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Abstract
In this paper, we consider the q-difference analogue of the Clunie theorem. We
obtain there is no zero-order entire solution of f n(z) + (∇qf (z))n = 1 when n ≥ 2; there
is no zero-order transcendental entire solution of f n(z) + P(z)(∇qf (z))m = Q(z) when
n >m≥ 0; and the equation f n + P(z)∇qf (z) = h(z) has at most one zero-order
transcendental entire solution f if f is not the solution of ∇qf (z) = 0, when n≥ 4.
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1 Introduction andmain results
It is well known that Clunie’s theorem (see [], Lemma ; also see [], p., Lemma ..)
is a useful tool in studying complex differential equations. It states that Qn(f ) is a polyno-
mial of total degree n at most in the meromorphic function f and its derivatives having
meromorphic functions as coefficients. If T(r) is the maximum of the characteristics of
the coefficients, then


π

∫
|f |>

log+
∣∣f –nQn(f )

∣∣dϕ =O
(
log r + logT(r, f ) + T(r)

)
n.e. as r → ∞.

Later, Clunie’s theorem has been improved into many forms (see [], pp.-) which
are valuable tools for studying meromorphic solutions of Painlevé and other non-linear
differential equations; see, e.g., [].
In , Laine and Yang [] obtained a discrete version of Clunie’s theorem.

Theorem A Let f be a transcendental meromorphic solution of finite-order ρ of a differ-
ence equation of the form

U(z, f )P(z, f ) =Q(z, f ),

where U(z, f ), P(z, f ), and Q(z, f ) are difference polynomials such that the total degree
degU(z, f ) = n in f (z) and its shifts, and degQ(z, f ) ≤ n. Moreover, we assume that U(z, f )
contains just one term of maximal total degree in f (z) and its shifts. Then for each ε > ,

m
(
r,P(z, f )

)
=O

(
rρ–+ε

)
+ S(r, f )

possibly outside of an exceptional set of finite logarithmic measure.
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Now let us introduce some notation. Let cj ∈ C for j = , . . . ,n, and let I be a finite set of
multi-indexes λ = (λ, . . . ,λn). A difference polynomial of a meromorphic function w(z) is
defined as

P(z,w) = P
(
z,w(z),w(z + c), . . . ,w(z + cn)

)
=

∑
λ∈I

aλ(z)w(z)λw(z + c)λ · · ·w(z + cn)λn , (.)

where the coefficients aλ(z) are small with respect to w(z) in the sense that T(r,aλ) =
o(T(r,w)) as r tends to infinity outside of an exceptional set E of finite logarithmicmeasure

lim
r→∞

∫
E∩[,r)

dt
t
<∞.

The total degree of P(z,w) in w(z) and in the shifts of w(z) is denoted by degw(P), and the
order of a zero of P(z,x,x, . . . ,xn), as a function of x at x = , is denoted by ord(P); see,
e.g., []. Moreover, the weight of a difference polynomial (.) is defined by

K(P) =max
λ∈I

{ n∑
j=

λj

}
,

where λ and I are the same as in (.) above. The difference polynomial P(z,w) is said to
be homogeneous with respect to w(z) if the degree dλ = λ + · · · + λn of each term in the
sum (.) is non-zero and the same for all λ ∈ I .
Recently, Korhonen obtained a new Clunie-type theorem in [].

Theorem B Let w(z) be a finite-order meromorphic solution of

H(z,w)P(z,w) =Q(z,w),

where P(z,w) is a homogeneous difference polynomial with meromorphic coefficients, and
H(z,w) and Q(z,w) are polynomials in w(z) with meromorphic coefficients having no com-
mon factors. If

max
{
degw(H),degw(Q) – degw(P)

}
>min

{
degw(P),ord(Q)

}
– ord(P),

then N(r,w) 	= S(r,w).

Theorem C Let w(z) be a finite-order meromorphic solution of

H(z,w)P(z,w) =Q(z,w),

where P(z,w) is a homogeneous difference polynomial with meromorphic coefficients, and
H(z,w) and Q(z,w) are polynomials in w(z) with meromorphic coefficients having no com-
mon factors. If

K(P) ≤ max
{
degw(Q),degw(H) + degw(P)

}
–min

{
degw(P),ord(Q)

}
,

http://www.advancesindifferenceequations.com/content/2012/1/191


Zhang et al. Advances in Difference Equations 2012, 2012:191 Page 3 of 11
http://www.advancesindifferenceequations.com/content/2012/1/191

then for any δ ∈ (, ),

m(r,w) = o
(
T(r,w)

rδ

)
+O

(
T(r)

)
,

where r goes to infinity outside of an exceptional set of finite logarithmic measure, and T(r)
is the maximum of the Nevanlinna characteristics of the coefficients of P(z,w), Q(z,w), and
H(z,w).

