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1 Introduction
In this paper, we study the following nonlinear discrete anisotropic problem:

—Ala(k =1, Au(k = 1)) + |u(k) [PR2u(k) = f(k), keZ,

lim‘k‘_mo M(k) = O,

(1.1)

where Au(k) = u(k + 1) — u(k) is the forward difference operator.

The problem (1.1) is a class of partial difference equations which usually describe the evo-
lution of certain phenomena over the course of time. Elementary but relevant examples of
partial difference equations are concerned with heat diffusion, heat control, temperature
distribution, population growth, cellular neural networks, etc. (see [1-5]). Our interest for
problems of the type (1.1) is motivated by major applications of differential and difference
operators to various applied fields such as electrorheological (smart) fluids, space tech-
nology, robotics, image processing, ezc. On the other hand, they are strongly motivated by
their applicability to mathematical physics and biology.

The goal of the present paper is to establish the existence of homoclinic solutions for the
problem (1.1). In the theory of differential equations, a trajectory x(£), which is asymptotic
to a constant as |t| — 00, is called a doubly asymptotic or homoclinic orbit. The notion of
a homoclinic orbit was introduced by Poincaré [6] for continuous Hamiltonian systems.
Since we are seeking for solutions u of the problem (1.1) satisfying limy|—, o #(k) = 0, then
according to the notion of a homoclinic orbit by Poincaré [6], we are interested in finding
homoclinic solutions for the problem (1.1). We remember that boundary value problems
involving difference operators with constant exponents have been intensively studied in
the last decade (see [7—13] for details). The existence of homoclinic solutions where stud-
ied in particular by the authors in [8]. The variable exponent cases were studied by some
authors in [14-17] and the references therein. Other very recent applications of variable
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exponent equations are presented in [18—20]. The study of such kind of problems can be
placed at the interface of certain mathematical fields such as nonlinear differential equa-
tions and numerical analysis.

The variational approach to the study of homoclinic solutions in the context of variable
exponent was firstly done by Mihailescu, Radulescu and Tersian in [21]. They studied the
following problem:

Az(kfl)u(k —1) = V(&) |u(k)| 702y (k) + f(k, u(k)) =0, forkeZ,

lim‘/d_)oo M(k) = 0,

(1.2)

where A;(_) stands for the p(-)-Laplace difference operator, that is,

k)-2

A2gpyttk=1) = [Au() PO Aulh) - |Autk - )" Au(k - 1),

for each k € Z.

In this paper, we use the minimization technique to get the existence of homoclinic
solutions of (1.1).

The paper is organized as follows. In Section 2, we define the functional spaces and
prove some of their useful properties, and finally, in Section 3, we prove the existence of
homoclinic solutions of (1.1).

2 Auxiliary results
We will use the following notations from now on:

p*=supp(k) and p~ = inf p(k).
keZ keZ

For the data f and a, we assume the following:

a(k,-):R— R Vk € Z and there exists a mapping
A :Z x R — R which satisfies: (2.1)
a(k,€) = %A(k,é), VkeZ and AKk,0)=0, VkeZ.

£1PY < alk£)8 < p(AK.E) VkeZandf eR. (2:2)
There exists a positive constant C; such that

la(k, )] < Ci(j(k) + 51707, (2.3)
forall k € Z and £ € R, where j € 0 (a space to be defined later) with ﬁ + ﬁ =1.

felv), (2.4)

: 1 1 _
w1th1m+m—l,forallk€z.

p():Z— (1,+00) suchthatl<p™ <p(-)<p* < +o0. (2.5)
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We now introduce the spaces:

P = {u (L — R; pp(y (1) o= Z!u(k) |p(k) < oo}
keZ

and

W) = {u (2 R prpy ()= D) + 7 | aui) P < oo}

keZ keZ

={u:Z—>Rue 7Y and Au(k) € l”(')}.

