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1 Introduction

A first-order system of difference equations

Favt =f ns Y, n=0,1,...,(x0,%) € R, 1)
Y1 = &% V)5
where R C R?, (f,g) : R — R,f,g are continuous functions is competitive if f(x,y) is
non-decreasing in x and non-increasing in y, and g(x,) is non-increasing in x and non-
decreasing in y.
System (1) where the functions f and g have a monotonic character opposite of the
monotonic character in competitive system will be called anti-competitive.

We consider the following anti-competitive system of difference equations:

x _ ylyn y _ ﬂan
+1 = 1=
" ’ " Ay + Boxy + Yy ’

n=0,1,..., (2)

where the parameters A;, y1, Az, By and B, are positive numbers and the initial conditions
(0, y0) are arbitrary nonnegative numbers. In the classification of all linear fractional sys-

tems in [1], System (2) was mentioned as System (16, 39).
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Competitive and cooperative systems of the form (1) were studied by many authors such
as Clark and Kulenovi¢ [2], Clark, Kulenovi¢ and Selgrade [3], Hirsch and Smith [4], Ku-
lenovi¢ and Ladas [5], Kulenovi¢ and Merino [6], Kulenovi¢ and Nurkanovi¢ [7, 8], Garié¢-
Demirovi¢, Kulenovi¢ and Nurkanovi¢ [9, 10], Smith [11, 12] and others.

The study of anti-competitive systems started in [13] and has advanced since then (see
[14, 15]). The principal tool of the study of anti-competitive systems is the fact that the
second iterate of the map associated with an anti-competitive system is a competitive map,
and so the elaborate theory for such maps developed recently in [4, 16, 17] can be applied.

The main result on the global behavior of System (2) is the following theorem.

Theorem 1

(@) If By < A1A,, then Ey = (0,0) is a unique equilibrium, and the basin of attraction of
this equilibrium is B(Eo) = {(x,y) : x > 0,y > 0} (see Figure 1(a)).

(D) If Bayr — A1Ay > —By[A2 + y1(Ay — A1By)] and Bayr — A1A; > 0, then there exist two
equilibrium points: Ey which is a repeller and E, which is an interior saddle point, and
minimal period-two solutions Ay = (0, ﬁ”’;{%) and By = (%,0) which are locally
asymptotically stable. There exists a set C C R =[0,00) x [0,00) such that Ey € C, and
WH(E,) = C N\ Ey is an invariant subset of the basin of attraction of E... The set C is a graph
of a strictly increasing continuous function of the first variable on an interval and separates
‘R into two connected and invariant components, namely

W_ = {x € R\C :Ix' € C with x <, x’}, W, = {x € R\C:Ix' € C withx' <,, x},

which satisfy (see Figure 1(b)):
(i) If (x0,y0) € W,, then

—AA
Bay1 — A1 2,0)=Bo

lim (x2n,y2n) = ( AB
n—00 1By

and

-AA
lim (x2n+1;y2n+1) = (0, —'BZVI ! 2) = Ay.
oo 11Bs

(ii) If (x0,y0) € W_, then

-AA
Bavi 1 2>=A0

lim (xo,, y2,) = (O,
n—00 2m )2 VIBZ

and

-AA
Bon1 1 2’0) ~ By,

nli)r&(x2n+1:y2n+l) = ( Ale

() If0 < Boy1 — A1As = —By[A? + y1(Ay — A1By)), then (see Figure 1(c))
(i) There exist two equilibrium points: Ey which is a repeller and E, € int(R) which is a
non-hyperbolic, and an infinite number of minimal period-two solutions

A ( Bay1 —A1Ay — xA1 By )
x =% )
B2
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B. - (,32)/1 —A1A; —xA1By —xBay1 )
* By(x + A;) (A1 - y1Ba)(x + A7)

forx €0, %], that belong to the segment of the line (15) in the first quadrant.
(ii) All minimal period-two solutions and the equilibrium E, are stable but not asymp-
totically stable.

