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Abstract

In this paper, the Genesio system with distributed time delay feedback is investigated.
Firstly, the stability of the equilibria of the system is investigated by analyzing the
characteristic equation, and then the existence of Hopf bifurcations is verified by
choosing the mean time delay as a bifurcation parameter. Subsequent to that, the
direction and stability of the bifurcating periodic solutions are determined by using
the normal form theory and the center manifold theorem. Finally, some numerical
simulations are presented to verify the effectiveness of the theoretical results.
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1 Introduction
Chaos control has attracted considerable attention since the pioneering work of Ott and
Grebogi [1]. It is well known that in many practical applications, chaos is undesirable and
needs to be controlled. Therefore, the investigation of controlling chaos is of great sig-
nificance. Many schemes have been presented to implement chaos control, among which
using time-delayed controlling forces proves to be a simple and viable method for a con-
tinuous dynamical system [2]. It is noteworthy that time-delayed feedback controller can
also be used to realize the control of a bifurcation, see [3—6] and references therein. It is
known that if the steady state is stable or the bifurcating periodic solutions are orbitally
asymptotically stable, then the chaotic system will not exhibit chaotic dynamical behav-
iors. As a consequence, bifurcation control in this sense may also help to control chaos.
In order to better model some complicated practical phenomena, recently, distributed
time delay has been introduced into many modeling systems. There are extensive literature
works dealing with such systems [7-11]. As the distributed time delay is incorporated in a
system, some interesting dynamical behaviors occur near the equilibrium point. Inspired
by these previous works, in this paper, we intend to introduce the distributed time delay as
a feedback controller into the chaotic Genesio system with the aim to realize the control
of chaos. The rest of this paper is organized as follows. In the next section, we present
the mathematical models of the Genesio system with distributed time delay feedback and
consider its local stability and Hopf bifurcation. In Section 3, the stability of the bifurcating
periodic solutions and the direction of the Hopf bifurcation at the critical values of mean
time delay are determined by using the normal form method and the center manifold
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Figure 1 The attractor of Genesio system with a=-6, b=-2.92,c=-1.2.

reduction due to Hassard ef al. [12]. In Section 4, a numerical example is provided to
verify the theoretical results. Finally, some concluding remarks are given in Section 5.

2 Stability analysis and Hopf bifurcation of the Genesio system with
distributed delay feedback

The Genesio system, proposed by Genesio and Tesi [13] and studied extensively in recent

years [8, 14—19], is described by the following three-dimensional autonomous system

x=y,
j/ =z, (21)

Z=ax+by+cz+x%,

where a,b, ¢ < 0 are parameters. System (2.1) exhibits chaotic dynamical behaviors when
a=-6,b=-292,c=-12, as illustrated in Figure 1.

In order to apply feedback control, we consider system (2.1) with continuous distributed
delay feedback described by

x(t) = y(t),
y(2) = z(t) + Mff)oo(y(t) —y(t + 5))k(-s) ds, (2.2)
z(t) = ax(t) + by(t) + cz(t) + x%(¢),

where M € R, a,b,c <0, [ k(s)ds =1, [ sk(s) ds < +00.

It is easy to see that systems (2.2) and (2.1) have the same equilibrium points Ey(0, 0,0),
Ei(-a,0,0). Without loss of generality, let (x',y,z") be the equilibrium point of system
(2.2), and let y; () = x(£) —x', y2(¢) = y(£) =y, y3(¢) = z(t) — z . Substituting them into system
(2.2) yields

yl(t) = yZ(t))
() = y3(t) + Mys(£) = M [y (£ + 5)k(=s) ds;, (2.3)
73(8) = ay1(£) + by (2) + cys(e) + yi(t) + 2x 1 (2).
Rewrite system (2.3) as follows:
0

y(2) = Ly(t) + / F(s)y(t +s)ds + H(y), (2.4)

