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Abstract

In this paper, we determine the stability of a generalized Hyers-Ulam-Rassias-type
theorem concerning the additive functional equation 2f(”§”) =fx)+f(y)+f(2)in
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1 Introduction
The study of the stability problem of functional equations originated from a question of
S.M. Ulam [30] concerning the stability of group homomorphisms.

Let (G, *) be a group and (G, o, d) be a metric group with the metric d(-,-). Given € >
0, does there exist a §(¢) > 0 such that if a mapping /1 : G — G’ satisfies the inequality
d(h(x * ), h(x) o h(y)) < 8 for all x,y € G, then there exists a homomorphism H: G — G’
with d(h(x), H(x)) < € for all x € G?

If the answer is affirmative, we would say the equation of homomorphism H(x * y) =
H(x) o H(y) is stable. The concept of stability for a functional equation arises when we re-
place the functional equation by an inequality which acts as a perturbation of the equation.
Hyers [5] gave a first affirmative partial answer to the question of Ulam for Banach spaces.
Hyers theorem was generalized by Aoki [3] for additive mappings and by Rassias [26] for
linear mappings by considering an unbounded Cauchy difference ||f(x +y) —f(x) = f(»)|| <
e(Jlx)|? + |lyl|?) for alle > 0 and p € [0,1). Following the same approach as Rassias, Gajda [7]
gave an affirmative solution of this problem for p > 1 and also proved that it is possible to
solve the Rassias-type theorem for p = 1. A further generalization was obtained by Gavruta
[8], who replaced e(||x||? + ||y[”) by a general control function ¢(x, y). The paper of Rassias
has significantly influenced the development of what we now call the Hyers-Ulam-Rassias
stability of functional equations. Since then, several stability problems for various func-
tional equations have been investigated in [1, 2, 6, 9-12, 27, 32]. Quite recently, the stabil-
ity problem for the Pexiderized quadratic functional equation, Jensen functional equation,
cubic functional equation, functional equations associated with inner product spaces, and
a mixed type additive-cubic functional equation were considered in [15, 17, 21, 29], and
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[31], respectively, in the intuitionistic fuzzy normed spaces; while the idea of intuitionistic
fuzzy normed space was introduced in [28], and further studied in [18-20, 22-24, 34] to
deal with some summability problems.

In 2003, Radu [25] proposed that the fixed-point alternative method is very useful for
obtaining the solution of the Ulam problem and obtained the stability of the Cauchy func-
tional equation in Banach spaces through the fixed-point method. Since then, several sta-
bility problems of this concept have been established by various authors, e.g., [13, 14, 16,
33] and references therein.

The aim of this paper is to present a relationship between three various disciplines: the
theory of fuzzy spaces, the theory of functional equations, and fixed-point theory. We
determine the stability of the additive functional equation

X+y+z
o (F5E) =01 10 410 L)
in the setting of intuitionistic fuzzy normed spaces by using the fixed-point alternative
theorem. Also, we investigate the stability of this functional equation through the direct
method.

2 Definitions, notations and preliminary results
In this section, we recall some notations, basic definitions, and preliminary results used
in this paper.

A binary operation *: [0,1] x [0,1] — [0, 1] is said to be a continuous t-norm if it satisfies
the following conditions:

(a) = is associative and commutative,

(b) * is continuous,

(¢) ax1=aforallac]l0,1],

(d) axb <c*dwhenevera <candb <d for each a,b,c,d € [0,1].

A binary operation < : [0,1] x [0,1] — [0,1] is said to be a continuous t-conorm if it
satisfies the following conditions:

(@") < is associative and commutative,
(b’) < is continuous,
(") a®o0=aforallac]l0,1],
(d) a®b<c$dwhenever a <cand b <d for each a,b,¢,d € [0,1].

Using the notions of continuous ¢-norm and ¢-conorm, Saadati and Park [28] have re-
cently introduced the concepts of intuitionistic fuzzy normed space and defined conver-
gence and Cauchy sequences in this setting as follows.

