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1 Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [1] con-
cerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. Let X and Y be Banach spaces. Hyers’
theorem was generalized by Aoki [3] for additive mappings and by Rassias [4] for linear

mappings by considering an unbounded Cauchy difference.

Theorem 1.1 (Th.M. Rassias) Let f : E — E' be a mapping from a normed vector space E
into a Banach space E' subject to the inequality

f e+ 9) = @) =) | < e(lxll? + 1y11P) (11)
forall x,y € E, where € and p are constants with € >0 and p < 1. Then the limit

f(2"x)
2}’1

L(x) = lim
n—00
exists for all x € E and L : E — E' is the unique additive mapping which satisfies

2¢
2-2°

f@) - L@)| < [l (12)
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forall x € E. If p < 0 then inequality (1.1) holds for x,y # 0 and (1.2) for x # 0. Also, if for
each x € E the mapping f (tx) is continuous in t € R, then L is linear.

Rassias [5] during the 27th International Symposium on Functional Equations asked
the question whether such a theorem can also be proved for p > 1. Gajda [6] following the
same approach as in Rassias [4], gave an affirmative solution to this question for p > 1. It
was shown by Gajda [6], as well as by Rassias and Semrl [7] that one cannot prove a Ras-
sias’ type theorem when p = 1. The counterexamples of Gajda [6], as well as of Rassias and
Semrl 7] have stimulated several mathematicians to invent new definitions of approxi-
mately additive or approximately linear mappings, cf. Gévruta [8], Jung [9], who among
others studied the Hyers-Ulam stability of functional equations. The inequality (1.1) that
was introduced for the first time by Rassias [4] provided a lot of influence in the devel-
opment of a generalization of the Hyers-Ulam stability concept (cf. the books of Czerwik
[10], Hyers, Isac, and Rassias [11]).

Following the terminology of [12], a nonempty set G with a ternary operation [-,-,-] : G X
G x G — G s called a ternary groupoid and is denoted by (G, [, -, -]). The ternary groupoid
(G, [, -]) is called commutative if [x1, %3, %3] = [X5 (1), %5 (2)» X0 (3)] for all %1, %5, %3 € G and all
permutations o of {1,2,3}.

If a binary operation o is defined on G such that [x,7,z] = (x 0 y) o z for all x,y,z € G,
then we say that [, -, -] is derived from o. We say that (G, [-,,-]) is a ternary semigroup if
the operation [, -, ] is associative, i.e., if [[x,y,z], u,v] = [, [y,2,u],v] = [%,¥, [z, u,v]] holds
forall x,y,z,u,v € G (see [13]).

A C’-ternary algebra is a complex Banach space A, equipped with a ternary product
(x,9,2) — [x,7,z] of A3 into A, which are C-linear in the outer variables, conjugate C-linear
in the middle variable, and associative in the sense that [x,y, [z, w,V]] = [«, [w,z,y],V] =
[[x, 5,2, w,v], and satisfies ||[x, 5, 2]I| < [l - I7ll - l2]l and || [x, 2, x]]| = llx]* (see [12, 14]). Ev-
ery left Hilbert C'-module is a C"-ternary algebra via the ternary product [x, y,z] := {(x,7)z.

If a C'-ternary algebra (4, [-,,-]) has an identity, i.e., an element e € A such that x =
[x,e,e] = [e, e x] forallx € A, then it is routine to verify that A, endowed with x oy := [x, e, y]
and x := [e,,e], is a unital C -algebra. Conversely, if (4,0) is a unital C -algebra, then
[%,9,z] :=x 0y oz makes A into a C-ternary algebra.

A C-linear mapping H : A — B s called a C’-ternary algebra homomorphism if

H([x,y,2]) = [H(x), H(y), H(2)]

for all x,y,z € A. If, in addition, the mapping H is bijective, then the mapping H: A — B
is called a C’-ternary algebra isomorphism. A C-linear mapping 8 : A — A is called a C'-
ternary derivation if

8([xp,21) = [8(x), 3, 2] + [%,8(9), 2] + [%,9,8(2)]

forall x,7,z € A (see [12, 15]).

There are some applications, although still hypothetical, in the fractional quantum Hall
effect, the nonstandard statistics, supersymmetric theory, and Yang-Baxter equation (cf.
[16-18]).

