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1 Introduction
May suggested the following system equations [1] as the mathematical modeling of the
pair of mutualist:

x
X = p1x|:1 - - clx:|,
ay + by

5/=pzy[1— Y —C2y}
ay + box

where x(¢), y(t) are densities of the species X, Y at time ¢, p;, a;, b;, ¢;, i = 1,2 are positive

constants. Subsequently, the nonautonomous version was argued by Cui and Chen [2].
Cui in [3] proposed the following generalization for the N-species cooperation system
with continuous time delays:

dx; xi(¢)
B o) [1 _ e m],
dt PIREN dl'(t) + Z;I:I,j;li b](t) fi, V,(@)xj(t + 9) de R
xi(t) = @i(t), for T <t <0, (L1)

where [° Vj(0)d6 =1,j=1,2,...,N.
On the other hand, in the more realistic situation, the cooperation systems or ecosys-
tems are continuously perturbed via unpredictable forces. These perturbations are gen-
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erally results of the change in the system’s parameters. In the language of the control the-
ory, these perturbation functions may be regarded as control variables, and consequently,
one should ask the question that whether or not an ecosystem can withstand those un-
predictable perturbations which persist for a finite periodic time. During the last decade,
many scholars did works on the feedback control ecosystems. Some results can be found
in [3-7] and the references therein. Chen, Lio, and Huang [6] studied the dynamical be-
havior of the following non-autonomous N-species cooperation system with continuous
time delay and feedback control:

dx; x;i(t) ]
7, P& 1- —Ci(l)x;
dt pilt)x (t)[ a;(t) + Z;lzl,j#i by(t) f_orij Vii(0)x;(t + 0) do cileile)
0
— d;()u;(O)xi(t) — e;(£)xi(¢) f Wi(0)u(t +6)do, (12)

) 0
i _ —a;(t)u;(t) + Bi()x:(t) + Vz’(t)/ U;(0)xi(t +0) do, (1.3)
dt -1

where x; and i; are the density of ith cooperation species and control variable, respectively.
a;, bij, ¢, di, pi, i, Bi, and y;, are all continuous real-valued functions which are bounded
above and below by positive constants. Also,

0 0 0
/ \G(@)d@z/ Wi(Q)dQ:/ u0)do =1, ij=12,...,N.

T —Ni

Very recently, Chen and Xie [7] obtained a set of sufficient conditions for permanence of
the system above. The study was based on a new integral inequality and the results showed
that the feedback control variables have no influence on the permanence of the system. In
the present paper, we study the sufficient condition for existence and permanence of the
positive periodic solutions of generalized version of the N-species cooperation system
(1.2), (1.3) while for each i, time variation of the ith species is affected by external periodic
source S;(t), i.e.,

dxi xi(t) ]
— = pilt)xi(2)| 1 - = Cill)x;
a ~ PO (t)[ @)+ S by0 [, Vi@t +0)ds (Ol
0
— A OuE)t) — e(O)i) [ WiO)ui(t +8) dB — Si(0), (14)

. 0
i Ous(®) + B(O(®) + 10 f L(0)xi(¢ + 6) db. (L5)
dt -ni

Our key tool is the following fixed-point theorem for a proper compact integral oper-
ator on the convex subset of infinite dimension Banach space which is originally due to
Schauder [8].

Theorem 1.1 (Schauder) Let X be a Banach space and A be a closed, bounded, and convex
subset of X. If ' : A+ A is a compact operator, then I has at least one fixed point on A.

Besides, we also invoke the following weak version of Arzela-Ascoli theorem [9].
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Theorem 1.2 (Arzela-Ascoli) Let {§,(¢t)} be a sequence of real functions on [0, T| which
is uniformly bounded and equicontinuous. Then {£,(t)} has a uniformly convergent subse-

quence.

Also, we set,
Cr = {&€|€ is a continuous T-periodic function on R},
and for & € C7 we define ||| = SUP;c(0,7) @),
B=CY={V=(,&,....6n): & €Cr,i=1,2,...,N},

and for W € B we define |W(£)| = YN, |&(2) and | W|5 = SN, &1
Clearly, (Cr, |l - |I) and (B, || - ||5) are Banach spaces.