Definition 2.1 The five-tuple (X, u,v,*,<) is said to be an intuitionistic fuzzy normed
spaces (for short, IFN-Spaces) if X is a vector space, * is a continuous ¢-norm, <> is a con-
tinuous £-conorm, and p, v are fuzzy sets on X x (0, 0o) satisfying the following conditions.
For every x,y € X and s,£ >0
(i) mxt)+vixt) <1,
(i) p(x,2)>0,
(iii) m(x,t)=1ifand onlyifx =0,
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(iv) (o, t) = uix, th) for each a #0,
wx,t) x 1wy, s) < ulx+y,t+s),

u(x, ) : (0,00) — [0,1] is continuous,

)
)
(vi
(vii

(viii

)
) limy_, o p(x,£) =1 and lim,_, o pe(x, £) = 0,
) vix t) <1,

(ix) v(x,£) =0 ifand onlyifx =0,

(x) viax,t) =v(x, ﬁ) for each a # 0,

(xi) vx, ) <Sv(y,s) = vix+y,t+5),
(xii) v(x,-):(0,00) — [0,1] is continuous,
(xiii) limy_ o v(x,£) = 0 and lim;_ o v(x, ) = 1.

In this case, (i, v) is called an intuitionistic fuzzy norm. For simplicity in notation, we
denote the intuitionistic fuzzy normed spaces by (X, i, v) instead of (X, i, v, *,<). For ex-
ample, let (X, || - ||) be a normed space, and let a % b = ab and a<>b = min{a + b,1} for all
a,b €[0,1]. For all x € X and every ¢ > 0, consider
t %Il

and v(x,t):= .
¢+ [l ¢+ [l

I'L(x: t) =

Then (X, w, v) is an intuitionistic fuzzy normed space.

Definition 2.2 Let (X, u,v) be an intuitionistic fuzzy normed space. Then a sequence
x = (xx) is said to be
(i) convergent to L € X with respect to the intuitionistic fuzzy norm (u, v) if, for every
€ >0and ¢ > 0, there exists kg € N such that p(xx — L, £) >1—€ and v(xg — L, t) < €
for all k > ko. In this case, we write (u, v)-limx; = L or xx (—M—VQ Lask— oo.
(i) Cauchy sequence with respect to the intuitionistic fuzzy norm (u, v) if, for every
€ >0and ¢ > 0, there exists kg € N such that p(xr —x¢,£) >1 — € and v(xg —x¢, £) < €
for all k, £ > ko. IFN-space (X, u, v) is said to be complete if every Cauchy sequence
in (X, u,v) is convergent in IFN-space. In this case, (X, u, v) is called intuitionistic
Sfuzzy Banach space.

Remark 2.3 Let (X, || - ||) be a real normed linear space,

&l

l_,(/ = =
t+ [lx| t+ [lx|

forallx € X and ¢ > 0. Then «,, —”l x if and only if x,, (—M—UQ x.

Recall the following results related to the concept of fixed point.

Theorem 2.4 (Banach’s contraction principle) Let (X, d) be a complete generalized metric
space and consider a mapping ] : X — X be a strictly contractive mapping, that is,

d(x,Jy) < Ld(x,y), VYx,yeX

for some (Lipschitz constant) L < 1. Then
(i) The mapping ] has one and only one fixed point x = J(x');
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(ii) The fixed-point x~ is globally attractive, that is,

. .
lim /"x=x,

n—00

for any starting point x € X;
(iii) One has the following estimation inequalities for all x € X and n > 0:

d(J"x,x) <L"d(x,x ), (2.1)

d(]"x,x%) < %d(]“x,]”*lx), (2.2)
. 1

d(x,x) < ﬁd(x,]x). (2.3)

Theorem 2.5 (The alternative of fixed point [4]) Suppose we are given a complete gen-
eralized metric space (X,d) and a strictly contractive mapping J : X — X, with Lipschitz
constant L. Then, for each given element x € X, either

d(J"x,]"'x) = +00, ¥n>0 (2.4)
or
d(]"x,]""x) < +00, Vn=n, (2.5)

for some natural number n,. Moreover, if the second alternative holds then
(i) The sequence (J"x) is convergent to a fixed point y of J;
(ii) v is the unique fixed point of ] in the set Y = {y € X, d(J"x,y) < +00};
(iii) d@y,y) < 2dy ) y €Y.

3 Stability of the additive functional equation through the fixed-point
alternative

Using the fixed point alternative, here we can prove the stability of the Hyers-Ulam-

Rassias-type theorem in IFN-spaces. First, we prove the following lemma which will be

used in our main result.