Throughout this paper, assume that p, d are nonnegative integers with p + d > 3, and
that A and B are C’-ternary algebras.
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The aim of the present paper is to establish the stability problem of homomorphisms
and derivations in C’-ternary algebras by using the fixed-point method.
Let E be a set. A function d : E x E — [0,1] is called a generalized metric on E if d
satisfies
(i) d(x,y) =0 if and only if x = y;
(i) d(x,y) =d(y,x) for all x,y € E;
(iii) d(x,2) <d(x,y)+d(y,z) for all x,y,z € E.

Theorem 1.2 Let (E,d) be a complete generalized metric space and let ] : E — E be a

strictly contractive mapping with constant L < 1. Then for each given element x € E, either
d(]”x,]””x) =00

for all nonnegative integers n or there exists a nonnegative integer ny such that
(1) d(J"x,]™x) < oo for all n > ny;
(2) the sequence J"x converges to a fixed point y* of J;
(3) y* is the unique fixed point of ] in theset Y =y € E: d(J",y) < 00;
(4) d(y,y*) < ﬁd(y,]y)for allyeY.

2 Stability of homomorphisms in C*-ternary algebras
Throughout this section, assume that A is a unital C-ternary algebra with norm || - || and
unit e, and that B is a unital C"-ternary algebra with norm || - || and unit ¢'.

The stability of homomorphisms in C"-ternary algebras has been investigated in [19] via
direct method. In this note, we improve some results in [19] via the fixed-point method.
For a given mapping f : A — B, we define

Zf:l L d p d
Cf @y esip e s3a) = U | =+ Dy | = D if @) =2 S if )
j=1

j=1 j=1

forall u e T :={A € C:|A| =1} and all x1,...,%,,Y1,...,Ya € A.
One can easily show that a mapping f : A — B satisfies

CJ(xl,...,xp,yl,...,yd):0

forall © € T and all xy,...,%,,%1,...,y4 € A if and only if

Slux +y) = uf (%) + Af ()

forall u,A € T and all x,y € A.
We will use the following lemma in this paper.

Lemma 2.1 ([20]) Let f : A — B be an additive mapping such that f(ux) = uf (x) for all
x € A and all u € T". Then the mapping f is C-linear.

Lemma 2.2 Let {x,},, {yu}n and {z,}, be convergent sequences in A. Then the sequence
{[%n, Yn, zn]} is convergent in A.
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Proof Let x,y,z € A such that

lim x, = x, lim v, =y, lim z, = z.
n—00 n—00 n—00

Since

[xmymzn] - [x,y,Z] = [xn —%Yn _y»Zn:Z] + [xn:ymz]

+ (%Y — Y, 2a] + (%Y, 20 — 2]

for all n, we get

|t s 2n] = [, 3,21 || = Nt = 219 = 9l 20 = 211 + 0 = 2 [y 121

+ 1l 1y = yHZa Ml + a1y H 20 — 2l

for all n. So

lim (%, yu, 24] = [%,y, 2].
n—00
This completes the proof. O

Theorem 2.3 Letf : A — B be a mapping for which there exist functions ¢ : AP** — [0, 00)
and  : A — [0,00) such that

lim y "oy %0, ¥ %, V91, ¥"y4) = 0,

Tim =y ("%, vy, ") = 0,
||CMf(x1,...,xp,yl,...,yd)” SOy X Y15 Vd)s (2.1)
f 1,352 = [f ). S ). @]|| < ¥ (x,3,2) (2.2)

p+2d

forall u e T! and all x,9,2,%1,...,%p,Y15...,Ya € A, where y = 5

L <1 such that

If there exists constant

o(yx,...,yx) <yLo(x,...,x)

for all x € A, then there exists a unique C -ternary algebras homomorphism H : A — B

satisfying
O] e —— 23)
(1-L)2y
forall x € A.
Proof Letusassume pu=landx;=---=x, =y, =---=y; =« in (2.1). Then we get

) - vf @] = 0t (2.4
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forallx € A. Let E := {g: A — B}. We introduce a generalized metric on E as follows:
d(g, h) = inf{C €[0,00]: ||g(x) - h(x) || < Co(x,...,x) for all x eA}.