The non-autonomous Schröder q-difference equation

f (qz) = R
(
z, f (z)

)
, (.)

where the right-hand side is rational in both arguments, has beenwidely studied during the
last decades; see, e.g., [–]. Gundersen et al. [] considered the order of growth of mero-
morphic solutions of (.), from which a q-difference analogue of the classical Malmquist
theorem [] is given: if the q-difference equation (.) admits a meromorphic solution of
order zero, then (.) reduces to a q-difference Riccati equation, i.e., degf R = .
Bergweiler et al. [] treated the functional equation

n∑
j=

aj(z)f
(
cjz

)
=Q(z), (.)

where  < |c| <  is a complex number, aj(z) (j = , , . . . ,n), and Q(z) are rational functions
with a(z) 	≡ , a(z) ≡ . They concluded that all meromorphic solutions of (.) satisfy
T(r, f ) =O((log r)). This implies that all meromorphic solutions of (.) are of zero order
of growth.
Let us recall �cf (z) of a meromorphic function in the whole plane C is given by

�cf (z) = f (z + c) – f (z),

while

∇qf (z) = f (qz) – f (z)

denotes ∇qf (z) of a meromorphic function in the whole plane C, where c ∈ C\{} and
q ∈C\{, }. The upper logarithmic density of E is defined by

logdens(E) = lim sup
r→∞

∫
E∪[,r]

dt
t

log r
.

In particular, we denote by Sq(r, f ) any quantity satisfying Sq(r, f ) = o(T(r, f )) for all r out-
side of a set of upper logarithmic density  on the set of logarithmic density .
In , Liu [] proved the following the result.

Theorem D There is no non-constant entire solution with finite order of the non-linear
difference equation

f (z) +
(
�cf (z)

) = . (.)
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It is well known that f n(z) + gn(z) =  has no entire solutions when n ≥  (see [], The-
orem ), and from Theorem D, we can say there is no non-constant entire solutions with
finite order of the equation f n(z) + (�cf (z))n = , when n ≥ .
In this paper, we replace �cf (z) by ∇qf (z) and get the following result.

Theorem  There is no non-constant entire solution with zero order of the non-linear q-
difference equation

f n(z) +
(∇qf (z)

)n = , (.)

when n≥ .

Theorem  Let P(z) and Q(z) be polynomials, and let n and m be integers satisfying n >
m ≥ . Then there is no non-constant entire transcendental solution with zero order of the
non-linear q-difference equation

f n(z) + P(z)
(∇qf (z)

)m =Q(z). (.)

In , Yang and Laine [] got the following result.

Theorem E Let n ≥  be an integer, M(z, f ) be a linear difference polynomial of f , not
vanishing identically, and h be a meromorphic function of finite order. Then the difference
equation

f n +M(z, f ) = h

possesses at most one admissible transcendental entire solution of finite order such that all
coefficients of M(z, f ) are small functions of f . If such a solution f exists, then f is of the same
order as h.

In this paper, we replace difference polynomial by q-difference polynomial and get the
following result.

Theorem  Let n ≥  be an integer, M̃(r, f ) be a linear q-difference polynomial of f , not
vanishing identically, and h(z) be a meromorphic function. Suppose f (z) is the solution of
q-difference equation

f n +N(r, f ) = h(z). (.)

If f (z) is not the solution of M̃(r, f ) = , then equation (.) possesses at most one transcen-
dental entire solution of zero order.

2 Auxiliary results
The following auxiliary results will be instrumental in proving the theorems.

http://www.advancesindifferenceequations.com/content/2012/1/191
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Lemma  ([], Theorem .) Let f (z) be a non-constant zero-order meromorphic function
and q ∈C\{}. Then

m
(
r,
f (qz)
f (z)

)
= Sq(r, f ).

Lemma  ([], Theorem .) Let f (z) be a non-constant zero-order meromorphic solution
of

f n(z)P(z, f ) =Q(z, f ),

where P(z, f ) and Q(z, f ) are q-difference polynomials in f (z). If the degree of Q(z, f ) as a
polynomial in f (z) and its q-shifts is at most n, then

m
(
r,P(z, f )

)
= Sq(r, f ).

Lemma  ([], Theorem .) Let f (z) be a non-constant zero-order meromorphic function
and q ∈C\{}. Then

T
(
r, f (qz)

)
= T(r, f ) + Sq(r, f ).

Lemma ([], Theorem .) Let f (z) be a non-constant zero-ordermeromorphic function
and q ∈C\{}. Then

N
(
r, f (qz)

)
=N(r, f ) + Sq(r, f ).

