /:1(;) i=0 PR
i -J -J m+k+1-i ;)‘-_1
s o ("I (I B gy Pt G52
i i-1 m+k+1-i
m+k j /
P 2 (Yo fol() omexn(, )
j=1
m+k+1 z(y)"
X Byia(x +; M)ﬁ' (3.17)
For any non-negative integers i, k, m,
k _m+ k+1
Z W’*" m+1l "’
j=0
. (3.18)
m+j INTEL
(") - ()
j=0
It follows from (3.18) that
k1 (K !
5 G) &k km (3.19)

(’”Tk) Tm+l (m+hr

j=L \j

B () l(2) () e
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| K\ (m+k-j

(—1)“1(,) (”“ ’) - (—1)“k<,m )—k(,m ) (3.21)
- j i-1 i-k i-1
-1 .

(1) <k> (’) _ ( 0 ) (-1t (°> _ (k) (3:22)
- j)\i i-k i i

-1 X .
coomek-p(5) ()
- j/\i-1
k ) 0 0 0
=— (i_l)—(—1)’(m+k)<i_1)+m(i_k_1)—k<i_k). (3.23)

By substituting the above identities (3.19)-(3.23) to (3.17), we get

o

~.
T ]

~.
I
—_

k-1

k n
Z (]) (Bj(x; /’L) + Bm+k—j(y; )\,M))

j=1

= =81,

(m+n+k+1)Bunkx+y;,A0) ( k klm! )

m+k+1 m+1_(m+k)!

X m+i m m k m+k 2 m
E““ {"(i>_k(i—1)+('” ”( i )‘(‘” (n+k)(i—k)}

B il at
X By (@ + y; ) 2kl 02 2 7 f .)
m+k+1—i

m+k
A [k k Buks1-i(y; A)
3 Z _p)k _ i s ) T
i:O( ) {n<l> m(i—l)}B 1(x+yu)””‘+k+1_i

n+k B, 3
A 13m+1(y;)x)5n+k71(x +y ) — 1Bnsice1 (93 1)

m+k+1 Bualw+ 20

= Bk M) B (x + 35 1) + B (y; ) Bk (x + y; 1. (3.24)

Thus, putting (3.13) and (3.24) to (3.16) concludes the induction step. This completes the
proof of Theorem 3.4. g

Obviously, the cases A = # =1 and x = y = 0 in Theorem 3.4 lead to the Agoh-Dilcher
quadratic recurrence formula (1.3). We now use Theorem 3.4 to give the following formula

on products of the Apostol-Bernoulli polynomials.

Corollary 3.5 Let m and n be positive integers. Then

" m ; Bn+i A
B DBy =1y ( l, ) (VB 7) PR
i=0
" (n ) Biilx; Au)
+m;(i)8n_l(y—x,u) p—

m!n!
1Y By By — 5 1), (3.25)
(m + n)!
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Proof Taking n = 0 and then substituting m for k, n for m, A for p and pu for A in Theo-
rem 3.4, we obtain that for positive integers m and #,

n+;()’ )

n+i

By 1) By 1) = "Z( )( 1 Byroilx + 90 —E2E
i=0

m+i(x;/"v71)
- nz ;)\ - .
+mZ< ) (e +y;000) —

61 min!
—(;;L+ )! Bipn(x + s ). (3.26)

Substituting 1 — y for y and ™! for Au in (3.26) and using the complementary addition
theorem for Apostol-Bernoulli polynomials, we get our result. O

Remark 3.6 The cases A = i =1andx = yin Corollary 3.5 together with the fact B; = —1/2
and By,,1 = 0 for a positive integer # (see, e.g., [21]) will yield that for positive integers m
and #, see [5, 22],

Bu(@Bux)= Y {n(’",)m(”) }BZiMu—l)M“ s (327)

m+n—2i (m+n)!
where [x] is the maximum integer less than or equal to the real number x.

4 Recurrence formulae for mixed Apostol-Bernoulli and Apostol-Euler
polynomials

In this section, we shall use the above methods to give some quadratic recurrence formu-

lae for mixed Apostol-Bernoulli and Apostol-Euler polynomials. As in the proof of Theo-

rem 3.4, we need the following summation formula concerning the quadratic recurrence

of mixed Apostol-Bernoulli and Apostol-Euler polynomials.