—00


http://www.advancesindifferenceequations.com/content/2012/1/166

Guan et al. Advances in Difference Equations 2012, 2012:166
http://www.advancesindifferenceequations.com/content/2012/1/166

where
n() 0 10
y&)=|»n®e)|, L= o M 1],
y3(t) a+2x b ¢
0 0 0 0
F(s)=|0 -Mk(-s) 0], Hy)=] 0
o 0 0 i)

The corresponding characteristic equation appears as
0 *
Mr—o) (/\ -M+ / Mk(-s)e* ds) —br—(a+2x)=0. (2.5)
—00

In this paper, we consider the weak kernel case, i.e., k(s) = «e™**, where @ > 0. The anal-
ysis for the general gamma kernel case is similar. We define the initial condition of system
(2.3) as follows:

y1(8) h1(s)
ya(8) | = p2(s) |, —oo<s=<O.
y3(s) $3(s)

The characteristic equation (2.5) under the weak kernel case then takes the form
A+ (@) + (@) + n3(e)A + na(e) = 0, (2.6)
where

ma)=a-M-c,
na(o) = Mc—ca — b,
n3(a) = —ba —a — 2x,

na(a) = —(a + 2x")a.

It follows from the well-known Routh-Hurwitz criterion that all the roots of Eq. (2.6)

have negative real parts if the following conditions are satisfied:

Di@)=m(a)=a-M-c>0,

Dy(ar) = my()na () — n3(a) = (@ = M — ¢)(Mc — co — b) + bat + a + 2x > 0,

Ds(a) = n3(a)Da(@) — n2(a)na(@) = (~ba —a — 2x)[(@ — M — ¢)(Mc - ca — b)
+bha+a+2x+a(@a+2x)a-M-c)*>0,

D4(Ol) = 1’14(O[)D3(Ol) > 0.

It is easy to see that at E;(—a,0,0), we always have n4(a) = ao < 0, thus the equilib-
rium point E;(-a, 0, 0) is unstable. In what follows, we only analyze the equilibrium point
Ey(0,0,0). Straightforwardly, we have the following result.
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Theorem 1 The equilibrium point E(0, 0, 0) of system (2.2), where k(s) represents the weak
kernel, is locally asymptotically stable if the following conditions hold:

a-M-c>0,
(¢ =M —=c)(Mc—-co—b)+ba+a>0, (2.7)
(=ba — a)[(e = M = c)(Mc — ca — b) + ba + a] + ac(e — M —c)? > 0.

Let A; (i =1,2,3,4) be the roots of Eq. (2.6), then we have

A+ A+ A3+ Ay = —m(w),
AMAg + A1hs + AAg + Aods + Aodg + Azhg = 1ma(@),
MA2As + Aihoka + AAsha + Aodshy = —n3(w),
MAaksha = na(a).
If there exists an «p € R* such that Ds(eg) = 0 and dDs(«)/dot|g=q, # O, then by the
Routh-Hurwitz criterion, there exists a pair of purely imaginary roots, say A; = A, = iw

(wo #0), and the other two roots A3, A4 satisfy: if A3, A4 are real, then A3 < 0, A4 < 0; if A3,
A4 are complex conjugate, then Re A3 = Re A4 = —n1(r)/2. It is easy to calculate that

d(Re A1) 21C)) ~dDs(e)

do 2[m(@ms(@) + (m(@)na(@) - 2m3(@))?] de

@0

)

@0

thus the Hopf bifurcation occurs at Ey as o passes through «y.