Lemma  ([], Lemma ) If T : R+ → R
+ is a piecewise continuous increasing function

such that

lim
r→∞

logT(r)
log r

= ,

then the set

E :=
{
r : T(Cr) ≥ CT(r)

}
has logarithmic density  for all C >  and C > .

Lemma Let f (z) be a zero-order entire function, q ∈C\{}, and a be a non-zero constant.
If f (z) and ∇qf (z) share the set {a, –a} CM, then f (z) is a constant.

Proof Since f (z) is an entire function of zero order, and f (z) and∇qf (z) share the set {a, –a}
CM, it is immediate to conclude that

(f (z) – a)(f (z) + a)
(∇qf (z) + a)(∇qf (z) – a)

≡ k, (.)

where k is a constant.
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If k 	= , let

h(z) := f (z) + k∇qf (z), (.)

and

h(z) := f (z) – k∇qf (z). (.)

Then h(z) and h(z) are entire functions, and

f (z) =
h(z) + h(z)


, ∇qf (z) =

h(z) – h(z)
k

. (.)

From (.)-(.), we have

h(z)h(z) = f (z) – k
(∇qf (z)

) = (
 – k

)
a. (.)

From (.), (.), and (.), we obtain

N
(
r,


h

)
=N

(
r,


h

)
= . (.)

Since h and h with zero order have no zeros and no poles, both h and h are constants.
(.) implies that f (z) is a constant.
If k = , from (.) we get f (z) = ∇qf (z). According to Lemma , it implies that f (z) must

be a constant. �

3 Clunie theorem for q-difference
Let us consider the q-difference polynomial case. Let dj ∈ C for j = , . . . ,n, and let Iq be
a finite set of multi-indexes γ = (γ, . . . ,γn). A difference polynomial of a meromorphic
function w(z) is defined as

P(z,w) = P
(
z,w(qz),w

(
qz

)
, . . . ,w

(
qnz

))
=

∑
γ∈Iq

aγ (z)w(z)γw(qz)γ . . .w
(
qnz

)γn , (.)

where the coefficients aγ (z) are small with respect to w(z) in the sense that T(r,aγ ) =
o(T(r,w)) as r tends to infinity outside of an exceptional set E of finite logarithmicmeasure

lim
r→∞

∫
E∩[,r)

dt
t
<∞.

The total degree of P(z,w) in w(z) and in the q-shifts of w(z) is denoted by degqw(P), and
the order of a zero of P(z,x,x, . . . ,xn), as a function of x at x = , is denoted by ordq(P);
see, e.g., []. Moreover, the weight of a difference polynomial (.) is defined by

Kq(P) =max
γ∈Iq

{ n∑
j=

γj

}
,
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where γ and Iq are the same as in (.) above. The difference polynomial P(z,w) is said to
be homogeneous with respect to w(z), if the degree dγ = γ + · · · + γn of each term in the
sum (.) is non-zero and the same for all γ ∈ Iq.
In this paper, we will obtain the new Clunie theorem for q-difference polynomials.

Theorem  Let w(z) be a zero-order meromorphic solution of

H(z,w)P(z,w) =Q(z,w),

where P(z,w) is a homogeneous q-difference polynomial with polynomial coefficients, and
H(z,w) andQ(z,w) are polynomials in w(z)with polynomial coefficients having no common
factors. If

max
{
degqw(H),degqw(Q) – degqw(P)

}
>min

{
degqw(P),ord

q
(Q)

}
– ordq(P),

then N(r,w) 	= Sq(r,w).

Proof Since P(r,w) is homogeneous, by Lemma  it follows that

m
(
r,

P(r,w)
wdeg

q
w(P)

)
= Sq(r,w). (.)

Moreover, Mohon’ko’s theorem (see [], Theorem .) implies that

T
(
r,

P(r,w)
wdeg

q
w(P)

)
= dwT(r,w) +O(log r), (.)

where

dm =max
{
degqw(Q),deg

q
w(H) + degqw(P)

}
–min

{
degqw(P),ord

q
(Q)

}
. (.)

According to (.), (.), (.), and the assumption of Theorem , it follows that

N
(
r,

P(r,w)
wdeg

q
w(P)

)
≥ (

 + degqw(P) – ordq(P)
)
T(r,w) + Sq(r,w). (.)

This contradicts the assertion of Theorem  that N(r,w) = Sq(r,w). Let us denote qmax =
max{|qj|, (j = , . . . ,n)}, by Lemma  we will obtain that

N
(
r,

P(r,w)
word

q
(P)

)
≤ (

degqw(P) – ordq(P)
)
N(qmaxr,w)

≤ (
degqw(P) – ordq(P) + o()

)
N(r,w) + Sq(r,w)

= Sq(r,w).