Lemma 3.1 Let X be a linear space, (Y, i, v) be an IFN-space and ¢ : X x X x X — [0, 00)
be a function. Consider a set G ={g: X — Y} and define

t
(g, h) = inf R*: - ’ x ool D )
dy(g h) = in {y R gl ~ ) yt) 2 s and

@(x, 2%, x)

V(g(x) — h(x), Vt) = m }; (3.1)

forallg,he G, x € X and t > 0. Then ds is a complete generalized metric on G.

Proof Letg,h,k € G, ds(g,h) < y1 and ds(h, k) < y». Then, for all x € X and ¢ > 0, we have

; t
1(gx) - h(x), nt) = roman) () = k@), yat) = t+ o 25%)

Page 4 of 16
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and

o(x, 2x, %) o(x, 2x, x)
V(g(x) - h(x), Vlt) =< m; V(h(x) — k(x), Vzt) < m

Therefore,

M@W—H@&qﬂmﬁzu@@—ﬂ&mﬂ*MM@—HﬁmﬁZ;EEEZE

and

’2 ’
o{ele) - ko + 1200) = (g0~ o) ) S (hGw) K ) = 2520
for each x € X and ¢ > 0. Thus, ds(g, k) < »1 + y», which is a triangle inequality for d;. The
rest of the conditions follow directly from the definition. O

Theorem 3.2 Let X be a linear space and f be a mapping from X to an intuitionistic fuzzy
Banach space (Y, 1, v). Suppose that ¢ : X x X x X — [0,00) is a function such that

u<2f<x+y ”) @ SO ~f1) 2 s and

2 T t+exy,2) -
v<zf(x+§+z> —f@) ) - f(z),t) 5 % |

Jor all x,y,z € X and t > 0. If ¢(x,y,2) < 5¢(2x,2y,22) holds for some real number o
with a < 1 then there exists a unique additive mapping T : X — Y such that T(x) =

(/»L: U)'limn—MX) znf(zin)x

(2 - 2a)t

d
(2 =2a)t + ap(x, 2x,x) an

w(f ) - T(x),t) =

(x5, 256.%) (3.3)
ap(x,2x,x
- T(x),t )
v(f(x) (<) ) = (2 = 20)t + ap(x, 2x,x)
forallxe X andt> 0.
Proof Putting y =2x and z=xin (3.2). Then forx € X and £ > 0
t
2x) - 2f (x),t) > ————— d
1(f (2%) - 2f (%) )_t+¢(x’2x’x) an
(%, 2%, %)
2x) - 2f (x),t) < ——————.
v(f( =Y )_ t + @(x, 2x,x)
Replacing x by x/2, we get
2 (E) = fee) > —- d
) —f),t)|>————  an
M7\ troEns)
(3.4)

227
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Consider the set G = {g: X — Y} and the mapping d defined on G x G by

t
(g, h) = inf R*: - ) PR SR,
ds(g, h) = in {y € ,u(g(x) h(x) Vt) z t+ (%, 2%, x) and

(%, 2x, x)

v(g() - h(x), yt) < m}

for all x € X and ¢ > 0. It is known that d;(g, /1) is a complete generalized metric on G by
Lemma 3.1. Now we consider the linear mapping / : G — G such that Jg(x) = 2¢(3) for all
x € X.Let g, h € G be such that dy(g, /) = £. Then, for all x € X and ¢ > 0, we have

P (%, 2x, x)
11(g(%) — h(x),&t) > P and v(g(x) - h(x),&t) < o)

Using the hypothesis of the function ¢ and a mapping /, we obtain

2 (% et 5 5

2

this implies

nlg) ~Jni),okt) = s

and similarly

x x\ okt o(5,% %) @(x, 2x,x)
- h ) = - _h D~ )= ol )
V) i) a81) ”(g(2> (2> 2 >> T o) g2

for all x € X and ¢ > 0. From above, we conclude that d(g, &) = & implies d;(Jg,Jh) < a§.