3 Direction and stability of bifurcating periodic solutions

In this section, we investigate the direction, stability and period of bifurcating periodic so-
lutions from the steady state by applying the normal form theory and the center manifold
theorem developed by Hassard et al. in [12]. Let 4 = o — g, then system (2.3) undergoes the
Hopf bifurcation at Ey(0,0,0) near u = 0. Assume that +iw, is the corresponding purely
imaginary roots of Eq. (2.6) at steady state Ey(0, 0,0) for u = 0. We transform system (2.4)
into an FDE in C((—o0, 0], R3) as

Ve = A()ye + R()ys, 3.1)
where y;(0) = y(t + 6), 0 € (—=00,0), ¥ = (y1,¥2,¥3)7, and operators A and R are defined as

dé(6)

Awep©O)=1 ¥
Lo®) + [ F(s)p(s)ds, 6=0,

-00<0<0,

(0,0,0)T, —c0<6<0,

R(p)p(0) =
0,0,5)7, 6=0,

where

£ =91(0).
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For ¢ € C([0, +00), (R?)"), ¥(s) = (¥1(s), ¥2(s), ¥3(s)) T € C[0, +00), the adjoint operator
of A denoted by A is defined as

AGv ) d‘gs(s), 0 <5< 400, 32)
)= .
: L™y (0)+ [ FT(®Oy(-t)dt, s=0.

For ¢ € C(~00,0] and » € C[0, +00), a bilinear inner product is defined as

0 0
o =77 000~ [ [ 7760w i

In what follows, we need to calculate the eigenvector g of A associated with the eigen-
value iwp and the eigenvector g of A” associated with the eigenvalue —iwy. Assume that
q0) = (1,8,y) e is the eigenvector of A(0) corresponding to iwg, then A(0)g(0) =
iwoq(0), namely

0
Lq(0)+/ F(s)q(s)ds

0 1 0 1 o (O 0 0
=0 M 1]|8 +/ 0 -Mk(-s) O
a b ) \y ~\o 0 0
1 B iwg
Bl ds=|MB+y-MB+y-MBIV | = |iwp |,
y a+bp+cy iwoy

where

JW = / k(=s)e0* ds =

o+ 1w0

It is easy to calculate from the above equality that

,3 = iu)():
a+ivgh _ 2 (1
Y = Saee = @0~ iwgM + iwgM]

Assume that ¢’ (¢) = N(1, 87, y")Tel®0¢, 0 < ¢ < +00, then A"(0)g'(0) = —iwoq (0), that is,

0 0 a\ /(N o [0 0 0
=11 M b||NB |+ / 0 -Mk(-s) 0
0 1 ¢ \Ny ~\o 0 0
N aNy —iwgN
-(Nﬁ* e ®ds= | N+ MNB +bNy —MNBTJV | = | iwgB'N |,
Ny’ B'N+cNy” iwgy N

Page 5 of 16
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where
0
, o
J = / k(-s)e 05 ds = ————.
—o o —iwg
Hence we have
13«« _ w(2)+iw0c _ a—iwg
T a7 aliwp-M+MJD)’
y =T,
a
We choose N = L ,then (7,9) =1, (¢’,g) = 0 hold. In what

148" B4y 7+ MB"B [ 608 k(~0) do
follows, we follow the same notations as in [12]. We first construct the coordinates of the

center manifold Q¢ at u = 0. Let

z(t) = (q*, u£>, w(t,0) =u; —2 Re{z(t)q(@)}.
On the center manifold 2, we have

w(t,0) = w(z,z,0),

where

2 =2
W(z,2,0) = W20(9)% +wn(0)2z + w@(e)% . (3.3)

and z, z are the local coordinates of the center manifold o in the directions of g’ and g’
respectively.