On P), we introduce the Luxemburg norm

) u(k) p(k)
) = f A ; _— <1 .
loal m{ S0y [4O
keZ
Then
. u(k) [P® Au(k) PP
lletll1pe) = 1nf{k>0;z = +Z <1
keZ keZ

= [lullpe) + 1 Aullp
is a norm on the space W),

Remark 2.1 If u € P, then lim| 100 #(k) = 0. Indeed, if u € V), then Y, _, [u(k)[P® <

oo. Let
Z|u(k)]p(k) _ Z|”(k)’p(k) N Z|M(k)|p(k),
keZ kes, ks,
where
Si = {k € Z; |u(k)| <1}
and
$2 = {k € Zsut| = 1}.

S, is necessarily a finite set and |u(k)| < oo for any k € S, since u € /),
We also have that ZkeSl lu(k)P" < Y kez lu(k) PP, then ZkeSl lu(k)P" < 00. As S, is a
finite set, then Zkesz lu(k)|P" < oo, which implies that

M Juk) < oo.
keZ
Thus,
lim u(k) = 0.

|k|—+00
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Proposition 2.1 Under condition (2.5), py() satisfies:
(@) Py +v) < 27 (pp() () + ppy(V)); Yui, v € PO,
(b) ForuelPV), if x> 1, we have

o) (1) < ppty (W) < X2 oty () < gty () < 32" pyy (),
and if 0 < A <1, we have
A" Do () < Pty (M) < AP (s (1) < Ay (1) < iy ().

(c) For every fixed u € I’V \ {0}, Pp() (A1) is a continuous convex even function in A, and

it increases strictly when A € [0, 0c0).

Proof
(a) Let u,v € P, we have

Py (U +v) = Z|u(k) + v(k) |p(k)

keZ

- Z op(k)

keZ

1 1
S Z 2.”(’() [E |u(k) |P(k) + 5 |V(k) |P(k)}
keZ

1 1 p(k)
Eu(k) + Ev(k)

<27 (pp0) (W) + ppiy (v))

<27 (pp() (1) + Py (V).

(b) For u € 1?0, if A > 1, we have

poiy Ohat) = > paa(l) [P
keZ

= 730 g PO

keZ
_ , _
>\ Z|M(k)}p(o =M pp()(u).
keZ

We also have p,)(Ar) =) 1oy AP (k) P < pp” Y kez lu(k)|P®) = p2" Ppy ().
If 0 < A <1, we have

ppy(at) = 3 haa(k) [
keZ

= 5710 |ugo O

keZ

= 2 S [ = 327 puy ().
keZ

We also have p,()(Asr) = 3 WO (k)PP <227 3, (k) P® = 127 pyiy (w).
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(c) For every fixed u € )\ {0} and « € (0,1), we have Vv € ")

oy (@ + (1 —a)v) < ZHau(k) |p(k) + (1= a)v(k) ’p(k)]

keZ

= Z[ap(k)|u(k) |p<k) +(1- a)p(k)| V(k)|p(k)]
keZ

= Z[Ol|u(k) ip(k) + (1 - a)|V(k) |P(k)]
keZ

< app) () + (1= a) pp()(v).

This proves that p,((x) is convex.
Let A1, A > 0 such that A; < A,. We have

ppo(hate) = 3 [paaalk)[Y

kel

=330 g

keZ

k (k)
< Zkg( )|u(k)|P = pp(y (Aat).
kel

Thus, for every fixed u € 70\ {0}, 0p() (A1) increases strictly when A € [0, +00).
For the continuity of p,)(Au), let (A,),en be a real sequence such that A, — A as n —
+00. We denote g, x = |1,u(k)[”®. We have

> gkl < 1l Y Julk)| < +o0,

keZ keZ
where
pt it =1
p- if A, <L
Then,
i (k) | i p(k) _ p(k)
Jim (S ) = 3 tim bt = 5
keZ keZ keZ
Therefore, we have the continuity of p,(). O

Proposition 2.2 Let u € I’")\ {0}, then lullp() = @ if and only if py)(%) = L

Proof Let us denote A = {A > 0; py()(5) < 1}.
Case 1: ||u|lp) = a. Then, there exists a sequence (A,),en C A such that 1, | aasn —
+00.