Hence,

ds(]g’]h) S Olds(g, h);

for all g, 1 € G. Using the hypothesis of the function ¢ and from (3.4), we have

2t
X o
; q)(x, 296, x)

forallx € X, t >0 and « < 1. Replacing ¢ by 4 in (3.5), we get

(3.5)

X\ ot t
M(f(x) —2f<5)r7) = o 2m ) and

x\ at o(x, 2x,x)
v(f(x) —2f<5>’ 7) = 26,9

Page 6 of 16
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forallx € X, t >0 and « < 1. It follows that

o
ds(f’]f) < E

Using the fixed-point alternative we deduce the existence of a fixed point of J, that is, the

existence of a mapping 7 : X — Y such that

T(’ﬁ) _I®
2 2

for all x € X. The mapping 7 is a unique fixed point of / in the set E = {h € G : di(g, h) < 00}.
It follows that T is the unique fixed point of J with the property that there exists ¢ € (0, 00)
such that

(%, 2x, %)

t
,u(g(x) —h(x),Ct) > m and v(g(x) - h(x), Ct) < m;

for all x € X and ¢ > 0. Moreover, we have d(J"f, T) — 0 as n — oo which implies

(1,v)- lim 2"f(%) = T(),

for all x € X. Also d,(f, T) < ﬁds(f,]f) implies dy(f, T) < 5%-. This means that (3.3)

holds. For all x,y,z € X and ¢ > 0, write

M(H(’”g”) —TW) -T() - T(), t)
X+y+z e xX+y+z\ t nef ¥ t
(o (257 ) () ) (2(3) -7
(o) ) s (3) 702
n+l X+y+z n x n J n z t
(50 -(5)-(5)-(5) ) e
Letting n — 00 in (3.6) and using (3.2), we get

M<2T<" *g*‘z) CT() - T(y) - T(z),t) -1

Similarly, we obtain

%ﬂ(“é”) CT) - T() - T(), t) -0,

for all x,7,z € X and ¢ > 0. Thus, the mapping T satisfies (1.1) and so it is additive. O

Corollary 3.3 Let X be a normed linear space and (Y, i, v) be an intuitionistic fuzzy Ba-
nach space. Let 0 be a positive real number and r is a real number with r > 1. If a mapping
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f X — Y satisfies the conditions

w2 (F555) s s st = d

e+ Ol + Iyl" + llzll")

x+y+z Ol + IIylI" + llzl")
<2f< )f S0/ ) t+0(lxl" + Iyl + llzllm)’

forall x,y,z € X and t > 0, then there exists a unique additive mapping T : X — Y such
that T (x) = (i, v)-lim,,_, o 2"f (55),

Q" -1t
w(f@ =Tt = G o s Dol
@1+ 10"
V=T < G @ e el
forallxe X and t> 0.

Proof Taking ¢(x,y,2z) = 0(||x||" + |[y|I" + ||z]|") in Theorem 3.2, for all x,y,z € X, and choos-
ing o = 27", we get the desired result. O

Theorem 3.4 Let X be a linear space and ¢ : X x X x X — [0,00) be a function such that
there exists o < 1 with ¢(2x,2y,2z) < 20¢(x,,2) for all x,y,z € X and t > 0. Suppose f is
a mapping from X to an intuitionistic fuzzy Banach space (Y, w,v) satisfying (3.2). Then
there exists a unique additive mapping T : X — Y such that T (x) = (i, u)—limn_mof @'

2n 2
(2 -2a)t
n(fx) - T(x),t) > @21 o 20 and .
V(Fx) — T(@),£) < — 2020

(2= 20)t + p(x, 2%, %)

forallx e X and t > 0.

Proof Consider a complete generalized metric space (G, d;) same as in the proof of The-
orem 3.2. We define a linear mapping J : G — G such that

Jg(x) = g(zx)’ (3.8)

for all x € X. Indeed, for given g and % in G, d,(g, &) = &. Then

o(x,2x,x)

1(g(x) — hx), £t) > t+ (%, 22,%)’

4t+(p(x,2x,x) and v( (%) = h(x), St)

for all x € X and t > 0. By the given hypothesis and using (3.8), we have

20t t

w(Jg(x) — Jh(x), a&t) = u(g(2x) — h(2x),2at) > CITIrmwe E  yoge

and

2, 4, 2. 24,
v (gle) = Jh(), age) = v(g(2x) ~ h(2) 2a§t)—2af£;(2;c 4;:)2x) = tffj(xz;)x)
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for all x € X and ¢ > 0. This means that d;(Jg, /) < a&. Thus, ds(Jg,Jh) < ads(g, h) for all g
and % in G. It follows from (3.2) that