Note that w is real if u, is real. We only consider real solutions. For the solution u; € Q¢
of (3.1), since u = 0, we have

z(t) = iwoz(t) + (q*,R(w +2 Re{z(t)q(@)}))
—iwoz(t) + 7 (O)R(w(z,Z,0) + 2Re{z(H)7(0)}).
Rewrite the above equation as
2(t) = iwoz(t) + g(2,2),
where
_ —T _
2z2)=q (0)R(w(z,2,0) + 2Re{z(t)g(0)}). (3.4)
Expand the function g(z,z) on the center manifold 2, as
_ z2 _ z2 pars
8(z2) =g +8uzz+ g t&u— * . (3.5)
2 2 2
By (3.1) and (3.3), we have

W =i, — 2q — 24 = Aw — 2Re{g(z,2)9(0)} + R(w + 2Re{z(t)q(0)}).
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Rewrite this as
W= Aw + H(z,7,0),
where
H(z,z,0) = —2Re{g(z,2)q(0)} + R(w + 2Re{z(£)q(6)}). (3.6)

Expand the function H(z,z,6) on the center manifold €2, as

ZZ

=2
H(2.2,6) = H(6) 5 + Hun(6)22 +H02(9)% .

While

wD(8) + ze@o? 4 zeiwo?
w+2q(0) +zg(0) = | w2 (0) + zB€*0? + zBew0?
w®(0) + zyel0? + zieiwo?

Thus
0
0 ’ -0 < 9 < 0,
0
R(w +2 Re{z(t)q(@)}) =
0
O 7 9 = 07
\f(?»)
0
where
0(3) = [w(l)(O) +z+ 2]2.
It follows from (3.4) that
0
2z2)=N(LBy’)| 0 |= Ny (z,2).
3
0( )
Hence
0
0], -00<6<0,
— - = (3) — 0
H(z,z,0) = -2 Re{Nny (z,z)q(@)} +
0
ol, 6=0.
(3)
0
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From (3.4), we obtain

0
01}, -00<0<0,
—— (3) 0
Hyo(0) = —2Re[Ny'f;,q(0)} + o
0 ) 60=0
(3)
0,22
Notice that fo(sz)2 =2, we have
0
0], -o00<6<0,
N 0
Hyy(0) = -4 Re{Ny q(@)} + 0 (3.7)
o], 6=0.
2
Similarly, we have
0
0], -o00<6<0,
- 0
Hu(0) = 4Re{Ny q(@)} + 0
o], 6=0.
2

On the other hand, on the center manifold €2y near the origin, we have
W(z,Z) = W,z + wiz.
Expanding the above equation and comparing the corresponding coefficients, we get

(A = 2iwo ) w0 (0) = —Hao (),
(3.8)
Awi(0) = —Hu(9).

Define

wh(©)
wao(@) = | WR®) |, -oc0<b<O0.

wSy(6)
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Substituting (3.2) and (3.7) into (3.8), when —oco < 6 < 0, we have

2iwo - & 0 0 Wil (6) —4Re{Ny e}
0 2iwy — & 0 wi©) | = | —4Re(Ny B0ty |. (3.9)
0 0 2iwo — & | \wi(6) —4Re{Ny yei@0t}

When 6 = 0, we obtain

(1)
2iwo -1 0 Wo(0) o [0 0 0
0 2iwy-M -1 w2 (0) | - 0 —Mk(-s) O
. —00
-a -b 2iwgy — ¢ w(230)(0) 0 0 0
who(s) HS3(0) ~4Re(Ny')
wids) |ds= | HZ©0) | =| -4Re(Ny B} |. (3.10)
w(;g (s) Hé?(’))(O) —4Re{Ny'y} +2
w50(0)
In order to guarantee the continuity of solutions, we further assume that | w) | is con-
w50(0)
tinuous at 6 = 0.
It follows from (3.9) that
o) . ) N
35— = 2iwgwyy(0) + 4Re{Ny e},
(2) N
2200 _ 2iwgwi)(6) + 4Re(Ny B},
(3) I
dwﬁg(e) = 2iwow(233(e) +4Re{Ny 'y} -2.
The solutions of the above equations take the form
who(0) b L lo
W(ZZO)(Q) = | my Pl L m e’ 4 my gmiw0? (3.11)
w5 (9) ) m Ho
where
* —iwgf N
lo = ‘BNJ/BiZ)o -, h= 8N};wi) = b = who(0) o — b,
mo = Blo, my = Bl my = W(ZZO)(O) —mo — my,
no = ylo, m=ylh, 1y = wS(0) — no — ny.