It is easy to show that (E, d) is a generalized complete metric space.
Now, we consider the mapping A : E — E defined by

1
(Ag)(x) = ;g(yx), forallg e Eand x € A.

Let g, € E and let C € [0, 00] be an arbitrary constant with d(g, #) < C. From the defini-
tion of d, we have

le@) - hx)| < Colx,...,x)
for all x € A. By the assumption and the last inequality, we have
1 C
|(Ag) ) - (AR)(x)| = ” lg(yx) = h(yx)| < ey y2) < CLols,..x)
for all x € A. So d(Ag, Ah) < Ld(g, h) for any g, h € E. It follows from (2.4) that d(Af,f) <
%. Therefore according to Theorem 1.2, the sequence { A”f} converges to a fixed point H
of A, ie.,

H:A— B, H(x) = lim (A"f)(x) = lim yif(y x) (25)

and H(yx) = yH(x) for all x € A. Also H is the unique fixed point of A in the set E = {g €
E:d(f,g) < oo} and

1
d(H.f) < ﬁd(Af:f) =< m

i.e., the inequality (2.3) holds true for all x € A. It follows from the definition of H that

zH(

= lim —
n— 00 y

d
et ZM)’;) ZMH(x;) -2 ZMH(J/;’)

Jj=1 Jj=1

V4 d
2f( YL =, Zm)—Zuf(r”xf)—ZZMf(V”y;)

< lim yo(y"x1,..., ¥ %, V"Y1, ¥"y4) = 0

n—00

for all u € T' and all X1y.vesXp, Y15+ -5 Yd € A. Hence

d

2H < ZWJ> ZMH (%) + ZZMH )

Jj=1 Jj=1

forallu € T andallxy, ..., %p, y1,..., 54 € A. So H(x+ py) = AH(x) + wH(y) forall A, € T*
and all v,y € A.
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Therefore, by Lemma 2.1, the mapping H : A — B is C-linear.
It follows from (2.2) and (2.5) that

|H (1%, y, Z]) - [H@#x),H(y), H@)]|
IOy ey 2]) - [ ) (). () )|

= lim
n—>00 Y 3n

< lim y "y (y"x,v"y,v"2) = 0

n—00

for all x,y,z € A. Thus

H([%,9,2]) = [H(x), H(), H(2)]

for all x,y,z € A. Therefore, the mapping H is a C"-ternary algebras homomorphism.
Now, let T: A — B be another C'-ternary algebras homomorphism satisfying (2.3).
Since d(f,T) < = L and T is C-linear, we get T € E' and (AT)(x) = 1 (Tyx) = T(x) for
allxeA,ie, Tisa ﬁxed point of A. Since H is the unique fixed point of A € E', we get
H=T. O

Theorem 2.4 Letf : A — B bea mapping for which there exist functions ¢ : AP*? — [0, 00)
and r : A> — [0, 00) satisfying (2.1), (2.2),

im o BBy
nli)noloy (p(y”"”'y”'y”"”’y”) =0,

Sorall x,y,2,%1,...,%p,Y1,...,Ya € A, where y = &

1 1 1
ol —x,...,—x ) < —Lo,...,x)
14 Y 14

for all x € A, then there exists a unique C -ternary algebras homomorphism H : A — B
satisfying

1
Hf(x) — H(x) ” = m(p(x, sy X)

forall x € A.

Proof If we replace x in (2.4) by %, then we get

H/(x)—yf(;) < 1¢(f,..., f) <L tm) 2.6)

y v/ 2
forallx € A. Let E:= {g: A — A}. We introduce a generalized metric on E as follows:

d(g, h) = inf{C € [0,00] : Hg(x) - h(x) ” < Co(x,...,x) for all x eA}.

It is easy to show that (E,d) is a generalized complete metric space.