(iii) There exists a family of strictly increasing curves C., C4_, Cg,_ forx € (0, %) and

Cap ={(%y):x=0,y>0}, Cpy = {(x,9):2>0,y =0}

that emanate from Ey and A, € Ca,, B € Cp, for all x € [0, %), such that the curves
are pairwise disjoint, the union of all the curves equals R%. Solutions with initial points
in C, converge to E, and solutions with an initial point in Ca, have even-indexed terms
converging to A, and odd-indexed terms converging to B,; solutions with an initial point in
Cp, have even-indexed terms converging to B, and odd-indexed terms converging to A,.
(d) If 0 < Bayr — A1As < —By[A} + y1(As — A1By)], then System (2) has two equilibrium
points: Eq which is a repeller and E, which is locally asymptotically stable, and minimal
period-two solutions Ao and By which are saddle points. The basin of attraction of the

equilibrium point E, is the set
B(E,) = {(x,y) x>0,y > 0}

and solutions with an initial point in {(x,y) : x = 0,y > 0} have even-indexed terms con-
verging to Ay and odd-indexed terms converging to By, solutions with an initial point in
{(x,9): x>0,y = 0} have even-indexed terms converging to By and odd-indexed terms con-

verging to Ao (see Figure 1(d)).

2 Preliminaries
We now give some basic notions about systems and maps in the plane of the form (1).
Consideramap T = (f,g) onaset R C R?,andlet E € R. The point E € R is called a fixed
point if T(E) = E. An isolated fixed point is a fixed point that has a neighborhood with no
other fixed points in it. A fixed point E € R is an attractor if there exists a neighborhood
U of E such that T"(x) — E as n — oo for x € U; the basin of attraction is the set of all
x € R such that 7"(x) — E as n — o0. A fixed point E is a global attractor on a set I if
E is an attractor and /C is a subset of the basin of attraction of E. If T is differentiable at
a fixed point E, and if the Jacobian J7(E) has one eigenvalue with modulus less than one
and a second eigenvalue with modulus greater than one, E is said to be a saddle. See [18]
for additional definitions.
Here we give some basic facts about the monotone maps in the plane, see [11, 16,17, 19].

Now, we write System (2) in the form

b)),
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By - 4,A4,>0
Bo7i-A, A, >Bo[A+7,(4-4,B,)]
(b)
A() \ \\\
e
E, "B,
0<Boyi-A,4,=-B,[ A+ 1, (A-4,B,)] 0 <P y-A, A;<-B[ A4y, (A-4,B,)]
(c) (d)

Figure 1 Basins of attraction

where the map T is given as

Yy
T (") BN T (f "”’) . 3)
) \ahe)  \6®Y)

The map T may be viewed as a monotone map if we define a partial order on R? so that the

positive cone in this new partial order is the fourth quadrant. Specifically, for v = (v1,v5),

w = (w1, wy) € R? we say that v < wif v; <w; and wy < v,. Two points v,w € R% are said
to be related if v < w or w < v. Also, a strict inequality between points may be defined
as v < wif v<w and v #w. A stronger inequality may be defined as v << w if v; < w;
and wy < v5. A map f : intR? — IntR? is strongly monotone if v < w implies that f(v) <<
f(w) for all v, w € IntR?. Clearly, being related is an invariant under iteration of a strongly

monotone map. Differentiable strongly monotone maps have Jacobian with constant sign
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configuration

The mean value theorem and the convexity of R? may be used to show that 7 is monotone,
as in [20].

For x = (x1,%,) € R?, define Q;(x) for [ = 1,...,4 to be the usual four quadrants based at
x and numbered in a counterclockwise direction, for example, Q;(x) = {y =(y1,%2) € R? :
x1 < y1,%2 < )2}

The following definition is from [11].

Definition 1 Let S be a nonempty subset of R2. A competitive map 7': S — S is said to
satisfy condition (O+) if for every x, y in S, T'(x) <, T(y) implies x <, ¥, and T is said to
satisfy condition (O-) if for every x, y in S, T'(x) <, T(y) implies y <, x.

The following theorem was proved by de Mottoni-Schiaffino for the Poincaré map of
a periodic competitive Lotka-Volterra system of differential equations. Smith generalized
the proof to competitive and cooperative maps [11].

Theorem 2 Let S be a nonempty subset of R, If T is a competitive map for which (O+)
holds then forall x € S, {T"(x)} is eventually componentwise monotone. If the orbit of x has
compact closure, then it converges to a fixed point of T. If instead (O-) holds, then for all
x € S, {T*} is eventually componentwise monotone. If the orbit of x has compact closure
in S, then its omega limit set is either a period-two orbit or a fixed point.

The following result is from [11], with the domain of the map specialized to be the Carte-
sian product of intervals of real numbers. It gives a sufficient condition for conditions (O+)
and (O-).

Theorem 3 Let R C R? be the Cartesian product of two intervals in R. Let T : R — R be
a Ct competitive map. If T is injective and det]r(x) > O for all x € R then T satisfies (O+).
If T is injective and detJ1(x) < 0 for all x € R then T satisfies (O—).

Next two results are from [17, 21].