Substituting (3.11) into (3.10) yields

2iwg -1 0 w59 (0) Gy
0 2iwg-M+M® 1 wi0) | = | 6% |

—a b 2iwg —c/ \wSy(0) G’

Page9of 16
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where

Gy = Hip(0),
Gy = H(0) + M[(my + mo)® — my]® — moJ V],
G = Hi (0),

and

0
](2) :/ k(_S)eZiwos ds =

o+ 2iwg
Let
2iwg -1 0
B'=| 0 2iwg-M+M/® -1
—-a -b 2iwg — ¢
Then
1 By B Bz
B= A By By By,
B3 Bz Bss

where A = det(B™) = —8iw} + 4(c — M + MJ®)w} + 2i(Mc — MJ® — b)w — a, and

By = (2iwg — M + MJP)(2iwy — ¢) — b, By =a,
By = 2iwg — ¢, By = 4w} - 2iwyc,

Bz =1, Bj3 = 2iwy,

By = —a(2iwy — M + MJ®),
Bgz = 21a)0b +a,

Bz = 21w (2iwy — M + MJ@).

Therefore, the following can be determined:

W(Zlg (0) 1 Bu G(zl(; + Blz G(zzo) + Blg G(Z%)
W(220) (0) = X le G(zlg + 322 G(ZZO) + Bzg G(;E))
W(230) (0) Bgl G(Zlo) + Bgz G(Zzo) + ng G(ZZE))

Following the similar analysis presented above, we have

) P2 p1 Po

iwo6 —iwo6
’

wd@) | =1a |+ ||+ |q|e

3
wﬁl) ) ro ry To
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where
po= 5k p=-55, P2 =i O =po=py
40 = Bpo, @ = Bp1, 22 =W (0) - o - qu,
] ] _ 0
ro = vpo, n=yp, ra=wip (0) —ro — 1.

The following can be calculated:

Wﬁ)(O) ) CIIGS) + C12 Gg? + CIBG(S)
W (0) [ = = | CuGl + CuGY + CuGY |,
Wﬁ)(()) C31G§11) + C32 Gg) + C33 GS)

where

Gy = H(0),
G2 = H?(0) + Mlqo + q1 — qoJ(-1) — g/ ()],
Gy = H(0),

and
Ci = Mc - MJPc, Co1 = a, Cs1 = -Ma + M]Pa,
Ci2 = —¢, Cy =0, Csy =a,
Ciz=1, Cy3 =0, Cs3 =0.

Next, we consider R(w(z,z,0) + 2Re{z(t)g(0)}), noticing

w(z,z,0) +2 Re{z(t)q(O)}

Z2 z
= WZO(O)E +wp(0)zZ + WOZ(O)E +- - +2Re{z(£)4(0)}

W) | (W (©) wh(0)\ _
z _ z
= w(220)(0) £ + wﬁ>(0) 2z + wf)zz)(O) 3 oot 2Re{z(t)q(0)}.
who (0) w7 (0) w3 (0)
While
o _[ 0mZ . . Wz ’
0 = [WZO(O)E + w7 (0)zZ + w02(0)5 +oe +z+2] .
Hence

2@2) =4 (OR(w(z70) +2Re{z(H)g(0)})

Page 11 of 16
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Comparing the coefficients with (3.5), we obtain

20 = 2Ny,
au =2Ny’,
g2 = 2Ny,

21 = 2Ny (wig(0) + 2w (0)).
Therefore, the following values can be calculated

a(0) = ﬁ[gzogu -2lgul* - 3lgo2] + 4,

_ _ Refci(0)}

K2 = et o)) , (3.12)
_ _Im{e; (0)}+14p Im{2, (a0)}

wQ

B2 = 2Refc1(0)},

’

which determine the quantities of bifurcating periodic solutions on the center manifold
Qo at the critical value «y, i.e., iy determines the directions of the Hopf bifurcation: if
2 >0 (2 < 0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcating
periodic solutions exist for « > ag; 72 determines the period of the bifurcating periodic
solutions: the period increases (decreases) if 7, > 0 (1o < 0); B, determines the stability of
the bifurcating periodic solutions: the bifurcating periodic solutions are stable (unstable)
if By <0 (B2 >0).

