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1 Introduction
Impulsive differential equations are recognized as adequate mathematical models for
studying evolution processes that are subject to abrupt changes in their states at certain
moments. Many applications in physics, biology, control theory, economics, applied sci-
ences and engineering exhibit impulse effects (see [1-4]). In recent years, the study of
the oscillation of all solutions of impulsive differential equations have been the subject of
many research works. See, for example, [5-11] and the references cited therein.

In this article, we consider the second-order linear impulsive differential equation of the
form

(a(O)x' @) + x(B)]) +p(O)x(t) =0, t>to,t #t, 1)

M) =bx(te), K () =ax (), k=12,..., '
where 0 <ty <t <+ <t = 00, limg_, o0 b = +00, a(t) € C([ty,>0),(0,00)) and p(t) €
C([to, 00), R), {bx} and {ci} are two known sequences of positive real numbers, A is a real
number, and

’ ) 1 X(tk+h)—x(tk)
)= iy B
o (b h) ()
) -y S
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Let J C R be an interval and PC(J,R) = {x: ] — R : x(¢) be continuous everywhere except
at some #; at which x(¢{) and x(t;) exist and x(t;) = x(£)}.
A function x € PC([£y, 00),R) is said to be a solution of Eq. (1.1) if
(i) «x(z) satisfies (a(£)[x'(t) + Ax(2)]) + p(t)x(¢) = O for ¢ € [£y,00) and ¢ # &,
(i) x(tf) = brx(ty), 2/ (t]) = cxx’ (t) for each t;, and x(t) and x/(¢) are left continuous for
each t, k=1,2,....

Definition 1.1 A nontrivial solution of Eq. (1.1) is said to be nonoscillatory if the solution
is eventually positive or eventually negative. Otherwise, it is said to be oscillatory. Eq. (1.1)
is said to be oscillatory if all solutions are oscillatory.

If A = 0, then Eq. (1.1) reduces to the second-order linear differential equation with im-

pulses

(a(O)x' (1)) + p(t)x(t) =0, t>to,tFtr,
x(tf) = brx(ty), X)) =X’ ), k=12,....

(1.2)

In [12] Luo et al. and [13] Guo et al. gave some excellent results on the oscillation and
nonoscillation of Eq. (1.2) by using associated Riccati techniques and an equivalence trans-
formation. Moreover, Luo et al. showed that the oscillation of Eq. (1.2) can be caused by
impulsive perturbations, though the corresponding equation without impulses admits a
nonoscillatory solution.

If a(t) =1 and A # 0, then Eq. (1.1) reduces to the impulsive Langevin equation of the
form

L4+ 0)x(t) + p(Ox() =0, > to,t b
x(t}) = brx(ty), X () =cax' ), k=12,....

1.3)

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective
tool to describe the evolution of physical phenomena in fluctuating environments. For
more details of the Langevin equation without impulses and its applications, we refer the
reader to [14].

IfA=0and by = ¢, =1forallk =1,2,..., then Eq. (1.1) reduces to the self-adjoint second-
order differential equation

(a(t)x(8)) + p(t)x(t) =0, ¢>to. (1.4)

There are many good results on the oscillation and nonoscillation of Eq. (1.4); see, for
example, [15-18].

2 Main results
Now we are in the position to establish the main result.

Lemma 2.1 Ifthe second-order differential equation

[(TT & )awlyorr(1- 25 3 T du-doat )yt

T<ty<t T <ty <t tg<tj<t
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) 2
+ ( l_[ d,f) [p(t) + %( Z l_[ di(1- dk)ﬂ(tk)>
T<tyg<t

T<tp<tlx<tj<t

-2 >0 1 d,(l—dk)a(tk)}y(t)zo, t>T, (2.1)

T<tp<tlx<tj<t
is oscillatory, then Eq. (1.1) is oscillatory, where dy = cx/b, k =1,2,....

Proof For the sake of contradiction, suppose that Eq. (1.1) has an eventually positive solu-
tion x(¢). Then there exists a constant 7' > £, such that x(¢) >0 fort > T.
We let

Ca®)(ex(t)  alt) (t) + rx(t))
T eMat) x(t)

u(t) , t>T.