Page 6 of 13
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Now, we consider the mapping A : E — E defined by

(Ag)(x) = yg<f>, forallge Eandx € A.
Y

Let g,h € E and let C € [0, 00] be an arbitrary constant with d(g, 1) < C. From the defini-

tion of d, we have
lg@) = h@x)| < Colx,...,x)

for all x € A. By the assumption and the last inequality, we have

X X
AQ) ) — (AR W) = ) yn(
l(Ag)(x) - (AR)(%)|| Hyg(y> y (y)

< wa(g,--.%) < CLo(x,...,x)

for all x € A, and so d(Ag, Ah) < Ld(g,h) for any g,h € E. It follows from (2.6) that
d(Af.f) < % Thus, according to Theorem 1.2, the sequence {A”f} converges to a fixed
point H of A, i.e.,

H:A— B, H() = lim (A"f)(x) = lim y”f(%)

n—00 n—0o0

forallx € A.
The rest of the proof is similar to the proof of Theorem 2.3, and we omit it. g

Corollary 2.5 ([19]) Let r and 6 be nonnegative real numbers such that r ¢ [1,3], and let
f A — B bea mapping such that

p d
| Cuf s, 31, ya) | <0 (Z 1"+~ ||y,||’) 2.7)
j=1 j=1
and
If (.3, 21) = [f @), f D). f @] <0l + Iyll" + llzll") (2.8)

Sorall p € T" and all x,y,2,%1, ..., %01, ...,Ya € A. Then there exists a unique C -ternary
algebra homomorphism H : A — B such that

2"(p + d)b
12(p + 2d)" - (p + 2d)2"|

lf %) - H@)| < %)) (2.9)

forall x € A.

Proof The proof follows from Theorems 2.3 and 2.4 by taking

p d
Q81X Y155 Yd) ::9<Z A ||y,-||’>,
j=1 j=1

¥(x,3,2) = 0 (lell” + Iyll” + l1z1")
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forall u € T' and all x,9,2,%1,...,%p,Y1,...,¥4 € A. Then we can choose L = 27" (p + 2d)",
when 0 <r<land L =2-2""(p+2d)", when r > 3 and we get the desired results.  [J

3 Superstability of homomorphisms in C*-ternary algebras
Throughout this section, assume that A is a unital C -ternary algebra with norm || - || and
unit e, and that B is a unital C'-ternary algebra with norm || - || and unit &'.

We investigate homomorphisms in C’-ternary algebras associated with the functional
equation C, f (X1,...,%p,¥15...,¥a) = 0

Theorem 3.1 ([19]) Let r > 1 (resp., r < 1) and 6 be nonnegative real numbers, and let

f A — B be a bijective mapping satisfying (2.1) and

f([x’y’ Z]) = [f(x),f(Y),f(Z)]

forall x,y,z € A. If lim,,_, oo (p+2d (=2 (p+2d)" = ¢ (resp., lim,_, o (p+2d f( (’”M) e)=¢€), then
the mappingf:A— Bisa C’ ternary algebra isomorphism.

In the following theorems we have alternative results of Theorem 3.1.

Theorem 3.2 Letr <1 and 6 be nonnegative real numbers, and let f : A — B be a mapping
satisfying (2.7) and (2.8). If there exist a real number A > 1 (resp., 0 < X <1) and an element
xo € A such that lim,,_, o, %nf()»"xo) =€ (resp., lim,_, )L”f(f—,‘i) =€), then the mapping f :
A — Bis a C -ternary algebra homomorphism.

Proof By using the proof of Corollary 2.5, there exists a unique C’-ternary algebra homo-
morphism H : A — B satisfying (2.9). It follows from (2.9) that

e )

for all x € A and all real numbers A > 1 (0 < A < 1). Therefore, by the assumption, we get
that H(xy) = €.
Let A >1 and lim,,_, o %nf()n”xo) = €. It follows from (2.8) that

|[H&), H), H@)] - [H@®, HO).f )]
= [Hlx 3,21 - [HE@), HO).f ]|

tim (2279, 272]) - [F(0),£(179).£(72)]|

n—o0 )\3"

rn

Jim WQ(IIJCII’ +llyll" + llzll") =

IA

forallx € A. So [H(x), H(y), H(z)] = [H(x), H(y),f(2)] for all x,y,z € A. Letting x = y = x¢ in
the last equality, we get f(z) = H(z) for all z € A. Similarly, one can show that H(x) = f(x)
for all x € A when 0 < A <1 and lim,, o, A"f(5%) = €.

Similarly, one can show the theorem for the case A > 1.