T T
A= exp(/o pi(t) dt), Ki= exp(/(; o;(t) dt>,

T T
A - /0 (B(0)+ yi0))dt,  Bi= /0 (i) + ex(t)) dt,

T 1
i = i 7 i ds, R,
- [ p(s)[ai(snaz,l,,# b,.,.(s)”(s’] 5 Qe

1
1;(Q) = - S
(Q) 1I'lfte[O,T] [ﬂi(t) +Q Z]’:L]’;{j bij(t)]

+lleill-

Throughout this paper, we assume that

(H1) ai, by, ¢i, d;, e;, pi, o, By and y;, i,j = 1,2,..., N are all positive continuous real-valued
functions.
(Hy) [°, VilO)ds = [ Wi0)do =[5, Ui6)do =1,i,j=1,2,...,N.

The following section is arranged based on two main steps: In step 1, we obtain sufficient
conditions with guarantee the existence of periodic solutions of each equation of system
(1.4)-(1.5) for each 1 < i < N. In the proof of existence, we will use the method of Green’s
functions according to Mokhtarzadeh et al. [10]. In step 2, we follow Chen [11] to construct
a bounded, closed, and convex set in a product space and apply Schauder’s fixed-point

theorem.

2 Main results

In this section, we shall study the existence of periodic solutions of the multi-species sys-
tem (1.4)-(1.5). To do this, we transform this system of couple equations into one integral
equation. For each 1 <i < N, we introduce the following integral operator I'; on the Ba-

nach space (Cr, || - ),

Fi:CT e CT,
0

T
(TE)(0) = /0 Gi(r,s){ﬁi(s>s(s>+yi(s) / 'u,-<e)5(s+e>d9}ds, 1)

-1
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The kernel of the integral operator (2.1) is in fact the Green’s function of Eq. (1.2) and is
given by

exp(fOTai(H)dH) s
——0 " ex o;(0)dd), 0<s<t<T,
G5 - | ot a1 XPUL @i0)d0), 0 s <<

S
mexp(ﬁ a;(0)do), 0<t<s<T,

where fOT a; #0; see [12].

Lemma 2.1 Let 1 <i <N and w;, B, y;, and U; are belong to Cr as well as fOT a; #0.
Suppose that u; is a continuous real function such that for some x; € Cr, U'ix; = u;. Then u;
is a T-periodic solution of Eq. (1.5).

The proof of Lemma 2.1 is similar to the proof of Lemma 3.1 of [10].
According to Lemma 2.1, it may be deduced that the existence problem of T-periodic so-
lution of system (1.4), (1.5) is equivalent to that of the T-periodic solution of the following

equation:
dax; x;i(£) ]
—— = piO)xi(t)| 1 - —Ci()x;
dt ’ (t)x (t)[ “z’(t) + ;1:1,1‘?/,‘ bij(t) f,orl.], ij(@)xj(t + 9)d9 ¢ (t)x (t)
0
= di(@)(Tix;) ()oxs(£) — e3(8)xi(£) / Wi(0)(Tix)(t + 0) do — Si(2). (2:2)

For any ¥ = (&,&,,...,&n) belong to B, and 1 <i < N, we define the following integral

operator:
—F.i\p :CT g CT:
(.E‘px,»)(t) = (E;I’x,»)(t) + (Efxi)(t) + Ef(t). (2.3)
Wherein,

1
N
ails) + Yo7t bi(s) [, Vis(O)i(s +0)do

=V _ ’ . . 2 .
(*—4,‘ xl)(t)_ A Ht(tvs)pl(s)x,' (s) ci(s) | ds,

T 0
(E"x)(0) - f Hit, s)xl-(s>{ di(5)(T ) (5) + ex(s) / Wi(6) () s + 9)d9} ds
0 —T;

and,

T
=50 - / Hi(t,5)Si(5) ds.
0
Kernel is given by

L el [P o
T @ P p0)do), 0<s<t<T,

I pi6)d9) s
o poraors P pi0)dE), 0<t<s<T.