Theorem 4 Let T be a competitive map on a rectangular region R C R Let X € R be a
fixed point of T such that A := R Nint(Qq(X) U Qs3(X)) is nonempty (i.e., X is not the NW or
SE vertex of R), and T is strongly competitive on A. Suppose that the following statements
are true.

a. The map T has a C* extension to a neighborhood of X.

b. The Jacobian matrix of T at X has real eigenvalues A, p such that 0 < |A| < u, where

|A| < 1, and the eigenspace E* associated with X is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of
attraction of X, such that C is tangential to the eigenspace E* at X, and C is the graph of a
strictly increasing continuous function of the first coordinate on an interval. Any endpoints
of C in the interior of R are either fixed points or minimal period-two points. In the latter
case, the set of endpoints of C is a minimal period-two orbit of T.
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Theorem 5 (Kulenovi¢ & Merino) Let 7,, I, be intervals in R with endpoints ay, a, and
by, by with endpoints respectively, with a; < ay and by < by, where —00 < ay < a; < 00 and
—00 < by < by < 00. Let T be a competitive map on a rectangle R = 71 x I, and X € int(R).
Suppose that the following hypotheses are satisfied:
1. T(int(R)) C int(R) and T is strongly competitive on int(R).
2. The point X is the only fixed point of T in (Q1(X) U Q3(X)) Nint(R).
3. The map T is continuously differentiable in a neighborhood of X.
4. At least one of the following statements is true:
a. T has no minimal period two orbits in (Q1(X) U Q3(X)) Nint(R).
b. detJr(X) > 0 and T(x) =X only for x =X.
5. X s a saddle point.
Then the following statements are true.

(i) The stable manifold W*(X) is connected and it is the graph of a continuous
increasing curve with endpoints in 9R. int(R) is divided by the closure of W*(X) into
two invariant connected regions W, (“below the stable set”), and W_ (‘above the
stable set”), where

W_: {x e RA\WS(X) : Ix' e WE(X) with x <, x/},

Wi,

{x € RA\WE(X) : IX' e WH(X) with X' <, x}.

(ii) The unstable manifold YWW*(X) is connected, and it is the graph of a continuous
decreasing curve.

(iii) For every x € W,, T"(x) eventually enters the interior of the invariant set Qs(X) "R,
and for every x € W_, T"(x) eventually enters the interior of the invariant set
QX NR.

(iv) Let m € Qy(X) and M € Q4(X) be the endpoints of W*(X), where m <, X <, M. For
every x € W_ and every z € R such that m <, z, there exists m € N such that
T™(x) = 2, and for every x € W, and every z € R such that z <, M, there exists
m € N such that M <, T™(x).

3 Linearized stability analysis
Lemmal
(i) If Boyr — A1Ay <0, then System (2) has a unique equilibrium point Ey = (0,0).
(ii) If Bayr — A1A, > O, then System (2) has two equilibrium points Eq and E.. = (%,5),
x>0,y>0.

Proof The equilibrium point E(x,%) of System (2) satisfies the following system of equa-

tions:

Vly_, ?= % (4')
Al +x Ay +Byx+y

Q_C:

It is easy to see that Ey = (0, 0) is one equilibrium point for all values of the parameters, and
E, = (x,y) is a positive equilibrium point if 8,1 —A14, > 0. Indeed, substituting ¥ from the
first equation in (4) in the second equation in (4), we obtain that x satisfies the following

equation:

f@) =x% + (241 + Byy))x® + (A + A1Bays + Aoy1)x + ni(A1Az — o)1) = 0. (5)
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By using Descartes’ theorem, we have that equation (5) has one positive equilibrium if the
condition

Bavi —A1A3>0

is satisfied, i.e., B2y1 > A1A,.

Theorem 6
(i) If Bayr < A1Ay, then Ey is locally asymptotically stable.
(ii) If Bayr = A1Ay, then Ey is non-hyperbolic.

(iii) If Bayr > A1Aq, then Ey is a repeller.
Proof The map T associated to System (2) is of the form (3). The Jacobian matrix of T at

the equilibrium E = (x,) is
__ny . n_
. (A1+%) Ar+x
y) = ’ 7
Jr(%,5) B2(Az+y) _ Bax @
(Ag+By%+7)? (Ag+By%+7)?
and
0 pas
Jr(0,0) = (,3_2 %) :
As

The corresponding characteristic equation has the following form:

22— Bani -0,
A4y

from which A1 = + %.
(i) If Bayr < A1Ay, then |A1o| <1, ie., Ey is locally asymptotically stable.
(ii) If Boyr = A1A,, then |A12| = 1, which implies that Ey is non-hyperbolic.
O

(iii) If Bay1 > A1A,, then |A15| > 1, which implies that Ej is a repeller.