M(f@ _f(x),f) > ; and

2 2] 7 t+@x,2x,x)
f(2x) t (%, 2x, %) (39)
U(T S, 5) S o(x,2x,x)”

for all x € X and ¢ > 0. From the definition of complete generalized metric space, we have
ds(f,]Jf) < % Using the fixed-point alternative, we deduce the existence of a fixed point
of ], that is, the existence of a mapping T : X — Y such that 27 (x) = T(2x) for all x € X.
Moreover, we have d(J"f, T) — 0 which implies

o) lim L) _

n—oo N

T(x),

for all x € X. Also ds(f, T) < ﬁds(f,]f) implies dy(f, T') < —L__ The rest of the proof can

— 2-2a
be done by the same way as in Theorem 3.2. d

Corollary 3.5 Let X be a normed linear space and (Y, i, v) be an intuitionistic fuzzy Ba-
nach space. Let 0 be a positive real number and r is a real number with 0 < r < % Ifa

mapping f : X — Y satisfies the conditions,

M<2f<x+y+z) —f®) -f) —f(Z),t) . ¢

2 e+ O(lxl" + Iy + Nzl

Xty+z ol + Iyl + 11zl")
”<2f ( 2 )‘f W =10 =1 (Z)’t> = T 0Q + Iyl + 2l

forall x,y,z € X and t > 0, then there exists a unique additive mapping T : X — Y such

that T(x) = (i, v)—limnﬁwf(;—zx),

(23r _ l)t
M(f(x) - T(x)’t) Z (23" = 1)t + (237 + 24-1)9||x||"

(2% 4 291 ]
- T(x),t) < ’
v(f(x) - T(x),2) (25" — 1)t + (25 + 208 ||

forallx e X and t > 0.

Proof Taking ¢(x,y,2) = 0(||x||" + |lyI" + llz]|") in Theorem 3.4, for all %, ¥,z € X, and choos-

ing @ = 273", we get the desired result. O

4 Stability of the additive functional equation through the direct method
In this section, we deal with the stability results concerning the additive functional equa-

tion via direct method in intuitionistic fuzzy normed spaces.
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Theorem 4.1 Let X be a linear space and (Z,u',v') be an IFN-space. Suppose that ¢ :
X X X x X — Z is a function such that for some real number « with 0 < |a| <1/2

u(¢<§%§)t> ((p(x,y,z)| |> and
(4.1)
R

forall x,y,z€ X and t > 0. Let f be a mapping from X to an intuitionistic fuzzy Banach
space (Y, u,v) such that

<2f<x A z) —f ) -f0) - f(z),t) > 1/ (p(y,2),t) and

(4.2)
(zf(" ty Z) _F(x) - f ) —f(z>,t> <V (e9,2) 1),

forall x,y,z € X and t > 0. Then there exists a unique additive mapping T : X — Y such

that
w(f ) = T(x),£) > 1/ (go(x, 22, %), W) and
a 2O|[ Dt @3
v(f(x) T(x), t) <v <<p(x, 2%, %), %),
o
forallx e X and t > 0.
Proof Puty=2xand z=xin (4.2). Thenforallx € X and £ > 0
n(f(2x) - 2f (%), £) = 1’ (p(x, 2%, %), ) and
(4.4)

v(f(2x) = 2f (%), £) < V' (p(x, 2%, %), £).

5T in (4.4) and using (4.1), we obtain

() ) o))

Replacing x by

and

((5n) - 2(5) ) = (o3 330) ) = (v )

forall x € X, ¢ > 0 and an integer j > 0. By replacing ¢ = |a|/*1£, we get

M<2j*lf<2/+1) 2’f( ) Vil ) =W (¢xy,2)t) and
(4.5)

v<2j+]f<2/+l> /f< ) Y0yt ) <V'(¢,3,2),t).

Page 10 of 16
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It follows from
2f( 5 ) ~1- 3 (27(55)-2(5))

and (4.5) that

u<z"f(;—n) —f(x»Zj?lal’”f) l_oi (2 (5) -2r(3 ) )

> ' (p(x, 2x,%),¢£)  and

n-1 n-1
v(z"f(;—n) —f(x),;jzﬂom“t) EH (2“7(%1) sz( ) 2f|a|f“)
<V'(p,2x,%),£),

forallx € X,t>0andn > 0,where [[,a; = ayxaz*- - -*ayand [ [ a; = a1 Car & -+ - Say.