Then

eMx(t)a(t)(ex(t))] - a(t)[(ex(2))]?
(eMx(t))?
_ la@®)Ex®) 1 a(®)l(x()]?
N erMx(t) (erx(2))?
_ (a)( () + 2x(2)])  alt)[(eMx(t)T>
B e x(t) (eMx(t))?
(a(6)(x'(£) + Ax(2))) .\ a(t)(x'(t) + rx(t))
x(t) x(t)
_a®)[(ex(®) 1
(eMx(t))?
u?(t)
a(t)

u'(t) =

= —p(t) + hau(t) -

can be obtained. Therefore,

u?(t)

u' () — Au(t) + 20

+P(t) =0, t> T7 t ?/tk' (22)

On the other hand, we have

a(t) & () + Ax(E))) _ alti) (e’ (@) + Abrx(t))
x(t)) bix(t) '

u(5) =
Let ex = A(1 — dy)a(ty), then we get
u(tf) = deulty) +ex, te=T,k=1,2,.... (2.3)

Now, we define

v = [] d,;l[u(t)— ST] d/ek:|, t>T. (2.4)

T<ty<t T <ty <t tg<tj<t
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Then, for ¢, > T, we get that

I1 d?[ﬂ(fﬁ)— > I djek]

T<ty<ty T<ty<tn £k<tl'§tn

I1 d,;l[dnu(rn)w- > T] d,d,,ek—en]

T<tp<ty T<tp<tn tk<£/'<ty,

I1 d,;l[u(tn)— > T djek]

T<tp<tn T<ty<ty tk<tj<tn

=v(ty,).

Therefore, v(¢) is continuous on (7', 00).
We have

(H dkl)x(Z I1 d) 2. 1 &e

T<tr<t T<ty<t tr<tj<t T<ty<t Tgtjgtk

Then, for ¢ > T, t #t, and from (2.2), we get that

v(t) = hm( I] & [u(t+h > 11 dek}

T<ty<t+h T<ty<t+hty<tj<t+h
— 1_[ dk1|:u(t)— Z 1_[ dj@]{|)/h
T<ti<t Tgtk<ttk<tj<t
i I—[Tgtk<t+h dilu(t +h) - l_[TStkd dilu(f)
0 h
t+h)—ul(t
(T )y 00
T<ty<t h—>0
-1 / -1 2( )
=( [ dt)vo=( [] d)|rue- PR
T<ty<t T<ty<t

(Lol [1.9)- 2 11

T<ty<t T<tr<t T<ty<t ty<tj<t
1
_E[V(t)( 1 dk)+ I djek] _pa)}
T<ty<t T<tp<t tg<tj<t

_ 1 VA (t)
=w@+xr Yy [ dla-( [] % 20

T<ty<t Tf[jftk T<ty<t

20 2 T ae (T )

T<tk<t te<tj<t T<ty<t

x ( ST] djek)z-( I dkl)p(t).

T<tr<t tg<tj<t T<tp<t
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The left-hand and the right-hand derivatives of v(¢) at t = ¢, are given by

<.

~
Sl
~

Il

( [ dkl)u/(tn)=( [1 dkl)u%tn),

T<ti<tn T<ty<ty
v/(t;):( I1 dkl)u’(t;)z( [ dkl)d,,u’(tn)=< [ dk1>u/(t,,),
T<tx<tn T<tx<tn T <tg<tn

Hence, for t = ¢,,, we have

v/(t,q):( I1 dkl)u’(tn>=( I1 d,f) Tim '(2)

T<ty<tn T<tpety
2

< I1 ) [““” 5 —p(t)}
T<ty<tn (t)

= o 1 (t)

= (T<1t_[k<¢nd )|:)\.M(tn)_ 20 —p(t,,)}

=< dl){A[V(tn)( [1 dk)+ > 11 d/ek]
T<ty<tn T<ty<tn T<ty<ty tk<tj<tn

1
’W[V(”<

[T )+ 3 T do] e

T<ty<tn T<ty<tn L <tj<tn
2
a1 V= (£)
we+r T 4 ek_< I dk> -
T<ty<tn Tftjftk T<ty<tn
v(t ) 1
- - dt
2,2 114 a(tn)(n k)
T<ty<tp tk<tj<tn T<ty<tn
2
x( > 11 ai,ek) —( I1 d;l)pun).
T<ty<tn g <tj<tn T<tg<tn

Thus,

v/(t)+(]_[ )V((tt)) w(t) + zv(t) RIEE

T<ty<t T<tk<ttk<t]<t
. 1 . 2
2 T dteas (T &)( X 11 de)
T<tr<t TSthtk T<t<t T<t<t tk<tj<[
+( I1 d;1>p(t)=o, t>T. (2.5)
T<tyg<t

We set

ool

[ ar)E a— ST] dek]ds}, t>T.