Theorem 7
(1) Assume that Byy1 > A1A and
(8)

B2y1 — A1As > —Bo[ A} + 11(Az — A1By) ).

Then the positive equilibrium E, is a saddle point.
©)

(2) Assume that
0 < foy1 — A1Az = =By A} + y1(Az — A1By)].

Then the positive equilibrium E., is a non-hyperbolic point and
(A1 + /y1(A1By — A2))/11(A1By — A)

X =-A1+V1(A1B; - Ay), y= ”
1
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(3) Assume that
0 < Bavi — A1Az < —Ba[A} + 1Ay — A1By)]. (10)
Then the positive equilibrium E., is locally asymptotically stable.

Proof The Jacobian matrix of T at the equilibrium E, = (x,) is of the form (7) and the

corresponding characteristic equation has the following form:

M —pr+q=0,
where
- . — — - - -
—-A,x—B -2xy—-A
IR 37720 [P A S —— o i}
A1+x Ay +Byx+y ny Box (A1 +%)(Ag + Box +9)
_ A+ 7
gmdetplE) = —— 2 Pnlar))
(A1 +%)(A2 + Box+Y) (A1 +%)(Az + Box +)
xy Ax+y xy YAz +Y)

T (AL +®)(Ay+BoX+)) A+ ByE+y oy PoX

V& Ao - 11)) _Y-Aon - AiX) _
Bavix Bayix

0.

Hence, for E, = (%,7), we have p < 0, g < 0, so p? — 4q > 0. Since

=2 =2 - = = —2 —2 — —
A B
pogo1= 2V B Yy e ¥ T W +<1_ﬂ)_1
vy Bax  Bon Bax ny Bx  Bani B2
¥ ¥ X By
=—_—— - - =<0,
ny bBx B B
we obtain
>1+g4], <0,
pli=1+ql, © 1l+p+g7=0,
<|1+g4| > 0.
Similarly,
_ _ _ A+
l+p+g=1 x b4 i 2 1)

TAAE AyiBi+) (A 4D+ Bi+)) At Byw+y
Aﬂ +y(A1 + .9_6) —Aleﬁ_C
(9_C+A1)(A2 +Bz§+y)

@ x _
S TG TA) A+ By

where

o(x) = X%+ 2A1x +A% + 1Ay —A1By), forx>0.
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Now, for the positive equilibrium, it holds

l+p+q>0 < ¢x) <0,
l+p+q=0 <& ¢x) =0,
1l+p+g<0 <& ¢x)>0.
IfA% +11(Ay —A1B;) > 0, then ¢p(x) > 0 for all x > 0, which implies that E, is a saddle point.
If A? + y1(Ay — A1By) < 0, then ¢(x) = 0 for xy = —A; + /y1(A1By — Ay) (x_ <0, x, > 0).
Now we have three cases: x, <%, x, =¥ or ¥ < x,. Functions f(x) and ¢(x) are increasing

for x > 0.
(1) Ifx, <X, then 0 = ¢(x,) <p(x),i.e., 1+ p+q<0andf(x;) <f(x)=0. So,

Sflx) =f (A1 + Vn(A1B, — Ay)) <0
& (AL + VN(AB; - A)’ + (241 + Bayr) (—A1 + Vi (AiBy - Ar))°
+ (A} + A1Boy1 + Ayt (A1 + V(A1By — A2)) + ni(A14z — Ban) <0,

from which it follows

VB2(A1By — As) < (Boyi — A1Az) + A7 By,

Barv1 > (A1 = n1B2)(A2 — A1By). (11)
Now we have

Bavi — A1Az > —=Bo[ AT + y1(Ay - A1 By)],
so we can see that the conditions (8) and (6) are sufficient for E, = (x,7) to be a saddle
point.

(2) If x, =x, then 0 = ¢(x,) = p(X), hence 1l + p+ g =0, i.e.,

f) =f@) =f (A1 + Vn(AiBs - 45)) =0,
from which

Bavi = (A1 = 11B2)(Az — A1By). 12)
If conditions (12) and (6) are satisfied, then

Baya —A1A2 =-B) [A% +y1(A2 —Ale)] >0

holds, i.e., E, = (x,%) is a non-hyperbolic point of the form

A A1B, — A A1B, - A
Tex, = Ay V9 ABy —Ay), 5=( 1+ 71(A1By yz))\/)ﬁ( 1B2 2)'
1
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(3) If x < x,, then ¢(x) < Pp(x,) = 0 and
0=f(®) </(x.) =f (=A1 + V71(AiBy - A2)),
from which
Bari < (A1 = n1B2)(Ar — A1By). 13)
Hence, if conditions (13) and (6) are satisfied, then
0 < foyz — A1As < —Bo[ A} + 11(Az — A1By) ]
holds, so E, is a locally asymptotically stable. O

4 Periodic character of solutions

In this section, we give the existence and local stability of period-two solutions.