Replacing x by 5; in the last inequalities, we have

(Wf <2n+p) -2 (%) ;}E 2’*P|a|f“t)

whence

1

<2n+pf<2n+p) 2pf( ) 221+P|a|/+1”+1t) > i (p(x,2x,%),¢)  and
j=0

J

n-1
(2"+”f(2n+p) - 2”f(§), 22’*”Ia|’*"*1t) </ (¢p(x,22,), 1),
j=0

forallx € X, t>0,n>0and p > 0. Hence,

n+, x ’ t
<2 pf(2n+p> —2pf(§),t) > 12 ((p(x,Zx,x), W) and

b (4.6)

n+ X / t
() 15 )e) = (oe2e i)

J=P

Since 0 < |a| < 2, we have Z 0 2la|y*! < co. This shows that (2 "f (5

quence in an intuitionistic fuzzy Banach space (Y, u, v) and so it converges to some point

)) is a Cauchy se-
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T(x) € Y. Thus, we define a mapping T : X — Y such that
T(x) = lim 27f( =
(x) = (M,v)-nin;o f o)
Hence, for all x € X and ¢ > 0, we have
x
< ”f( ) T(x), t> =1 and v<2”f<2—n) - T(x),t) =0.
Moreover, if we put p = 0 in (4.6), we get
i
— |1 -7 Xx), = Xy LK, X
I o wie STl
(= t) <2 !
(27 55 ) —SGt ) = v 9 222), STy

forallx € X, t >0 and n > 0. Therefore,

w(T@) - fx),£) > ,u<T(x "f< ) z/2> * ,u<2f<2i> —f), t/2>

M(co(x 2%, x) ;)
- T @lalyt

and

v(T(x) —f (), ) < u<T(x)_2”f<%>,t/z> ( ”f( ) — ), r/z)

< v’(go(x 2x, %) ¢ )
= ) ;) ) Z]n:_ol(z|a|)]+1 )

forallx € X, t >0 and n > 0. Letting » — o0 in the above inequalities, we obtain

(169 ~000) = (5250, T2 ang

(1—2|a|)t)

V(T (x) —f(x),t) < v/<<p(x, 2x, %), ol

Hence, T satisfies (4.3). Let x,y,z € X. Then

u<2T<x+;+Z> T(x) - T() - T(2), r)
i M<2T<x +;/+z> ) 2n+lf<x ;:z)’ é) *M<2nf<%) T, é)
(o) 0 )nlo() )
() 3) o2 )

(4.7)
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and by using (4.2)
xX+y+z X y z
2n+1 _2n - _2n e _2n ~,
’“‘( f( 2 ) f(zn) f<2"> f<2")t)
, x y z t , t
U R R F R ') Yy~ .0 4~
Z”(‘”(W 2 2") 2")2“(“”6“) 2"|a|”) (*8)

Letting n — 00 in (4.7) and (4.8), we get

,u<2T<x +g+z) CT) - T() - T(z),t) -1

Similarly, we obtain

v<2T<’”;+Z) ) = T() - T(2), t>

for all x,y,z € X and ¢ > 0. This means that T satisfies (1.1) and so it is additive. To prove

the uniqueness of T, assume that S be another additive mapping from X into Y, which
satisfies (4.3). For x € X, clearly T'(x) = 2" T(3;) and S(x) = 2"S(55) for all n. It follows from
(4.3) that

s ue(3) ()9
() o2 ) oer(2) =22

>u

- ﬁ 2_x 1 (1 2]al)t
= M @ 2"+1|Ol|
(1 2|a|)t
ey ((/7 * X 2n+1|a|n+l) (4‘9)
and similarly
v(T(x) —S(x) t) <V'| o(x, 2x, %) w (4.10)
)= P, 2X, %), 2n+1|a|n+1 : :

We see that the right-hand side of (4.9) and (4.10) tending to 1 and 0, respectively, as
n — oo. Therefore, (T (x) — S(x),t) =1 and v(T(x) — S(x),£) = 0 for all x € X and ¢ > 0.
Hence, T'(x) = S(x). |