Therefore, the mapping f : A — B is a C -ternary algebra homomorphism. O
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Theorem 3.3 Letr > 1 and 6 be nonnegative real numbers, and let f : A — B be a mapping
satisfying (2.7) and (2.8). If there exist a real number 0 < X <1 (resp., A > 1) and an element
1

X0 € A such that lim,,_,  55f (A"x0) = €’ (resp., lim,,_, )L”f(’;—,‘i) =€), then the mapping f :

A — Bis a C -ternary algebra homomorphism.
Proof The proof is similar to the proof of Theorem 3.2 and we omit it. O

4 Stability of derivations on C"-ternary algebras
Throughout this section, assume that A is a C -ternary algebra with norm || - ||.

Park [19] proved the Hyers-Ulam stability of derivations on C’-ternary algebras for the
functional equation C, f(x1,...,%,¥1,...,¥a4) = 0.

For a given mapping f: A — A, let

Df (x,y,2) =f([x,)’, Z]) - [f(x)’y» Z] - [x,f()/), Z] - [x’y’f(z)]
forallx,y,z € A.

Theorem 4.1 ([19]) Let r and 0 be nonnegative real numbers such that r ¢ [1,3], and let
f:A — A be a mapping satisfying (2.7) and

IDf (.3, 2) ] <O (Ilxll” + llyll" + l2II")
for all x,y,z € A. Then there exists a unique C -ternary derivation § : A — A such that

2"(p+d)
12(p + 2d)" — (p + 2d)2"|

If () = 8@)| < olx|"
forall x € A.

In the following theorem, we generalize and improve the result in Theorems 4.1.

Theorem 4.2 Let ¢ : AP*? — [0,00) and v : A®> — [0, 00) be functions such that

nlingo Y o(Y % Y % ¥ Y ¥ Ya) = 0, (4.1)

lim y ="y (y ',y "y, y"2) =0, lim Yy (y e y"y,2) = 0 (4.2)
forall x,y,z,%1,...,%p,91,...,Ya € A, where y = ’%Zd. Suppose that f : A — A is a mapping
satisfying

” Cu‘f(xl; see ’xprylr e ’yd) ” =< <P(x1; e ;xpyyly e ryd); (43)

IDf(x,3,2)| , < ¥ (x,9,2) (4.4)
Jorall p € T" and all x,y,2,%1,...,%p, V1. .., Ya € A. If there exists a constant L < 1 such that

o(yx,...,yx) <yek,...,x),

then the mapping f : A — A is a C -ternary derivation.
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Proof Letusassume p=1landx; =---=x, =y =+ =y =« in (4.3). Then we get

1
If (ra) = vf )] < SO ) (4.5)
forallx € A. Let E:= {g: A — A}. We introduce a generalized metric on E as follows:
d(g, h) .= inf{C €[0,00]: ||g(x) - h(x) || < Co(x,...,x) for all x eA}.

It is easy to show that (E, d) is a generalized complete metric space.
Now, we consider the mapping A : E — E defined by

1
(Ag)(x) = ;g(yx), forallg e Eand x € A.

Let g,h € E and let C € [0,00] be an arbitrary constant with d(g, 1) < C. From the defini-
tion of d, we have

lg) - h(x)| < Cox,...,x)

for all x € A. By the assumption and the last inequality, we have

[(AQ)®) - (AR = % le(ra) — h(yx)| < ggo(yx,...,yx) < CLo(x,..,)

for all x € A. Then d(Ag, Ah) < Ld(g,h) for any g,h € E. It follows from (2.4) that
d(Af.f) < % Thus according to Theorem 1.2, the sequence {A”f} converges to a fixed
point § of A, i.e.,

1
§:A— A, 8(x) = lim (A"f)(x) = lim —f(y"x) (4.6)
n—00 n—00 )/"
and §(yx) = yS(x) for all x € A. Also § is the unique fixed point of A intheset E={ge E:
d(f,g) < oo} and

1 1

d(s,f) < md(/\f»f) =< m

i.e., the inequality (2.3) holds true for all x € A. It follows from the definition of §, (4.1),
(4.3), and (4.6) that

1C8Ges s 9155 90) |

. 1
= lim — || C,,f(y”xl, sV % ¥V Y y”yd) ||

n—00 )/

. 1
< lim —o(y"%1,...., "%, ¥" V1, ¥"9a) = 0

T n—oo

forall u € T" and all ,y,2,%1,...,%p,)1,...,Ya € A. Hence,

Poux & 2 -
j=1

j-1 j-1
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forall u € T and all &y, ..., %p, ¥1,..., Y4 € A. S0 8(hx + uy) = A8(x) + ud(y) for all A, u € T*
and all x,y € A.