Lemma?2 Assumethat Bry1 > A1Ay. Then System (2) has the following minimal period-two
solutions:

—AA —AA
Ag - (0, M) and B - (M,O), (14)
J/132

if
0 < Bayi — A1ds = —Bo[ A} + 1Az — A1By)],

then System (2) has an infinite number of minimal period-two solutions of the form

( Bay1 —A1A, — xAle)
Ax =1 % )

B2
B - (/32)/1 - A1Ay — %A1 B,y —xBay1 )
* By(x + A1) (A1 - nBa)(x + Aj)

forx €0, %], located along the line

-AA
H ={(x,y) 1 xA1 + Y1y +A% +y1(Ay —A1By) =0,x € |:0, %] } (15)
182
Proof The second iterate of T is (25). Equilibrium curves of the map T2(x, y) are
C1T2 = {(x,y) e [0, 00)2 :xﬂzyl(x + Al) = x(y + A2 + xBZ)(A% + xAl + yyl)} (16)

and

Cyp2 = {(x,y) €[0,00)? : yByy1(y + Ay + xBy) :y(AlAg +x% By + xA3 + x%A2By + xyA,

+xPrA1 + yA1As + Y 11Bs + yy1 A By + xA1ALB, + xyy1B3) | 17)

Page 10 of 19
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We get period-two solutions as the intersection point of equilibrium curves (16) and (17)
in the first quadrant. If x # 0, y = 0, then System (16), (17) is reduced to the equation

Boyi(x + Ay) = A1(Ay + xBo)(x + A),

and the positive solution of this equation is

_Bn-Ad,

A5, >0, forByy —A1A; >0.

If x =0, y # 0, then System (16), (17) is reduced to the equation

Boni(y + Az) = (v + A2)(A14> + yy1Ba),
with the positive solution

_ B -AiA

>0, for By —A1A; > 0.
"B

On the other hand, if x > 0, y > 0, then we have

Boyi(x + A1) = (y + Ay + xB3) (A? + xA1 + yy1)
Bavi(y + Ay + xBy) = A1A3 + x% By + xAS + x2A2By + xyAg + xfaAr + yA1Ay ¢,

+9*71By + yy1A2By + xA1A2By + xyy1 B3
that is
(x + A1)(Bayr — A1Az) = (y + xB2) (AT + %A1 +y11) + ynds 18)
and

X%y + xA3 + x2A2By + xyAs + xPoA1 + V211 By + yy1A2By + xyy, Bl

= (y+xBy + Ay)(Bay1 — A142). (19)

Therefore, it must be (8,1 —A145) > 0 in order to get any positive solution. By eliminating
the term (B,y1 — A14,) from (18) and using condition (9), we get

(y +xBy + AlBg)(_)/)/l +xA1 + A% + YAy — ylAle) =0,
which implies

w1 +xAL+ AT + 71(Ay — A1By) = 0,
hence

1
y= o (vA1 + AT + (A2 — A1By)), 0 #0. (20)
1

Page 11 of 19
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Now, by eliminating y and the term (4;A4; — B271) from (19), we get the identity

Boyi — (A2 — A1By) (A1 — »1By) _
)4t

(x+A1)(x +A; — y1Bo) 0.

If x = 1By — A, we have

1 2
y= —; (xA1 +A1 + VI(AZ —Ale)) = —A2 < 0, " 7!0
1
So, periodic solutions are located along line (15) with endpoints given by (14) using con-
ditions (9). It is easy to see that A,, B, € H if foy1 — A1Ay = —Bo[A? + y1(Ay —A1By)]. O

Let (x,y) € H, then the corresponding Jacobian matrix of the map 72 has the following

form:

T3 = (‘C’ z> (21)

where a := F,(x,9), b := F,(%,), ¢ := Gx(%, %), d := G, (%, ).

Lemma 3 Assume that 0 < Byy1 — A1Ay = —By [Af + n(Ay — A1By)]. Then the following
statements are true.
(a) The points A, B, € H are non-hyperbolic fixed points for the map T?, and both of
them have eigenvalues Ay = 1 and A, € (0,1).
(b) Eigenvectors corresponding to the eigenvalues ,i and Ly are not parallel to coordinate

axes.