Corollary 4.2 Let X be a normed linear space and (R, /,v') be an intuitionistic fuzzy
Banach space. Let 0 be a positive real number and r is a real number with 0 <r < 1. If a
mapping f : X — Y satisfies the conditions,

<2f<x+y+z) ~fx) -f(y) —f(z),t) > 1/ (Ol + Wyl + 120),8)  and

<2f (x E +Z> S =10 =1 (Z%f) = v (611" + Iy + N2I), ),
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forall x,9,z € X and t > 0, then there exists a unique additive mapping T : X — Y such
that

n(F) - T, 1) > 1’ (OIIxII’, e

2t
d = T(x),t) <V'( 0], )
) and v(f(x) - T(x) )511( ll| 2a+2)
forallx e X and t > 0.

Proof Taking ¢(x,y,2) = 0(||lx||" + ||lyll” + ||z]|") in Theorem 4.1, for all %, y, z € X, and choos-
ing || = 1/4, we get the desired result. O

Theorem 4.3 Let X be a linear space and (Z,W',v') be an IFN-space. Suppose that ¢ :
X x X x X — Z is a function such that for some real number o with 0 < || < 2

1 (p(2%,2y,22),8) > ' (|alp(x,9,2),t)  and @)
V' (9(2%,2y,22),t) < V' (lele(x,3,2), t), '

forall x,y,z€ X and t > 0. Let (Y, 1, v) an intuitionistic fuzzy Banach space and a map
f: X — Y satisfies (4.2). Then there exists a unique additive mapping T : X — Y such that

/L(f(x) - T(x), t) > /L’((p(x, 2x, %), (2 - |a|)t) and

(4.12)
v(f(x) - T(x),£) <V'(p(x,2x, %), (2 - |a|)t),
forallx e X and t > 0.
Proof From (4.4), it is easy to see that
2 t
u(f(zx) —f(x), 5) > u’(w(x, 2x, %), t) and
) (4.13)
t
v(f( *) —f(x), —) <V'(p,2x,%),£),
2 2
for all x € X and ¢ > 0. Replacing x by 2"x, we get
2l 2"x) t t
M(f(2n+1x) —f(2nx), 2n+1> > //(gD(Z"x, 2n+1x’ 2”96), t) > li/((/?(x; 2%, %), W) and
f(2n+lx) f(znx) t n n+l n / J
v( T T g ) S V' (p(27%,2"%,2"x), 1) <V'( p(x, 24, %), or )

It follows that, for all x € X and ¢ > 0, we have

") f(2"x) ||t
n (f 2n+1 —f or , o+l > M’(w(x, 2.76, x), t) and
f(zm—lx) f(znx) |Ol |"t
Y 2n+l - on 7 on+l

) <v'(p(x, 2x,%), £).
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Proceeding the same lines as in the proof of Theorem 4.1, we get

forallx € X, ¢t >0 and n > 0. Thus,

u(f(;x) —f (), t) > (go(x, 2%, %),

ﬁ) > i (p(x, 2%, %), (2 - |a|)t) and

n-1
j=0 oj+1

2" t
v<f( %) —f(x), ) ((p(x, 2%, %), TW) <V (o, 2x,%), (2 - |a|)2).
Zj:O o+
Rest of the proof can be done by the same way as in Theorem 4.1. O

Corollary 4.4 Let X be a normed linear space and (R, ',v") be an intuitionistic fuzzy
Banach space. Let 0 be a positive real number and r is a real number with 0 <r < 3 L Ifa

mapping f : X — Y satisfies the conditions

<2f (my Z) EAEAlr <Z>’f> = W Ol + Il + 1120).2) - and

<2f <x+y+z) ~f @) =f0)~f (@), ) v (Ol + Iy + 112l 2),

forall x,y,z € X and t > 0, then there exists a unique additive mapping T : X — Y such
that

u(f(x)—T(x),t)zu/(enxn’, ) and v(f(x>—T(x>’t)f”’(e”x““ zriz)’

t
2" +2
forallxe X andt> 0.

Proof Taking ¢(x,y,2) = 0(||x||" + |lyI" + lIz]|") in Theorem 4.3, for all %, ¥,z € X, and choos-
ing || = 1, we get the desired result. O
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