T<ty<s T<ty<stg<tj<s
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Then, w(t) >0 for t > T and

()
W’(t):W(t)|:< d)v de:|
Tglq ‘ ® a(t) Z 1_[ k

T<ty<t tg<tj<t

From (2.5), we obtain

[( I1 d;1>a(t)w’(t)+x< I d;1>a(t)w(t)—2 > T1 d,-lekw(t)]
T<ty<t T<tg<t

T<ty<t Tftjftk
=w(t)V () + v)W (¢)

:w(t)|:v/(t)+< I dk)VT(t))—x (1) + V(t)) ST dek}

T<ty<t T<tyg<t tk<t}<t

=w(t)[ 2. 1 d'a-5 <Tg<td;1)

T<ty<t T<tj=<ty
dﬁ)]ﬂ(f)}

(Z Hdfek)“(ﬂ

T<tp<t tp<tj<t T<ty<t

Therefore,

[( I1 d;l>a(t){ (t)+A(1—— > T1 aa-adva tk))w(t)}]
T<ty<t

T<ty<t tg<tj<t

' (qud;l) |:p(t ( Z l_[ di(1 — di)a( tk))

T<ty<t tg<tj<t

-2 Y 1 d,(l—dk)a(tk):|w(t)=0, t>T.

T<ty<t tg<tj<t

This implies that w(t) is an eventually positive solution of Eq. (2.1) which is a contradiction.
A similar argument can be used to prove that Eq. (2.1) cannot have an eventually negative
solution. Therefore, from Definition 1.1, the solution of Eq. (2.1) is oscillatory. The proof

is complete. d

Lemma 2.2 (Leighton type oscillation criteria) Assume that the functions g(t),q(t) €
PC([tO’ OO), R) and h(t) € PC( [tO! oo)l (0’ OO))
If

o0 [o¢]
/ gls)e” Jra@de gs - 56 and / —_elrae)do go _ oo,
T r h(s)

then

(h®)[y' () + q(y(®)]) +gE)yt) =0 (2.6)

is oscillatory.

Page 6 of 12
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Proof Let y(t) be a nonoscillatory solution of the Eq. (2.6). Without loss of generality, we
assume that there exists a T > £, such that y(¢) > 0 for £ > T. We define

_ h@)elr 19y )y

u(t) - t>T.
elTa@day ()
Then the equation
2
u' () — q()ult) + L;((tt)) +g(t)=0 2.7)

has a solution u(£) on [T,00). It is easy to see that the solution of Eq. (2.7) satisfies the
following equation:

t 2
)= elH (1) - ot a0ts [FID oS g
T h(s)

t
— efrat)de f gls)e a4 g (2.8)
T
Since |, ;O g(s)e‘f% 4@)do g — o0, then there exists v > T such that
¢ S
u(T) - / g(s)e’qu(")d" ds<0
T
for all ¢ in [t, 00). Hence, from (2.8), it follows that

)
u(t) < —e-/;q(s)d““/ u—(s)e’f%q(")d" ds, te][r,00).
7 h(s)

Let

t 2
(o) = L;(—f))e-f%wa ds, te[r,00)
T

Then u(t) < —r(t)ef% 4(@)do gnd

2 2
P = D g fharar O ftaorao

TN » telr,00) 2.9
70 70 € [7,00) (2.9)
Integrating (2.9) from t > T to oo, we obtain

L T e g

R G AN0)

Hence,

© 1 1
L e go L
/1: h(s)e S<r(T)<OO,

which is a contradiction. Thus, the solution y(t) is oscillatory. The proof is complete. [
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Theorem 2.3 Assume that

o0 )\'2 ,
/ (Tg<td;1) [p(t)+ %( > T] d,(l—dk)a(tk)>

T

T<ty<tti<tj<t
¢ 2
-2 >0 1 d,-(l—dk)a(tk)} exp{—k / (1_—
T<ty<t ty<tj<t T als)
x> 1] d,(l—dk)a(tk)> ds}dt:oo
Tstk<stk<t]-<s

and

* 1
[ (I a)
<ty<t

¢ 2
xexp{)\/T(l—m X Z l_[ d}-(l—dk)a(tk)>ds}dt:oo,

T<tp<stk<tj<s
where di = ¢k /b, k =1,2,.... Then Eq. (1.1) is oscillatory.

Ifbr=c,k=1,2,...,thend; =1,k =1,2,... and (1.1) becomes

(@®)x' (@) + Ax(@)]) + p(O)x(t) =0, &> to, ¢ # trs
x(t;) = bix(ty), X () =bx' (), k=1,2,....

Theorem 2.4 Egq. (2.12) is oscillatory if and only if
(a®[y &)+ 2®)]) +p@y(6) =0, t=>t,

is oscillatory.

(2.10)

(2.11)

(2.12)

(2.13)

Proof From Lemma 2.1, we only need to prove that if Eq. (2.12) is oscillatory, then Eq.

(2.13) is oscillatory.

Without loss of generality, we suppose that y(t) is an eventually positive solution of (2.13)

such that y(t) >0 for ¢ > T > t,. Set

x(t) = ( 1_[ bk>y(t), t>T.