Proof
(a) From (15) we have y7,(x) = —% < 0. Since

H={(xy) €[0,00): F(x,y) =x} = {(x,) € [0,00)*: G(x,5) =y},
by implicit differentiation of equations F(x,y) = x and G(x, y) = y at the point (x,y) € H, we

obtain

l-a c A
! = = =_— . 22
¥ (%) b 1-4 )/1<0 (22)

Sincea>0,b<0,c<0andd >0, from (22), we get
O<a<l and O0<d<l. (23)
The characteristic polynomial of the matrix (21) at the point (x,y) € H is of the form
P(\) =22 = (a+d): + (ad - be).
Now, using (22) we have (1 — a)(1 — d) = bc, and since

P(Q)=1-(a+d)+(ad—-bc) =0,
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we get A1 =1, and due to Vieta’s formulas and condition (23), it follows
O<A+rr=1+Ay=a+d<2,

ie,0<Ay<1.

(b) Eigenvectors corresponding to the eigenvalues A; and A, are v; = (1 — d,¢) and
vy = (a — 1,¢). By condition (23) it is easy to see that these vectors are not parallel to the
coordinate axes. O

Lemma 4 The periodic points Ay and By given by (14) are
(a) locally asymptotically stable if Byyy — A1Ay > —Bo[A? + y1(As — A1By)] and
Boy1 > A1Ay,
(b) non-hyperbolic if 0 < Byy1 — A1Ay = —By[A? + y1(Ay — A1By)],
(c) saddle points if 0 < Boy1 — A1Ay < —By[A? + y1(Ay — A1By)].

Proof We have that
AjAy  (Bayvi—A1A2)(A2Ar-A3By—Br v Bo—Bayi A1)
Jro Bay1 — A1Ar o) [P B211A1B (ATBa+ 211 ~A1A2)
T AB, 0 BoviA1B2

(A2By+Pay1-A142)(Bay1-A1A2 +Y1 A2 By)

and characteristic eigenvalues are

A= Az <1 and A,= ﬁzylZAlB% .
Ban (Boy1 — A1Az + 1A2B))(Ba AT — AsA; + Bayr)
Now,
[A2] <1
& Pyl AiB; < (Boyr — ArAs + VIAZBZ)(BZA% —AsA; + Boyi)
& (o1 —AlAr + VIAZBZ)(BZA% —AsA; + Boyt) — Bayi2A1B5 >0
& (Boy1 —A142)(A7By + Povi — A1As — ViA1B; + 1142B,) > 0
& (A}By + Boyi — A1Ar — ALBS + 11A2By) > 0
& Byt —A1Ar > —By[A] + 11(Ay - AiBy)].
Therefore,

Aol <l & foni —AiAy > —By[A? + ni(As — AiBy)],
Pal=1 &  0<poyi—AiAr = -By[A] + 11(A2 — A1By)],
P2l >1 & Boyi —AiAsr < —BofA} + 1Ay - A1By)].

On the other hand, we have

BayEALB3 0
J(0 Bay1 — A1Ay (A7Bo+B2y1-A1A2) (Bay1-A1A2+11A2B))
T2 —_— | =
Y (B2v1-A142)(A143-11A3By—BayiAr—FaviALB2)  ArAs

B2v2Ba(B2y1-A1A2+y1A2B2) Bani
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and the corresponding eigenvalues are

AlAy 523/ A1B2
A= <1 and XAp= 3 s
Ban1 (Bavi —A1As + 1A2By) (B AT — AsAL + Bayr)
so it comes to the same conclusion! O

5 Global results
In this section, we present the results on the global dynamics of System (2).

Lemma 5 Every solution of System (2) satisfies
1 x,,fjl’ll Bz,yn_B,n 2,3,.
2. If Bayr < A1A,, then hmn_,ooxn =0, limy— 00y, = 0.
The map T satisfies:
3. T(B) C B, where B =10, Xl—l ] x [0, 52] that is, B is an invariant box.

4. T(B) is an attracting box, that is T([0, oo)z) cB

Proof From System (2), we have

/3an < /3an _ &

Ynt = A2 +Bzx,, +yn - Bzxn - Bz,
_ ﬁan < &x
il Ay +Boxy+y, — As "
V1)n "1
X =— < —9Y
n+l Al +x, Alyn

forn=0,1,2,...,and

J2! n p
X < — <
il = A yn - A] Bz

for n=1,2,.... Furthermore, we get

Y2 b2

xn_Aynl_AAxn21

npa\" B2 \"
<< <
Xon = (A1A2> X0, Xon+l = (A1A2> X1,

so it follows that lim,,_, o0 %, = 0, lim,,_, o0 ¥, = 0 if Boy1 < A14,.
Proof of 3. and 4. is an immediate checking. O

Lemma 6 The map T? is injective and detJ2(x,y) > 0, for all x > 0 and y > 0.