Hi(trs) =
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Lemma 2.2 Let (H,) and (H,) hold and a;, by, c;, di, pi, &, Bis Vi 1j=1,2,...,N as well as
x are all belong to Ct as well as fOT p #0. Then Fx is T-periodic function and satisfies
the following differential equation:

2
f)p/:i|:fg; _ x*(t) _25]
)0 = o 0 S o, Viorge s O
0
_x(t){di(t)(rix)(s)+ei(t)/ Wi(é’)(rix)(t+9)d9}
- Si(t). (2.4)

Proof Appealing to presses of the proof of Lemma 2.1 for operators (E}'x;)(2), (E] x;)(2)

and E5(¢) one obtains

(E7%)'(0) = @(E!%)@)
1
p 5 + Ci(t):|,
ﬂz’(t) + Zj:l,j;’i bt’/’(t) f—fz‘j Vij(g)éj(t + 0)d9

- pf(t)xz(t)[

0
(Ef'%:) () = pi(O)(E)(t) - x(t){di(t)(l“ix)(t) + ei(t)/ Wi(0)(Tix)(t +0) do }
_
and,
(89)' () = m@(E7)(0) - Sils)-

The sum of terms above and taking the equality (2.3) into account leads to (2.4). |
Corollary 2.3 Let a;, byj, c;, di, pis @i Bi> Vi 1j =1,2,...,n and x all belong to Cr as well as
foT p # 0. Let that x; € Cr be a fixed point of the operator .7-';1’, ie., fi‘l’xi = x;, then x; is a
solution of Eq. (2.2).

Theorem 2.4 Let

Ai={&eCr: 6 -EF <QIE]I},

infyefo,77 1 E7 :
Q= Meen|EHL G min(Q, Qs Qu

L+ sup,c(o,7] |Ef(t)|

Assume (H1) and (Hy) hold, assume further that (Hs) fori=1,2,...,N

1 1 Q
sz (-5) (-3 ) grimen

Then the integral operator F,' maps A; into A; and has at least one fixed point.

Proof Let&; € A, then

’

&) - S| < Q|| &f

Page 5 of 15
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thus
(0] < (Q+ 1) EF].
On the other hand,

|'§i(t)|

v

80| - [ g] = inf 55| -Q sup [E}0)

sup
te[0,T]

= tei[r(},fT]‘ Ef(t)’ @ res[l(l),pT]‘ Ef(t)}
] . infieo,7] |Es(t)| SUP¢e(o, 1] |Ezs(t)|
= inf |Ef ()| - : =S
tel0,7] L+ supyepo, 7y |7 (2)]
=Q:=Q.
Consequently,

Q<&(t) <(Q+1)|&]

, foranytel0,T]. (2.5)

In addition, since p; and «; (i =1,2,...,N) are positive functions, we have

1 A
< Hj(t,s) <
-1 ri—1

) S,te [0, T]}

and

1 )
<Gilt,s) < ——, stel0,T].
Ki—l Ki—l

Therefore, for x; € A;, ¥ = (§,&,...,&n) belong to ®f\:{1 A; and any ¢ € [0, T], we ob-
tain

|(&fx)0)] =

A
— [l
i1

o] ! +
0 ai($) + 31 0i(s) f—r,-/- Vij(0)§j(s + 6) db

)\.l’ 2| =S 2 r ) 1 ‘
<T@ IS [ ‘(S)[a,»(snQZ}ZL,-#L-bl;(s) ”‘(S)} “

A ~
= @7 E Q. 2.6)

c,»(s)] ds

Also, we have

A

. T 0
] = i [ {poeno [ u@as)as

Ki

K

IA

L |l AL 2.7)
1

Page 6 of 15
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Thus,

|('~‘rx-)(t)| < hi [l /T{dl(s)(r‘-x-)(s) +el(s)/0 W¢(9)(Fxl)(s+9)d9} ds
W = )\l’—l i o i Vi i - i Vi

)\'i K T 0
< 24, f d(s) + es) / wi0)do | ds
)\i -1 K;— 1 0 —T;

Ak

2 =SI12 4. R.
= m(QH) |E7 (" AiB:. (2.8)

In these regards, based on (2.6) and (2.8) one obtains
|(Fi*x:) @) - B @)] = (B %) (6) - (81 %) ®)]
< [(Ef'%) @) + [ (&} %:) ®)]

(Q+1)?| & ”2 (]i(Q) T lAiBi>

[a]

A
Ai—1

Ak .
< Q1P| S (@  AiB)

<Ql=l. 29)