Therefore, by Lemma 2.1 the mapping § : A — A is C-linear.

It follows from (4.2) and (4.4) that

1 1
[D33.2)] = lim S [Df ("2 "y, v"2) | < Jim v (v"xy "y, ") = 0

for all x,5,z € A. Hence

8([x.p,21) = [8(x), 3, 2] + [%,8(9), 2] + [%,9,8(2)] (4.7)

for all x,7,z € A. So the mapping § : A — A is a C -ternary derivation.
It follows from (4.2) and (4.4)

|81, 7,21 - [8(x), 2] - [%,8(9), 2] - [,/ D)]]|
= tim — /[ 2] - [ (") 77 2]

n—00 VZn

~ly"ef(y"y).2] - [v"%y"9.f @]

. 1
< lim WW(y”x,y”y,z) =0

n—00 )/

for all x,5,z € A. Thus

8[x 3,2 = [8(x), 2] + [, 8(), 2] + [%,9,f(2)] (4.8)

for all x,7,z € A. Hence, we get from (4.7) and (4.8) that

[%.7,8(2)] = [%,9./(2)] (4.9)
forall x,9,z € A. Letting x = y = f(2) — 8(2) in (4.9), we get

If@ - 3@ = |[f@) - 52).f &) - 8(2).f () - 5(2)] | = 0

for all z € A. Hence, f(z) = 8(z) for all z € A. So the mapping f : A — A is a C -ternary

derivation, as desired. O

Corollary 4.3 Let r <1, s <2 and 0 be nonnegative real numbers, and let f : A — A be a
mapping satisfying (2.7) and

IDf @, y,2) |, < O (%Il + yll% + 12115
for all x,y,z € A. Then the mapping f : A — A is a C -ternary derivation.

Proof Defining

)2 d
QX1 Xps Y1 Yd) = Q(Z ol + Y ||y;||2>

j-1 j-1
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and

Y (xy,2) = 0 (Il + Iyl + lz11%)

for all x,9,2,%1,...,%,%1,...,¥4 € A, and applying Theorem 4.2, we get the desired result.
O

Theorem 4.4 Let ¢ : AP*? — [0,00) and  : A*> — [0,00) be functions such that

lim y”w(ﬂ,...,x—p y—l,...,y—d) =0,

n—0o0

Sor all x,9,2,%1,...,%p,Y1,...,Ya € A where y = ’%2”1. Suppose that f : A — A is a mapping
satisfying (4.3) and (4.4). If there exists a constant L <1 such that

X X L
ol — .o, — | < —0x,...,x),
Y Y Y

then the mapping f : A — A is a C -ternary derivation.

Proof If we replace x in (4.5) by f, then we get

H/(x)—yf(f) Slw(fn--ﬁ>
Y/ la= 2 \V Y

forallx € A. Let E:= {g: A — A}. We introduce a generalized metric on E as follows:

d(g,h):= inf{C €[0,00]: ||g(x) — h(x) || <Co(x,...,x) for all x eA}

It is easy to show that (E, d) is a generalized complete metric space.
Now, we consider the mapping A : E — E defined by

(Ag)(x) = yg<ﬁ>, forallge Eandx € A.
Y

Let g,/ € E and let C € [0, 00] be an arbitrary constant with d(g, #) < C. From the defini-
tion of d, we have

lg@) = h@x)| < Co(x,...,x)

for all x € A. By the assumption and last inequality, we have

[(Ag)x) — (AR)()|| = Hafg@) - Vh(f)
y y

s )’CQD(%,H.,%) < CLp(x,...,x)

for all x € A. Then d(Ag, Ah) < Ld(g,h) for any g,h € E. It follows from (4.5) that
d(Af.f) < % Therefore according to Theorem 1.2, the sequence {A”f} converges to a
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fixed point § of A, i.e.,
§:A— A, 8(x)= lim (A"f)(x) = lim y"f<ﬁ>
n—00 n—00 y"

and 8(y«x) = y38(x) forallx € A.
The rest of the proof is similar to the proof of Theorem 4.2, and we omit it. d
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