Proof
(i) Here we prove that map 7 is injective, which implies that 77 is injective. Indeed,
T(;ll) = T(j,cj) implies that

A1(y1 —y2) = %12 — %01, As(x1 — %) = Xoy1 — X1Y. (24)
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By solving System (24) with respect to x;, x; or 1, ¥, we obtain that (x1,y1) = (x2,%2).

(ii) The map T?(x,y) = (ég;’ ;) is of the form

T?(x,)

xfoni (x2+A1)
_ (y+A2+xB) (AT +xA1+yY1)
- yBan (y+Az +xBy) (25)

A1A% +x2 By +xA% +x2A9By +xyAx+xPfrA1+yA1A2 +y2 Y1Bo+yy1A2By+xA1A2 By +xyle%

and

(E. F
]T2 (xxy) = (Gx Gy> )

where

Fye=poni (A?AZ +yA3 + 2xAT Ay + X7 A1As + 2xy7 ) + 2x9AT + K YA
+ Y 1AL + 20971 A + ynA1Ay + £y By)
/((y)/1 +xA; + A%)z(y + Ay + sz)Q),

_xBani(x + A1) 2yyi + %A1+ AT + y1As + x11B))
()/)/1 + xA1 + A%)z()/ + A2 + sz)2

Gy = —yB2v1 (A3 + 29A35 + y* Az + 2xA5B + 2xyB2 + 2xPrAs + YBrA

F, =

’

+ xZAng + BrA1Ay + xz,Bsz + nyAsz)
/(AlA% + xzﬁz + xA% +x2A5By + XyAy + x2A1 + yAL1 A,
+ 9211y + y11A2B, + xA1A2Bs + xyyB2)’,
Gy = B (o +A1)(Ag + 2yA% + y2A2 + 2xA%Bz + 2xyBs + xBr Ay + szng
+ &% 2B + 2xyA>B)
1(ALA3 + %% By + XA3 + x> AsB, + xyAs + %BrA1 + yA1 Ay

2
+¥*71By + y71A2By + %A1 A2B) + xyn1B3) .

Now, we obtain
det/r2(x,y) = F,G, — F,G, = UV,

where

_ Bavi (4 A)(xAy + yA; + A1A)) §
(yy1 +xAy + AD)2(y + Ay +xBy) ’

V = (ATA] + xA1AS + yATAs + xPrAT

+ x2,32A1 + y)/lA% + y2)/1A2 + JCA%Asz + x2A1A232 + xyA1A2 + xyylAsz)
/(AlAg + x2,32 + xA% +x2A5By + xYAy + xP2A1 + yA1A,

2
+¥*11Bs + yy1A2By + xA1A2By + xy01B3)” > 0

and the Jacobian matrix of T2 (x, y) is invertible for allx > 0 and y > 0. O
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Corollary 1 The competitive map T? satisfies the condition (O+). Consequently, the se-

quences {xo,}, {Xons1}, {Yan} {yani} of every solution of System (2) are eventually monotone.
Proof Tt immediately follows from Lemma 6, Theorem 2 and 3. g

Lemma 7 Assume Byy1 — A1A, > 0. System (2) has period-two solutions (14) and
(a) If (x0,90) = (,0), x > 0, then

lim T%"(x,0) =(

n—00

-AjA
Bant 1 2,0 - B,
A1B;

and

_AA
lim 7%*(x,0) =<0, M) = Ao.
n— 00

"B

(b) If (x0,%0) = (0,9), ¥y >0, then

~AA
lim T7(0,) =(0, M) Ay

B2
and
-AA
lim 721(x,0) < (P2 () g
n—00 A132
Bavi—A142
Proof (a) Forallx>0,x # B, o we have

reo (0 25) e (o),

" Ay + Box A1Ay + A1Box’
T3 (x, 0) = (0, Ba(y1B2)x )7
As[A1Ay + A1Byx + Byy1 Box
(nBa2)*x )
T4 10 = ;0 )
e ((A1A2)2 +A1Byx[(A1A2) + y182]
Bo(n1B2)*x )
T5 ] = ] ’
®0) <0 As[(A142)? + A1B2(A1A2)x + A1Bo(y182)%] + Ba(y182)%x
(nB2)*x >
T%(x,0) = ,0
(.0) ((1“11‘12)3 + A1Byx[(A142)? + A1Ar 1 B + (Bani)?]