Therefore, as pp(.)(ﬁ) <1forall» € Nand p,(,(Au) is continuous with respect to A, then

we get pp()(5) < 1.

Page 5of 13
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Suppose now that pp()(%) <1. As a > 0, then there exists « > 0 such that 0 <« < a. Then

u u_a\_(a r u
W =1)=p,0l = x— — NP
Pp() o Pp() 2 o) = \& Pp() o
Solving the inequality (5)1”+ op)(5) <1, we get

1
2

—
—
~

’§+| —

then there exists 0 < o < a such that p,()(3) <1, which is a contradiction.
Thus,

Case 2: pp()(7) =1. Then, a € A and ||u||p) < a. Let (A,)uen C A be a sequence such that

An 12l pe)-
We suppose that |||, < a, then

u u llzell () el ey \? u
1=P<~><—)=P(~)( x < Pp() :
P\a) Tl a a AN

So

Pp() = ’
TN Dllpey ) T (bt g

which implies that

u
pp<->< ) >1
ll2ll o)

Therefore,

u u
< pp@(—) = lim pp(.)(—) <1,
Izl o) n—>+00 An

which is a contradiction. Thus,

||M||p(A) =da. |

Proposition 2.3 Ifu € I’") and p* < +oo, then the following properties hold:
(D) ullpy <1 (=1>1) & ppy() <1 (=1;>1);

Page 6 of 13
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2) Nullpy > 1= llully ) < opy (@) < Nl
p()

(3) Nullpe) <1=>||M||p
(4) Nunllpe) = 0 & ppy(u,) — 0 as n — +oo.

/—\+A|

< oy () < Il

Proof

@) lltllpy <1 (=1;>1) © ppy(u) <1 (=1;>1).
Case 1. ||u]lp() =1 ¢ pp(y(u) =1 is proven using Proposition 2.2.
Case 2. ||lullp() <1 4 pp()(#) < 1. Suppose that | u]|,.) <1, then

u — u -
P00 = oy [ —— X [l2tllpey ) < N2l oo [ —— ) < Nlull?y, <1.
» PO\ Nl v POPPO\ il 0

Conversely, taking p,()(#) < 1 and supposing that |||, > 1, then

u v u I
1> pp(y (@) = pp() o X ullpey ) = Nl op0) o) llecll .o

which is a contradiction. Therefore, ||u|,.) <1.
Case 3. ||lullp() > 1 & pp() () > 1. Suppose that [|u]|,.) > 1, then

u P u P
() (W) = Py lelu”p(-) > Nl ) ) T > flully) > 1.

Conversely, we take p,((#) > 1 and we suppose that ||u||§(‘) < 1. We have

u p u p
Pp() (1) = Pp() ”u”p(‘)XIIuIIp(-) = llullygy o) o < llull,, =1L

which is a contradiction. Therefore ||u||§(__) > 1.
(@) lullptr > 1= 1l < ppio(a0) < Nl
Let [lullp.) > 1, then

1
N2l

u 1
o ()<p.( )< o,
pr PP O\ llty ) = el ™

which is equivalent to

1

1
Vi pp(<)(u)'
llel?. pe)

T (w) <1<
p 7 Pp()\4 ||u

Thus,

Nl < ppiy () < Nl

Page 7 of 13

(3) llullpy <1= ||u||p( < ppy(u) < ”””ZE)‘ The proof is similar to that for the Case 2.

(4) llttnllpiy = 0 € pp()(18y) — 0 as m — +00.
0, then

Uy
||un||p<q) >l o0 (” i )_ ol
Unllp()

Case L. limy,—, 1o Pp() (4n) =

pp(( ) pp(

ll2tnll o)
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where

r if ”un“p(») >1,
Pt

if ||un||p(.) <L

So ||ty llp) — 0 as n — +oo0.