4 Numerical simulations

In this section, we shall perform some numerical simulations to verify the analytical results
presented in the previous sections. Let ustakea = —6,b = -2.92,c = -1.2, M = -1 in system
(2.2) and consider the weak kernel case, i.e.,

x(t) = y(t),
3(t) = z(t) - f_"w (y(t) = y(t + 8))k(=s) ds, (4.1)
#(t) = —6x(t) — 2.92y(¢) — 1.22(¢) + x2(¢),

with k(s) = ae™, o > 0. The initial conditions are given as x(0) = 0.3, (0) = 0.1, z(0) = 0.3;
y(t <0) =0.1. We can easily determine by these parameters that oy = 1.40017. For a very
small o, when o = 0.00001, we see in Figure 2 that the attractor of system (4.1) still exists.
But when o =1.3 < 1.40017, as all the conditions in (2.7) are satisfied, the equilibrium point
Ey(0,0,0) in system (4.1) is asymptotically stable, which is illustrated in Figure 3. When
a =ap =1.40017, system (2.2) undergoes the Hopf bifurcation at £,(0, 0,0), as illustrated
in Figure 4. Moreover, from the formulae (3.12) presented in Section 3, it follows that 1, >
0, B> <0, 7y > 0, the Hopf bifurcation is supercritical and the direction of the bifurcation is
o > ay. However, as o increases, when o = 1.5 > 1.40017, the third condition in (2.7) does
not hold, hence the equilibrium point Ey(0, 0, 0) in system (4.1) is unstable, as illustrated
in Figure 5.

As compared with the former method, a chaotic model with distributed delay feedback
is more general than that with discrete delay feedback [3—5], because the distributed delay
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Figure 2 The attractor of system (4.1) still exists when o = 0.00001.
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Figure 3 The equilibrium point Ey(0, 0, 0) of system (4.1) is asymptotically stable when
oa=13<0p=1.40017.
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Figure 4 When a = ot = 1.40017, a Hopf bifurcation occurs near the equilibrium point Eq(0, 0, 0) of
system (4.1).
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Figure 5 The equilibrium point Eq(0, 0, 0) of system (4.1) is unstable when o = 1.5 > &g = 1.40017.
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becomes a discrete delay when the delay kernel is a delta function at a certain time. The
distributed delay has found widespread applications in many fields such as neural net-
work [8, 10], complicated real models [9], the modeling of aggregative processes involving
the flow of entities with random transit times through a given process [20], and so on.
Therefore, it is of considerable significance to propose distributed delays as control input
to control the chaotic system.

From the numerical simulations, we see, as the distributed delay feedback is incorpo-
rated in the chaotic Genesio system, a rich spectrum of dynamical behaviors can occur by
adjusting the mean time delay values. Chaotic behaviors vanish and the orbitally asymp-
totically stable Hopf bifurcation occurs as the mean time delay reaches a certain value.
Also, we can determine the critical mean time delay value that the Hopf bifurcation oc-
curs at, which is of great help when choosing appropriate parameter values to realize Hopf
bifurcation control.

5 Concluding remarks

In this paper, the Genesio system with distributed time delay feedback has been studied.
It has been demonstrated that the Hopf bifurcation occurs near the steady state as the
average time delay crosses the critical value. The explicit formulae for determining the
direction, stability and period of bifurcating periodic solutions have been presented by
using the normal form theory and the center manifold theorem. A numerical example is

provided to verify the theoretical results.
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