Theorem 4.1 Let k, m, n be non-negative integers. Then
n n k
Z <l> (gi(x; M) + Bm+n—i(y; )\'ll«))
i=0

Z( )( 1)m+l5m l(x’ ) n+k+i(x+y;)\,u)

i=0

- %{mgm—l(ﬁ/; MEnic +y; 1) + (1 + K Em(Y; MEpinr (x + y3 1)} (4.1)

Proof Multiplying both sides of the identity

1 1 [ e 1 1 )
ret +1pe’+1 \de+1  pe’ +1) apertv —1 :
by 2(u + v)e?#*) we have

2¢ (u+v)e+) 2194 (y 4 )W W) gy 2 eV
- - . 4.3
pne’ +1 Ape'tv —1 ret+1  Apettv —1 2 ret+1pe’+1 (43)

Page9of 16
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Making k-times derivative for the above identity (4.3) with respect to v, with the help of
the Leibniz rule, we get

Xk: § [ 27\ 3T [ (u+v)eE
= i \ e’ +1) 9%\ apent —1

Ze(l—x)u ak ((u + v)e(x+y)(u+v))

et +1 vk Apertv —1
Cutv 28 9% (2N k20 gkl (26
- = . 4.4
2 Ae”+18vk<pce"+1) 2ke"+18vk‘1(ue"+l) (4-4)

Applying (2.2) and (3.6) to (4.4), in view of the Cauchy product and the complementary
addition theorem for the Apostol-Euler polynomials, we obtain

k
k) u” V"
i+ (x; )Bm+n+k i ()’ AM):|
S5 3 (1) S (et |1
=> Z[Z m)( "€ (x5 47") Bkl +y,w)] M—‘ V—,
n:
m=0 n=0 L i=0
~ i i Ens Nk x + ;1) w™ v & i Emy; /\)5n+k(x +y; 1) w” v
m=0 n=0 2 m! m=0 n=0 }’}’l' I’l‘
k o0 o0 m n
5 2 D Ens i +y;u)% . (4.5)

Thus, by comparing the coefficients of u”*'v"*1/(m + 1)!(n + 1)! and «*1/(m + 1)! in (4.5),
we complete the proof of Theorem 4.1. O

We now give a special case of Theorem 4.1. We have the following

Corollary 4.2 Let m and n be positive integers. Then

Z( )( 1)m lgm 1(_)/ x, ) n+t(y )"/’L) ~ Cm— 1(36,)\,)5 (V /’L

i=0

=Z<’:) i = 5 1) B35 118) — = €t (3 1) E5). (4.6)
i=0

Proof Setting k = 0 and substituting y for x and x for y in Theorem 4.1, we obtain that for
positive integers m and n,

Z <’:> gn—i(y; M)Bm+i(x; )"I’L)
i=0

Z( )( )" Epui (75 27) B + 3 212)

1=

;{mc‘?m 16 2)Enx + 3 1) + nE1 (6 + 35 1) E (5 1) . (4.7)

Thus, replacing y by ¥ — x in the above gives the desired result. O

Page 10 of 16
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In particular, setting A = u =1, x =t and y =1 — ¢ in Corollary 4.2, by the fact E,(1 —
x) = (=1)"E,(x) for a non-negative integer n, we obtain the following symmetric identity

involving the Bernoulli and Euler polynomials, see [19].

Corollary 4.3 Let m and n be positive integers. Then

<77> (=1)'E,,,_i(28)B,,4i(t) — %Em—l(t)En(t)
i=0
=) <:l)(—1)iEn—i(2t)Bm+i(t) - gE,,_l(t)Em(t). (4.8)
i=0

Now we apply Theorem 4.1 to give the following recurrence formula for mixed Apostol-
Bernoulli and Apostol-Euler polynomials.