Case 2. ||luy|lp) — 0 as n — +00, then

u
pp<.>(un>:pp<.)( x ||un||p<.>)snunnﬁ(‘)pp(.)( . )snunn;‘(.),

21l o) 2l o)
where
B P’ if ”un”p(-) >1,
p~ ifllugllpe <1
S0 ppy(uy) — 0 as m — +oo. O

Proposition 2.4 Let u WO {0), then el =a < ;01,p(.)(§) =1

Proof
Case L. |lu|l1,p() = @. Then

lulhpoy =a < lullpe + 1 Aullpo =a

& lullpy=ar and  ||Aully) =ar, witha, +a; =a,

where a;,ay > 0.
Thus

u U Au
PLp() 2 = Pp() 2 * Pp() P

Therefore, by mimicking the proof of Proposition 2.2, we deduce that py () (%) = 1.

Case 2. py () (%) = 1. As in the first case, we get [|u(l1,p() = a. O
Proposition 2.5 Ifu € W) and p* < +00, then the following properties hold:

(D) Nullipe) <1 (=15>1) < pipe(w) <1(=1>1);

2) MNullpoy > 1= Nl ) < prpo @) < llull} )

(3) Metllipy < 1= 1l < o1p0 @) < el

(4) Nunllipe) = 0 S prp(U,) — 0 as n— +oo.

Proof The proof is similar to the proof of Proposition 2.3. O
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Theorem 2.1 (Discrete Holder type inequality) Let u € ") and v € 11°) be such that ﬁ +

q(k) =1Vk € Z, then

1
> vl < (p— + —)nunp Vil g0)-

keZ

Proof Let u € I’) and v € [1") be such that ﬁ + % =1VkeZ.
Case L. [Jull ¢y = 0 or ||[v]l4) = O, then the result is true.
Case 2. [lullp) > 0 and ||v]l4.) > 0. Let us denote a = ||ul|,) and b = ||[v|4,. Then, by

Young inequality, we deduce that

S22 =SS
keZ ab keZ allb
Sy L o L |y
= pk)|a q(k)| b
p(k) q(k)
< LZ ul™ 15|y
P el® 1 e b
= yoo(s) e eo(3) =5
= —PpO\ = ) T = Pg
p '’ g "
Therefore, Yy luv] < G + L)l [Vilg0). O

3 Existence of weak homoclinic solutions

In this section, we investigate the existence of weak homoclinic solutions of (1.1).

Definition 3.1 A weak homoclinic solution of (1.1) is a function u € W0 such that

S alk-1 Autk - D) Avik-1) + > [u(®) " utvi) = Y flowik), (3.1)

keZ keZ keZ
for any v € WhP0),

Note that weak solutions are usual solutions of the problem (1.1). It can be seen by taking
the test elements v =(...,0,0,1,0,0,...) with 1 on (kth) place.
The main result of this work is the following.

Theorem 3.1 Assume that (2.1)-(2.5) hold. Then, there exists at least one weak homoclinic
solution of (1.1).

The energy functional corresponding to the problem (1.1) is defined by J : W) — R
such that

Ja) =Y A(k-1Au(k-1))+ Y —= ( 5 u(o " = 3" fRyuk). (3.2)

kel keZ keZ

We first present some basic properties of J.
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Proposition 3.1 The functional ] is well defined on W) and is of class C*(OV'*0),R)
with the derivative given by

J'@),v)=> a(k-1, Aulk - 1)) Av(k - 1)

kel
3 [uto P urvie) - 3 FRvK), (33)
keZ keZ

for all u,v e W0,

Proof We denote by

Iu)=Y A(k-1Autk-1), L= %}u(k) o
keZ keZ p

and

AQw) = fRu(k).

keZ

We have by using Young inequality and assumptions (2.1) and (2.3) that

1(w)] = ZA(k—l,Au(k—l))‘
keZ
<> |A(k-1, Autk - 1))|
keZ
<>a (j(k D+ (kl_ | Autk-1) |"(k‘”‘1) | Au(k-1)|
keZ
, C -
< écu(k— 1)|Auk - 1)| + gsz(kil) | Autk - 1)
<00,
I L pi| _ 1 Q)
|L(w)| = gzzp(k)|u(k)| < gZ:|u(k)| <00
and
|A(w)] = Zf(k)u(k)‘ <> )| |u®)] < oo

kel keZ

Therefore, ] is well defined. Clearly, 7, L and A are in C'(W'"),R).
Let us choose u, v € W0, We have

I(u+8v) — I(u)
8

L(u +6v) — L(u)

'w),v)= al—i>r(1)l+ ’ (L), v) = al—i>r(1)l+ )

and

. Au+8v) - Au)
lim ——=.