=

12

This shows that F,"; is belong to A; (i =1,2,...,N) and, therefore, the integral operator
F¥ maps A; into A;.
In addition, based on inequality (2.9), we have

[(F¥x)(0)] = (@Q+D)|E7.
Thus,

(7% O] < ol @+ D] &7 + @+ 12| &

x {L(Q)+ “ Ai{”di”+||ei”}}+||5i||r (2.10)

K;— 1
which shows that |(F;"x)'(¢)| is bounded by

M; = ol (Q+D| EF|

Ki

+(Q+1?| 8’ {L‘(Q) + Ai{lldill + llesll }} + [1Sil-

Ki— 1
Let M = max{M;, Ms,...,My}. For any t,s € [0, T], one obtains
[(Fr)0 - (Fr2)6)] < Mie sl

This implies that (fl.“'x)(t) is Lipschitzan with Lipschit constance M. In this way, for

given ¢ > 0, if we consider §(¢) = ﬁ, then

sup ‘ (.E‘px)(t) - (.E\px)(s)’ <e¢&, whenevert,s€[0,T]and |t —s| < 3(¢).

xeA;

Page 7 of 15
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Consequently, for any 1 < i < N the family {]:l.‘[’ac}xE A; is equicontinuous on [0, T7].
Suppose {x;,,} is a sequence on A;, 1 <i < N. Thus, {(F;*x;,,)(t)} as a sequence of
functions on [0, T] is equicontinuous. Appealing to the Arzela-Ascoli theorem, there ex-
ist a subsequent denoted by {(F;"x;,,, )(¢)}, which is uniformly convergence on [0, T].
This means that {fi‘l’xi,mk} is convergent on A; and consequently, }'iq’ : A; —> A, is com-
pact. Appealing to Schauder’s fixed-point theorem, F;* has at least a fixed point on A;.
O

We emphasize that according to Corollary 2.3, for any 1 <i <N, and ¥V = (§,&,,...,;,
...,&n) belong to ®£1 A; fixed point of F” is the positive T-periodic solutions of Eq. (2.2)
or equivalently, T-periodic solution of the nonlinear population system (1.3) and (1.4).

Let ¥ = (&,&,...,&n) € ®ﬁ\:{1 A; and (Hy), (H,), and (H3) hold. Based on Theorem 2.4
fori=1,2,...,N, operator ]-"l‘l’ has at least a fixed point in A;. Let Fix(]-"iq’) C A; denote
the set of fixed points of F,*. Applying the Axiom of Choice, we chose a representative
point, say x;y, in Fix(F}") i.e.,

(‘F.l‘lyxi\[’)(t):xi\l/(t)r te [01 T]1i:1’2’“-)N~

We introduce the following operator on ®Z1 A

N N
T ® Ai — ® Al’,
i=1 i=1
W(t) = (51(8),62(0), ..., En(2) = (%10 (2), %20 (2), ..., %N (2)). (2.11)

Theorem 2.5 Let (H), (H,), and (Hs) hold. Then operator ¥ ®f\=[1 A;— ®Z1 A; defined
by (2.11) has at least a fixed point on ®f\=[1 A,

Proof 1Tt is obvious that ¥ is bounded on B. Also, according to inequality (2.10), we have
|y (| =M, tel0,T],i=1,2,...,N.
Thus,
|wiw (8) — 0 (s)| <Mt —s|, ts€[0,T),i=1,2,...,N.
For given ¢ > 0, if we consider §(¢) = MLN, then

sup ’(‘Z\Il)(t) - (T‘I/)(S)‘ <e¢, whenevert,se[0,T]and |t -s| <5(e),
ve@®N, A;

which shows that T(®fi1 A;) is equicontinuous on [0,T]. In this regard, any sequence, say
{Xt} in ®f\i1 A; satisfies all the conditions of the Arzela-Ascoli theorem on [0,T]. Hence,
{Xx} has a subsequence {Xj,,} such that is uniformly convergent on [0,T]. This shows that
TR, Aj) is relatively compact in B.
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In the sequel, we show that ¥ is continuous. We define the following map on @Y, A; x

[0’ T])
&(t)
Zi(W,t) = pi(t) |:1 - i(f)&‘(f)]
g A(0) + 21 L b,,(t)f V,, )Ei(t +6) do €
—d;(t)(T:&)(t) - ei(t)/ v Wi(0)(T:&)(t +0)db. (2.12)