Theorem 4.4 Let k, m, n be non-negative integers. Then

(Exxs 1) + By 210))"
m+k
= Z <rz¢) (=1 Bri(x + 33 M) Emani (x5 27)
i=0
1 m+k , k k
S {n(i) _ m(i f 1) }am(x F 0 Emaii (). (4.9)
i=0

Proof The proofis similar to that of Theorem 3.4, and therefore we leave out some of the
more obvious details. Clearly, the case k = 0 in Theorem 4.4 is complete. Next, consider
the case k > 1 in Theorem 4.4. Assume that Theorem 4.4 holds for all positive integers
being less than k. In light of (4.1), we have

(s 1) + B )"

1
=3 {MEna M) Enakx + 35 1) + (1 + K)E (¥ M)k (x + 35 1) }

m+k

+ Z (l Tk) (_1)m+k+i8n+i(x + y; )\M)€m+k—i(~x; )\-71)
i=0
Mok

-3 (}) (&5 1) + Brsij (1)) " (4.10)
j=0

It follows from (4.9) and (4.10) that

(s 1) + B ap))”

1
= = AmEna (s MEni + 3310) + (1 + KEn (33 M) Envi(x+ 33 1)}

m+k k-1

+ Z(—l)m”Bn”(x + y;)‘-ﬂ)gm+k—i(x; )‘-_1) Z(_l)k_l_j (f) (m ¥ k _]>

: ) l
i=0 j=0
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m+k

- _Z l)kH n 1+z(x+y) ) m+k—i(y;)‘«)

S b ()0 ()(2)

j=0

m+k

> (i " /<> (1) E ki 71) Braix + 35 ). (4.11)

i=0

In view of (3.19), (3.21) and (3.22), we have

k=2: L l( )(m +ik_j) = () (i Tk) * (T) (4.12)
kZol:( v" H( )(}z> ) ‘(,f k) * (f) (4.13)

k-1

k-1-j KN(C T k 0 0
N )"k +m - ])<]><l—1)_m(i—1>_m(i—k—l)+k<i—k>' (4.14)

Thus, applying (4.12), (4.13) and (4.14) to (4.11), we conclude the induction step. This
completes the proof of Theorem 4.4. g

~.

~.

~.

Corollary 4.5 Let m be a non-negative integer and n be a positive integer. Then

Em(x¢)\-)8n(y; M) = g Z (7) (_I)WI%Em—i(y - x;)‘il)gnﬂ—l(y;)"ﬂ)
i=0
+ Z (’:) Boi(y = % 1) Epai(2 A1), (4.15)
i=0

Proof Taking n = 0 in Theorem 4.4, and then substituting m for k, n for m, A for u and p

for A, we have

Enles B i20) = -3 Y (’”) 1) i+ 35 ) Ennia (05 1)

i=0

n

+ 3 () VBt mrIEalin) (16)
0

i=

By substituting 1 — y for y and ™! for Au in (4.16), in view of the complementary addi-
tion theorems of the Apostol-Bernoulli and Apostol-Euler polynomials, the desired result

follows immediately. O

In order to give the quadratic recurrence formula for the Apostol-Euler polynomials,
it is routine to present a summation formula concerning the quadratic recurrence of the

Apostol-Euler polynomials.
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Theorem 4.6 Let k, m, n be non-negative integers. Then

n

Z <,:) (5i(x; M) + gmﬂq—i(y; )\-,Uz))k

i=0
Bia-i(x )L_l)
_22( ) n+k+z(x+y; )—Wl+1—i
+ {81,18m+n+k+1(x + y;)\M) =B 0’; )»)5,,4,]((96 +% M)}

m+1

Proof Multiplying both sides of the identity

1 1 re 1 1
ret —1 e’ +1 T\ et -1 ue' +1 ) et +1
by 4€**#+V) we obtain

28* 2ey(u+v) e(l—x)u 2e(x+y)(u+v) e 2€(x+y)v

=2\ - .
ne' +1 Aue*tv +1 ret —1 Apet +1 ret —1 e’ +1

Page 13 0of 16

(4.17)

(4.18)

(4.19)

Making k-times derivative for the above identity (4.19) with respect to v, with the help of

the Leibniz rule, we derive
L o/ 2e* k- 9eY(u+)
;;( )81/1 (M€V+1)8Vk_j<)\'ﬂeu+v+l>

e(l—x)u ak 26(x+y)(u+v) et ak 2e(x+y)v
=2A — -2 — .
ret —1 vk \ Auertv +1 —19vk\ pne’ +1

Note that from Taylor’s theorem, we have

2ex u+v) o 9" 2t N © X um Yt
1 Lt (1) o = D Bl

m=0 n=0

(4.20)

(4.21)

Applying (2.2), (3.5) and (4.21) to (4.20), in view of the Cauchy product and the comple-

mentary addition theorem for the Apostol-Bernoulli polynomials, we obtain

0o 00 n k k m o n
Z Z[Z (7) Z <j>gi+j(x; ) E pmnk— l—](y )‘M)] Z’l' ‘;!

m=0 n=0 L i=0 j=0
=-2 :0 i [é (T) (=)™ E i + y3 A1) %} %n: ‘;—':
22 i L L
+ 2815 g;) gé’wmk(x + Y3 ALL) u;:l % - @ Z Enik(x + 3 ,u)_

Thus, comparing the coefficients of ”v"/m!'n! in (4.22) gives Theorem 4.6.