(A’(u), V) T oot )
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Atk=1,Au(k-1)+5 Av(k-1))-A(k-1, Au(k-1))
5 .
We get, by using Young inequality,

Let us denote gs =

1 1
Z lgs| < 3 Z|A(k—1,Au(k—l) +8Av(k—l))| + 3 Z‘A(k—l,Au(k—l))’ < +00.

keZ keZ keZ
Thus
I(u+8v) —1(u) . Ak -1, Aulk—1)+8Av(ik -1)) = Ak =1, Au(k - 1))
m —— = lim E
50+ 8 §—0* )

B lim Alk =1, Au(k —1) + sAv(k - 1)) — A(k — 1, Au(k — 1))

§—0% 8
keZ

= > a(k-1, Au(k - 1)) Av(k - 1).

keZ

By the same method, we deduce that

lim L(u + 6v) — L(u) lim Z lu(k) + 8v(k)[P® — |u(k)P®
50 f) T a0t — p(k)s
_ lim |u(k) + Sv(k) PP — u(k) PP
ez plk)s
=3 a2 ulk)v(k)
keZ
and
i A -A@ Zf (k) (u(k) + $v(k)) —f (k)u(k)
50" 8 6o 8

keZ

SN iy LR @K) + 8v(k) — f (K)u(k)

§—0* )
kel

=Y fkw(k). -

keZ

Lemma 3.1 The functional I is weakly lower semi-continuous.

Proof From (2.1), I is convex with respect to the second variable. Thus, by Corollary II1.8
in [22], it is enough to show that I is lower semi-continuous. For this, we fix u € Whet)
and € > 0. Since [ is convex, we deduce that, for any v € W0,

I(v) > I(u) + <I/(u), v— u)

> 1)+ Y _a(k -1, Au(k - 1)) (Av(k - 1) - Au(k - 1))

kel

>1u)-C (pi + pi) gl | AG =), where g(k) = (k) + | Au(k) [

= 1(u) = K (Il = vilpe) + | A=) )

Page 11 0f 13
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> 1(u) = Kllu = vi1p0)

> I(u) —¢,

for all v € W0 with ||u — Vlip) <8 = &
Hence, we conclude that I is weakly lower semi-continuous. O

Proposition 3.2 The functional ] is bounded from below, coercive and weakly lower semi-

continuous.

Proof By Lemma 3.1, ] is weakly lower semi-continuous. We will only prove the coercive-
ness of the energy functional J and its boundedness from below.

Jw) = S AK-1, Auk-1) + 3 — [u) P~ 3 F(uth)

keZ keZ ‘n(k) keZ
1 (k-1) 1 (k)
= |Auk =D+ " [ul0)"7 = > | f(Ru(k)|
keZ p(k h 1) keZ p(k) keZ
1 . 1
> =S |auk -1 3 JuGo P~ elf o lullyo
p keZ keZ p(k)
1
> Epl,p(-)(u) = cllfllp ey Nl -

To prove the coerciveness of /, we may assume that ||#||1,) > 1 and we deduce from the

above inequality that

| —

J(u) =

Nutll gy~ ellf o el -

S

Thus,
J(w) = +00 as ||ullip) — +00.

As J(u) — +0o when ||ul|1 ) = +00, then for |u|l1y.) > 1, there exists ¢ € R such that

J(u) > c. For || ull1,p) <1, we have

JW) = — pipey (@) = cllf Ly 1l 1pc)

1
p+
> —c|flly oyl #llpe)
> —|fllpy() > —o0.
Thus J is bounded below. O

We can now give the proof of Theorem 3.1.

Proof of Theorem 3.1 By Proposition 3.2, J has a minimizer which is a weak homoclinic
solution of (1.1) |
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