Wherein, ¥ = (§1,&»,...,&y). For each 1 <i,j < N, the partial derivative 9Z;(¥, t)/9¢;
exist and straightforward calculation shows

: -+ Jeto]
a; t) + Z; 1j#i bt}(t)f V,] t’;:](t + 9)d9

‘BZ(\IJ t)‘ | (t|{

+ o) fo Gilt5) [Bi(5) + 1i(5)) dis

+

0 T
et / Wlw){ /0 Gits){Bi(s) + yi(s)}ds}de‘

= lAilll(Q) +

Ai{lldill + Nlesll}- (2.13)

Also, in the case k # i,

‘ 0Z(W, 1) ‘ PD)& ()b ()
(@0 + X biy(0) [, Vi(©)§ (e +0) doy?

< (Q+1)| pibu B (14Q) ~ llcall). (2.14)

We set o = max{g;, /;:i,j =1,2,...,N}, wherein,

= lpillI(Q) +

Ai{lldill + lledl},

l

and,

hz’j = (Q"’l)”pt ik 2 ” (I Q) - ”Cl”)

Therefore,

’82,»(\11,15)

5% ‘ <o, wheneverte[0,T]andj=1,2,...,N. (2.15)
J

Based on property (2.15) and by induction, one can obtain

|Zi61, 65, BNy ) = Zi( @1, by, I8, 1)| < PO Z!s, £) - pi(t)

(2.16)

where P(0) is a specific polynomial in terms of o.
Let{W;} be a sequence belong to ®f\=[1 A; and Wy = (Ei, E2kr - Enk) — D = (P1, Do, .5
on) as k = oo. Let T = Xy, = (X1u;,%2u;,. . XNw,) € ‘I(@f.\il A;). According to rel-

Page 9 of 15
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ative compactness of ®f\:{1 A; in B, there exist a subsequence {Xy,} of {Xy,} and ¥ =
(1, 2,---,yn) € B such that Xy, — Y, uniformly, in B as g > oo. It is obvious that for

any g, we have

dxiy xiw, (£)
dt" = xpw, (£)pi(t) [1 O+ S b fq Vi OOEe+0)ds _Ci(t)xiwq(t)]
— di(£)(T iz, ) (O%iw, () — e()xiw, (0) f _ WiO)Tixie, )¢ +6)do - 5:(0)
= %iw, () Zi(E1g (D), -, Eiraq(0), Xy (8), Eiv1g (D), ..., Eng (£), 2). (2.17)
Or equivalently,

( ff’qxiwq)(,;) =xw,(t), tel0,T],i=12,...,N.
Based on property (2.16), we have

|Zi (Elq(t): SZq(t)» ceer Ei—lq(t),xikllq(t): §i+1q(t), ) qu(t)r t)
= Zi(1(0), 2(0), ..., $i-1(0), yi(2), i1 (£), o (0), £) |

N
< (o) |xw, (= 3D] + Y |50) - &) }. (218)

=y
Therefore,
%iwy (0 Zi(514(8), E24(2), ., Eim1q(8) Kiw, (£), Eii1g (D), ..., Eng (2), £)

converges to

Yi®)Zi(1(2), $2(2), ..., Dic1(£), §i(8), i (£), dN (£), 2)

uniformly, as g+ oo forallt € [0,T] and i =1,2,...,N.
Thus, derivative dy;/dt exist on [0, T] and

dxiy, dy;
dt ' dt’

as g > oo.
Or equivalently,

dyldt = yi() Zi(¢1(2), $2(8), - .., $i-1(2), ¥i(8), D1 (£), dn (), £)

forallte[0,T]andi=1,2,...,N.
Consequently, based on definition of map ¥ we have T® = Y. Also, ¥, — ®. Thus, we
obtain

lim TY, =Y =%® =T lim ®,.

qr—>00 q—> 00

Hence, limy,_, o, T = Y, which it shows that ¥ is continuous on ®f\i1 A;.
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Therefore, applying Schauder’s fixed-point theorem, map ¥ has a fixed point & =
(@1(D),.., ox(2) € @Y, Ay e,

Th =P,
Or equivalently,
(FPo) () =), tel0,T),i=1,2,...,N.