T<tr<t

Then, for ¢t > T, we have x(¢) > 0, and for ¢, > T,

x(t;):( I1 bk>y(t;)=bn( I bk)y(tn)=bnx<rn>.

T<tp<ty T<ty<tn

Moreover, for ¢ #t, > T, we have

x/(t)=( [ bk)y/(t),

T<tr<t

Page 8 of 12


http://www.advancesindifferenceequations.com/content/2012/1/205

Tariboon and Thiramanus Advances in Difference Equations 2012, 2012:205 Page 9 of 12
http://www.advancesindifferenceequations.com/content/2012/1/205

and

v6)=( TT o)y e)=ou( T oe)yie) =) =o'

T<tx<tn T<ty<tn

Now we have for ¢ # t,

(@O0 + 12(0))) = (au)[( I bk)y’(tm( I bk)y(wD
T<tg<t T<ty<t
( I bk> Y+ ®))
T<ty<t
( I bk) §(6) = ~p(e)x0)
T<tg<t

Therefore,

(a)[«'(®) + 2x()]) + pE)x(t) =0, t#tst>T.

We get that x(£) is an eventually positive solution of (2.12), a contradiction, and so the

proof is complete. d

Corollary 2.5 Assume that

f oop(t)e*“ dt = oo (2.14)
T
and
o0 eM
\/T % dt = 0. (2.15)

Then Eq. (2.12) is oscillatory.

3 Some examples
In this section, we illustrate our results with two examples.

Example 3.1 Consider the following impulsive Langevin equation:

dd | 2y +5°x(t) =0, ¢>0,67k,
x(kt) = Lx(k), x'(kY)=x'(k), k=12,....

3.1)
k+1

Set dy = %, A= %, a(t) = a(ty) =1and p(t) = 5891 T e (1, m + 1] for some integer m > 0,

then we get

1—[ k _m+1.m+2m [f]  m+1
k+1) m+2 m+3  [t]+1 [f+1

T<tr<[t]+1
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and

= 10

T<ty<[t] tr<tj<lt]

1 m+3 m+4 (£]
"m+1l m+2 m+3 [£] -1
1 m+4 m+5 [£]

m+2.m+3.m+4m[t]—

[t](1-1+1~1

(- 1 1
- <m+1_ [t]—1>+ -1

[£]

:m+1

where [-] denotes the greatest integer function.

Hence,

T T<tr<t

Page 10 of 12

1 (£] 1

-2 -1 -1

+
m+1l m+2 m+2 m+3

1 1 1
+m-2'm—1>+M—1

/OO(H )[p(m@(Z [T 40- dk)a(tk)>

T <ty <t tg<tj<t

-2 3" T dt-dva tk]exp{ /( a(zs)

T<t<t ty<tj<t

x > [ a0-da t,(> }

T<ty<stg<tj<s

(L () (2

T<tr<t

JOPRICY
ENE))

T <ty<stg<tj<s

Sl
(2, 076

T <ty<[t] tre<tj<[t]

N Z 1—[ (;+1>

T<tp<[s]+1 g<tj<[s]+1 (
G G) G
“Jr \[t]+1

!
)

(£] 2 [s]+1
% (m+1>]exp{—§/; <1+2<m+1

<t tg<tj<t

Dt

3 T<tk<[t] ti<tj <[t]

el
)l

(1))

1 (5)(:)
2 (o

el


http://www.advancesindifferenceequations.com/content/2012/1/205

Tariboon and Thiramanus Advances in Difference Equations 2012, 2012:205 Page 11 of 12
http://www.advancesindifferenceequations.com/content/2012/1/205

[l 2 o))

=00,

and

/; <T£k[<tdk> alt) exp{ /T <1 T als) TSth:q tkl:tj[sdj(l - dk)a(tk)> ds} dt
* k+1
i / ( [ T)

Tftk<t
11
xexp{ /<1+2 Z H/+ ) }d
T <tj<stg<tj<s
o k+1 2 [t
Z/ < H %)exp{gf(l)ds}dt
T Npeg g r

X+ 2 m+3 (2]

T

-/ (
fw(m[+ )exp{ (i T)}dt
w<;+1>wp{(t—T4dt

Q.

~

~

By Theorem 2.3, Eq. (3.1) is oscillatory.

Example 3.2 Consider the equation

(K@) + 2x0)) +7'x()) =0, > 0,6,
(t2+1> (3.2)
x(&f) = brx(te), X () =bx’' (), k=1,2,...,

where {b;} is a known sequence of positive real numbers. It is easy to see that

o0
/ mte it dt = oo
0

and
o0 1
/ (t +1)2et’ dt = oc.
0

By Corollary 2.5, Eq. (3.2) is oscillatory.
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