and by induction,

T (x,0)
_ ( (nB2)"x O)
(A1A2)" + A1Box[(A1A2)" ' + (A1A2)"2(Bo) + -+ (Boy)™ 1)’
T2n+1(x, O)

_ (O Ba(y1B2)"x >
T As[(A1Ag)" + A1By(A1A)"1x + - -+ + A1Ba(y1Ba)"x] + Ba(y1Ba)x )
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Now, we have

lim T%(x,0)
Hn—0Q

_ lim ( (n1B2)"x 0)
n—>00\ (A142)" + A1Box[(A1A2)" ! + (A1A2) 2 (1 Ba)! + -+ - + (Bay1) ]
—AA
= lim ( — ,o) _ <%’0> _B,
e (M)n+x(A1Bz) ~Bon) 122
Bani B’ A1da
Pan
and
lim T2"*(x,0)
n—0o0
_ lim (O Ba(y1B2)"x )
n—>00\ " A3[(A1A2)" + A1By(A1A2)" 1% + - - - + A1By(1182)" %] + By (y1B2)"x
. Box ,32)/1— 14
B "linolo (0, A1A A1B %lAz) T =4o.
ey ) S .

Lemma 8 The map T? associated to System (2) satisfies the following:
T*(x,y) = (%,3) only for (x,9) = (%,9).
Proof Since T? is injective, then T2(x,y) = (x,5) = T*(%,7) = (x,) = (%, ). O

Proof of Theorem 1

Casel foy1 < A1A>

Equilibrium Ej is unique (see Lemma 1), and by Lemma 5, every solution of System (2)
belongs to

B- [o, ﬂzyl} [0 @]
A1B, B,

which is an invariant box. In view of Corollary 1 and Theorem 2, every solution converges

to minimal period-two solutions or Ey. System (2) has no minimal period-two solutions
(Lemma 2). So, every solution of System (2) converges to Ey.

Case 2 Boy1 — A1z > —By[A} + y1(As — A1By)] and Bays — A1A2 > 0

By Lemmas 1, 2, 4 and Theorems 6 and 7, there exist two equilibrium points: Ey which
is a repeller and E, which is a saddle point, and minimal period-two solutions A and By
which are locally asymptotically stable. Clearly 77 is strongly competitive and it is easy
to check that the points Ay and By are locally asymptotically stable for 72 as well. System
(2) can be decomposed into the system of the even-indexed and odd-indexed terms as

follows:

_ _njya

Xonsl = A ougr?
_ Ny2n-1

Xon = Apvasn’

= Pavow
Yol = 2By xrnryon’

Baxan-1 _

Yon = A3 Boxs, 1+y2n-1’ =L2,....
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The existence of the set C with the stated properties follows from Lemmas 6, 2, 7, 8, Corol-
lary 1, Theorems 4 and 5.

Case 3 0 < Byy1 — A1A; = —Bo[A} + 11(Ay — A1B))]

Cases (i) and (ii) from (c) in Theorem 1 are the consequence of Lemmas 1, 2, 4 and
Theorems 6 and 7.

Since T2 is strongly competitive and points A, and By, for all x € [0, %), are non-
hyperbolic points of the map 7?2, by Lemmas 1, 6, 2, 3, 7, Corollary 1, Theorems 2, 5,
6 and 7, it follows that all conditions of Theorem 4 are satisfied for the map T2 with
R =[0,00) x [0,00). By Lemma 7, it is clear that

Cay = {(x,y):x:O,y>O} and Cp, = {(x,y):x>0,y=0}.

Case 4 0 < Boy1 — A1Ay < —By[A? + y1(Ay — A1By)]

Lemma 2 implies that System (2) has minimal period-two solutions (14). Furthermore,
Corollary 1 and Theorem 2 imply that all solutions of System (2) converge to an equi-
librium or minimal period-two solutions, and since, by Theorem 6, E is a repeller, all
solutions converge to E, (which is, in view of Theorem 7, locally asymptotically stable) or
minimal period-two solutions (14). The points Ay and By are saddle points of the strongly
competitive map 72; and by Lemma 7, the stable manifold of A, (under T?) is

B(Ao) = {(x,):x =0,y >0}
and the stable manifold of By (under T?) is
B(BO) = {(x,y) X > O,y = 0}

and each of these stable manifolds is unique. This implies that the basin of attraction of
the equilibrium point E, is the set

B(E,) = {(x,y) x>0,y > 0},

and Lemma 7 completes the conclusion (d) of Theorem 1. O
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