Finally, this indicate that (¢:1(¢),...,¢n(£)) is a positive periodic solution of system of
Eq. (2.2) or equivalently, T-periodic solution of the multi-species cooperation system (1.3)
and (1.4). This completes the proof of the theorem. O

2.1 Permanence of system
Let 7 = {7, 7,1, 6,j = 1,2,...,N}. We consider the system (1.4), (1.5) together with the
following initial conditions:

x(0) =i(0) =0, 6 e[-71,0],9(0)>0,
u;(0) = y;(0) >0, 6 e[-1,0],%(0)>0. (2.19)

Lemma 2.6 (see [6]) Ifa>0, b>0 andit> b— au, when t > ty and u(ty) > 0, we have

a1
ult) = S[l + (“”f") - 1) exp(-alt - to))] :

Theorem 2.7 Let (Hy), (H,), (H3) hold and (x1,%3,...,xn) € ®fi1 A; be any solution dif-
ferential equation (2.2) and (uy, uy, ..., uy) with

T 0
w(t) = /0 Gilt, s){ﬂ,-(s)s(s) +i(s) / UGk e)de} ds, (2.20)

be the solution of system (1.5) with initial condition (2.19). Then solution (x1,%3,...,%XN, U1,
Uy, ..., un) of system (1.4), (1.5) is permanent, i.e., there exist T > 0 and m; > 0, M;, m; > 0,
and]N\/[i (i=1,2,...,N) such that

m; < x;(t) < M;, i < ui(t) < M.

Proof Since S; > 0 for any 0 < i < N, appealing to the proof of the Lemma 2.3 given in [6]
we can immediately demonstrate that there exist a 7 > 0 such that

x; <M, u; <N;, fort>T7, (2.21)
where

M:>M;,  Nf>Nj,

u u u
‘- :Olz . N = M (2.22)
PiC; ¢

while f* = sup, f(t) and f* = inf, f(£).
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On the other hand, from Lemma 2.1 and inequality (2.5), we have

dul' 0
o —a;(Ou;(t) + Bi()x;(2) + vi(t) | Ui(O)xi(t +6)db
i

<-af+ (,Bll + yil)Q,
then by Lemma 2.6, for arbitrary € > 0, there exist v/ > T such that

. B! +vHQ

o;

u;(t) —¢ fort'>7.

Since € is arbitrary small, one may assume that

(:Bll + Vil)

e Yirn)Q

u
o;

Thus,

! l
i) > l('Bl + V;‘)Q
2 al

=m; fort'>T. 0

Remark 2.8
For the system without the external source, the sets A; must be replaced by

Br={§€Cr: | <R}

Similar calculation shows that condition (H3) is reduced to the following one:

)‘i K 1
()\i _1)[]i(0) + (Ki _1>Ai8i} < 7

3 lllustrative example

Consider the following 2-species cooperation system with delay, feedback control, and

external source

% = ON) [1 " a(0) + b(d) f_oi[ll(/?z(e)Nz(t +0)do Cl(t)Nl(t)}

— d(OmON(E) - er(ONi(0) [ Z WA(0)us (£ +6) df — $1(2), (3.1)
% =~ (O (®) + BUOND) + (D) / : LL(O)N: (¢ + 6) db, (3.2)
% = PN [1 " a(t) + by (t) f_onz\(Zl(G)Nl(t vo)ds CZ(t)NZ(t)}