Therefore,

N
(
r,

P(r,w)
wdeg

q
w(P)

)
≤ N

(
r,

P(r,w)
word

q
(P)

)
+N

(
r,


wdeg

q
w(P)–ord

q
(P)

)
= N

(
r,


wdeg

q
w(P)–ord

q
(P)

)
+ Sq(r,w)

http://www.advancesindifferenceequations.com/content/2012/1/191
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≤ T
(
r,


wdeg

q
w(P)–ord

q
(P)

)
+ Sq(r,w)

=
(
degqw(P) – ordq(P)

)
T(r,w) + Sq(r,w),

which is a contradiction to (.). We can conclude that N(r,w) 	= Sq(r,w). �

Theorem  Let w(z) be a zero-order meromorphic solution of

H(z,w)P(z,w) =Q(z,w),

where P(z,w) is a homogeneous q-difference polynomial with polynomial coefficients, and
H(z,w) andQ(z,w) are polynomials in w(z)with polynomial coefficients having no common
factors. If

Kq(P) ≤ max
{
degqw(Q),deg

q
w(H) + degqw(P)

}
–min

{
degqw(P),ord

q
(Q)

}
,

then

m(r,w) = Sq(r,w).

Proof On the one hand, (.) and (.) imply that

N
(
r,

P(r,w)
wdegqw(P)

)
= dwT(r,w) + Sq(r,w). (.)

On the other hand, by Lemma , we can obtain that

N
(
r,

P(r,w)
wdeg

q
w(P)

)
≤ Kq(P)

(
T(r,w) –m(r,w)

)
+ Sq(r,w). (.)

(.) and (.) show that

m(r,w) = Sq(r,w). �

4 Proof of Theorem 1
If n≥ , there are no non-constant entire solutions of equation (.) according to []. Let
us consider n = , that is,

f (z) +
(
�qf (z)

) = . (.)

From (.), we get f (z) and ∇qf (z) share the set {
√

 , –

√

 } CM. From Lemma , we obtain

that f (z) is a constant.

5 Proof of Theorem 2
Suppose that f is a transcendental entire solution of equation (.) with zero order. If
∇qf (z) ≡ , then f n(z) =Q(z), and the conclusion holds. If ∇qf (z) 	≡ , we have

f n–f =Q(z) – P(z)
(�qf (z))

f m
f m.

http://www.advancesindifferenceequations.com/content/2012/1/191
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From Lemma , Lemma , and the condition n >m, we have

T(r, f ) =m(r, f ) = Sq(r, f ),

which is impossible.

6 Proof of Theorem 3
Assumenow, contrary to the assertion, that f and g , which are not the solutions of M̃(r, f ) =
 and M̃(r, g) = , are two distinct zero-order transcendental entire solutions of (.), then
we can write

f n + M̃(r, f ) = gn + M̃(r, g). (.)

From (.), we obtain

f n – gn = M̃(r, g) – M̃(r, f ). (.)

Therefore, we have

F :=
f n(z) – gn(z)
f (z) – g(z)

=
n–∏
j=

(f – ηjg) = –
M̃(r, f ) – M̃(r, g)

f (z) – g(z)
(.)

is an entire function, and η, . . . ,ηn– are distinct roots 	=  of the equation zn = . Hence,
N(r, M̃(r,f )–M̃(r,g)

f (z)–g(z) ) = . From Lemma , we get

T
(
r,
M̃(r, f ) – M̃(r, g)

f (z) – g(z)

)
= Sq(r, f – g). (.)

If f
g is not a constant, (.) implies that

(n – )T
(
r,
f
g

)
= T

(
r, gn–

)
+ Sq(r, f – g). (.)

Thus,

n–∑
j=

N
(
r,


f
g – ηj

)
= N

(
r,

f – g
M̃(r, f ) – M̃(r, g)

)

≤ T
(
r,

f – g
M̃(r, f ) – M̃(r, g)

)
= Sq(r, f – g).

From the second fundamental theorem, we have

(n – )T
(
r,
f
g

)
≤

n–∑
j=

N
(
r,


f
g – ηj

)
+O(log r) = Sq(r, f – g). (.)

http://www.advancesindifferenceequations.com/content/2012/1/191
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From (.), (.), and f , g are zero-order entire functions, we get a contradiction. There-
fore, f

g must be a constant. If f /g = k 	= ηj, k is a constant, then from (.) we have

(
kn – 

)
gn = M̃

(
r, ( – k)g

)
. (.)

From Lemma  and (.), we get a contradiction. Thus, f /g = ηj for some j = , . . . ,n – 
and

f (z) = ηjg(z). (.)

This implies that

f n = gn (.)

and

M̃(r, f ) = ηjM̃(r, g). (.)

From (.) and (.), we obtain

M̃(r, f ) = M̃(r, g). (.)

From (.) and (.), it is easy to get M̃(r, f ) =  and M̃(r, g) = , which is impossible.
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