(4.22)

O
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Remark 4.7 Setting k = 0 in Theorem 4.6, one can easily reobtain Corollary 4.5

Theorem 4.8 Let k, m, n be non-negative integers. Then

(Exlws 1) + En(s Ap))”

kim!
= 281,A m m+r1+k+1(x + ¥ )".LL)

m+k

_ZZ 1)m+z< ) n+z(x+y,)\ ) Biskr1-i(o A _1)

m+k+1—i

m+k
Bm+k+1—i0’;)\)
-2 ki (PN g 4y o) kA=t 2 4.23
> () (e ) Dt O (4.23)

Proof Clearly, the case k = 0 in Theorem 4.6 leads to the case k = 0 in Theorem 4.8. Now

consider the case k > 1 in Theorem 4.8. Assume that Theorem 4.8 holds for all positive
integers being less than k. By (4.17) we have

(s ) + En( Ap))”

2
{51 AEmniks1 (% + ¥ }L,U«) Bmﬂ(y NE k(% + ¥ M)}
m+1

m mk+i Bk —L’(x$)\_1)
] B L e s

pary m+k+1—i
k-1
k n
- () (& ) + Emari(s A))". (4.24)
o
It follows from (4.23) and (4.24) that
(ks 1) + Em(ysap))”
2
= {5m+n+k+1(x + )\-/'L) - Bm+1(y; )\v)gwrk(x + ,LL)}
m+1
m+k
m m+k+1 i(x; )til)
-2 1 m+k+zgnH ,)L Pm+k+1-i\ A )
;(i— >( ) Gty k) m+k+1—i
- k m+k
Emnsir1 (X + y; A1) = (1) i
-26 -2 1), A
B Y o D1 E i+ 330
j=0 j i=0
Binsisi—i(ax; A7) kel k m+k—j
Zmikal i ) 1)k-1-
x m+k+1- Z( ) i
m+k k-1 ;
i Bm+k+1—i()/§)h) ik ]
—2) (DM i + s ) N () : 4.25
g( yrE (x+ymm+k+1—i}Z=0:( ) (;)(z (4.25)

Thus, applying (3.18), (4.12) and (4.13) to (4.25), we conclude the induction step. This
completes the proof of Theorem 4.8. g
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Corollary 4.9 Let m and n be non-negative integers. Then

Ens)Ei 1) =23 (’f )(—1)mf5mi(y ) Bl )

- n+l+i
i=0
n
n Bm+1+i(x;)‘-,uv)
2 Epily — )~ i)
;(i) O-xp) m+1+i
(=1)"m!n! B
— 2810 mgmmﬂ (J’ —-x; A 1)~ (4.26)

Proof Taking n = 0 in Theorem 4.8, and substituting m for k, n for m, A for u and i for A,

we get

m!n!
Em(e M)ER(y; M) = 281, m5m+n+1(9€ +y; M)

”(m i Bai+i(%; -1
2y ( l, )(—1)l5mi(x by D)
i=0

n+1+i

= n i Bm+1+i(y;:u)
-2 -1)'E,_; ) ———. 4.27
5 (v nn s @27)

Hence, substituting 1 — y for y and ™! for Au in (4.27), in view of the complementary

addition theorems of the Apostol-Bernoulli and Apostol-Euler polynomials, the desired

result follows immediately. O

Remark 4.10 The cases A = ¢ =1and x = y in Corollaries 4.5 and 4.9 will yield the corre-

sponding formulae for B,,(x)E,(x) and E,,(x)E,(x) presented in [5]. We leave them to the

interested readers for an exercise. For different proofs of Corollaries 3.5, 4.5 and 4.9, we
refer to [23].
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