— dy(OurON(0) - ex(ON(0) / (; Wa(O)ua(t +8)d6 — Sat), (3.3)
% =~ (B (t) + o ON(B) + 1(0) / (; LL ()N, (t +6) db. (3.4)
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Wherein,
5 —sin(2mt) — cos(4art) 7 —sin(2mt) — cos(4art)
,Ol(t) = B ’ )OZ(t) = N )
5 —sin(2wt) + cos(2mt) 6 — 3sin(2t) + cos(27t)
—sin(27t) 2 —sin(27t)
St )— - S$t) = ——,
2 +sin(27¢t)’ 2 + cos(2mt)
0.5270 exp( )de), 0<s<t<T,
Hy(ts) = Pf 010 ) =s=Il=
1.5270 exp(fs m®)ds), 0<t<s<T,
0.3110exp([ p2(0)d6), 0<s<t<T,
Hz(t, S) = ¢
1.3110exp(f; p2(6)db), 0<t=<s<T,
15 + sin(27t) + cos(2mt) 12 + sin(27t) — cos(27t)
al(t) = p ) Olz(t) = . )
10 — sin(2m¢) — cos(27t) 5 —sin(2mt) — cos(2mt)
1.2813ex a1(0)do 0<s=<t=<T,
Gi(t,s) = P(ft 1(0) ), =s=
0.2813 exp(ft a1(0)do), 0<t<s<T,
1.0893exp( [’ ay(0)dh), 0<s<t<T,
Gales) = p(J} ox(0)d)
0089Sexpfta2 Ydh), 0<t<s<T,
sup | E7(¢)| =1.9994, sup |25()| =1.5138,
te[0,T] te[0,T]
inf |E7(£)] =0.69, inf |E5(¢)| = 0.3591,
te[0,T] t€[0,T1]
M =2.8975, Ay =4.2146, k;=4.5540, «y=12.2089,
Q1 =023, Q,=0.1428, Q=023

ay(t) =100 + sin(27 t),

2 +sin(27t)
200 + cos(2rt)’

alt) =

b15(t) = 30 + sin(27 ),

a(t) =220 — cos(2rt),

2 —cos(2mt)

)=
()= 300 —sin@r0)

by (t) =100 — cos(2mt),

L1(Q)=0.02167,  J»(Q) =0.02171,
—sin(27t) — cos(4mt) 3 —cos(4rmt)
Bi(t) = Ba(t) = . )
10 + sin(47t) + cos(4wt)’ 32 + 2sin(27t) + cos(2t)
7 —sin(2mt) + cos(4art) 2 + sin(47t)
yl(t) = . ) VZ(t) = - »
30 + 2sin(4srt) + cos(4t) 29 — 2sin(27t) + 3cos(2mt)
2 —sin(47rt) 3 +sin(47mt)
dl(t) = . ) dZ(t) = . b
21 + sin(47t) + cos(8mt) 40 + sin(2wt) — 2 cos(27mt)
4 + sin(27t) 2 —cos(4rt)
81(t) = s ) ez(t) = p )
20 —sin(27t) + cos(4mt) 72 + sin(2wt) + 4cos(2mt)
A =0.5411, B, =0.2970, A, =0.1633, B, =0.1029.
With due attention to the data above, we have
J1(Q) + A1B 01823<(1 1)(1 1) Q 0.5123
+ =0. -— -—)]———— =0. ,
' o U n ) (Q+ D2
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and

(Q) + A,B —00385<(1—i><1—i)L—00531
g S NS K@+

Therefore, the condition (H3) in Theorem 2.4 is valid for our examples.

4 Conclusion
In this paper, we investigate the existence and permanence of periodic solutions for a
multi-species cooperation system with continuous time delays, feedback control and pe-

riodic external source. Suppose that

(H1) ai, byj, ci, di, e, pi, o, By, and ;, are all positive continuous real-valued functions,
(Hy) [°, Vi©)do = [° Wie)deo = [, U»(e)de =1,
(H3) Ji(Q) +A;B; < (1- ,\%.)( )

Q+1>2 (Qe2IES

fori=1,2,...,N, where

T 1
Q) = ; — i(s) | ds, R,
Q) /o g (s)[ai(s)+sz=1,j#ibi,»(s)”(s)] s Qe

1
inftE[O,T] [a:(f) + Q Z}}‘/’:Lj#j sz(t)]
0]

L+ Sup;c(o 1] |Eis(t)|

L(Q) =

+[lcill,

Q = min{Ql! QZ; ey QN};
T
Ef(t) = / H;(t,s)S;(s) ds.
0

Then the following multi-species cooperation system:

dx; xi(t) }

=7 = PilOx(D)] 1= i(£)x;

P () (t)[ TS S f Vu oG+ 0)db —ci(t)xi(t)
— A OuE)t)  e(O)i) f WiO)ui(z + 6) d6 - S,(0),

LZ;Z o;(t )Mt( )+ /31( )xl(t + Vl(t)f xl t + 9)d9

admits at least one T-periodic solution. In order to indicate the validity of the assumptions

made in our results, we also treat a illustrative example.
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