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1 Introduction

Let A be a Banach *-algebra. A linear mapping § : D(8) — A is said to be a derivation on A
if §(ab) = 8(a)b+ad(b) for all a, b € A, where D(8) is a domain of § and D(8) is dense in A. If
8 satisfies the additional condition §(a’) = 8(a)” for all @ € A, then § is called a x-derivation
on A. It is well known that if A is a C"-algebra and D(§) is A, then the *-derivation § is
bounded. For several reasons, the theory of bounded derivations of C’-algebras is very
important in the theory of quantum mechanics and operator algebras [3, 4].

A functional equation is called stable if any function satisfying a functional equation “ap-
proximately” is near to a true solution of the functional equation. We say that a functional
equation is superstable if every approximate solution is an exact solution of it.

In 1940, Ulam [24] proposed the following question concerning stability of group ho-
momorphisms: Under what condition is there an additive mapping near an approximately
additive mapping? Hyers [8] answered positively the problem of Ulam for the case where
G; and G, are Banach spaces. A generalized version of the theorem of Hyers for an approx-
imately linear mapping was given by ThM Rassias [20]. Since then, the stability problems
of various functional equations have been extensively investigated by a number of authors
(for instances, [1, 2, 9, 10, 19, 20]). In particular, those of the important functional equa-
tions are the following functional equations:

S +y)=f(x) +f), (11)
2f(’%) ~/() +£0), (12)

which are called the Cauchy equation and the Jensen equation, respectively. Every solution
of the functional equations (1.1) and (1.2) is said to be an additive mapping.

Since Katsaras [14] introduced the idea of fuzzy norm on a linear space, several defini-
tions for a fuzzy norm on a linear space have been introduced and discussed from different
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points of view [5-7]. We use the definition of fuzzy normed spaces given in [5, 17] to in-
vestigate the stability of derivation in the fuzzy Banach x-algebra setting. The stability of
functional equations in fuzzy normed spaces was begun by [17], after then lots of results
of fuzzy stability were investigated [11, 13, 16, 18].

Definition 1.1 [5, 17, 21] Let X be a real vector space. A function N : X x R — [0,1] is
called a fuzzy norm on X if for all x,y € X and all s, € R,

(N1) N(x,t)=0fort<0;

(N2) x=0ifand only if N(x,t) =1 forall £ > 0;

(N3) N(cx,t) = N(x, ﬁ) ifc#£0;

(Ng) N(x+y,s+t)>min{N(x,s), N(y,1)};

(N5) N(x,-) is a non-decreasing function of R and lim;, oo N (x,£) = 1;
(Ng) for x #0, N(x,-) is continuous on R.

The pair (X, N) is called a fuzzy normed vector space.
Furthermore, we can make (X, N) a fuzzy normed x-algebra if we add (N7) and (Ng) as

follows:

(N7) N(x% St) > min{N(x, S):N(}’, t)}?
(Ng) N(x,t)=N(x,t).

The properties and examples of fuzzy normed vector spaces, fuzzy algebras, and fuzzy
norms are given in [17, 18, 22, 23].

Definition 1.2 [5,17, 21] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in X
is said to be convergent or converge if there exists an x € X such that lim,,, o N(x, —x,£) =1
for all £ > 0. In this case, x is called the limit of the sequence {x,} and we denote it by N-

limy,_ o0 %, = X.

Definition 1.3 [5, 17, 21] Let (X, N) be a fuzzy normed vector space. A sequence {x,} in
X is called Cauchy if for each ¢ > 0 and each ¢ > 0 there exists an 7y € N such that for all

n > ngy and all p > 0, we have N(x,,,, — %,,£) >1 — €.

It is well known that every convergent sequence in a fuzzy normed vector space is
Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be com-
plete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed vector spaces X and Y is con-
tinuous at a point x¢ € X if for each sequence {x,} converging to x, in X, then the sequence
{f (x,,)} converges to f(xo). If f : X — Y is continuous at each x € X, then f : X — Y is said
to be continuous on X.

In this paper, using the functional equation of *-derivations
fa+b+cd)=2Af(a) +f(b) +f(c)d + ¢f(d)

introduced in [12] we prove fuzzy version of the stability of x-derivations associated to
the Cauchy functional equation and the Jensen functional equation. We also prove the
superstability of x-derivations on fuzzy Banach x-algebras.
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2 Stability of x-derivations on fuzzy Banach =-algebras
In this section, let A be a fuzzy Banach x-algebra.

Theorem 2.1 Let ¢ : A* — [0,00) and v : A* — [0, 00) be control functions such that

_ 1o,
¢(a,b,c,d) := 5 ;2 ”(p(2”ﬂ,2”b, 2"c, Z”d) < 00, (2.1)
lim 27"y (2"a,2"b) = 0. (2.2)
Suppose that f : A — A is a mapping with f(0) = 0 satisfying the followings:
tlim N(f()»a +b+cd)—A(a)-f(b)—f(c)d - cf(d), te(a,b,c, d)) =1 (2.3)
uniformly on A* and forall . € T:={, € C:|A| =1}
tIlPQON(f(d) —f(a ),tw(a,a)):l (2.4)
uniformly on A Then there exists a unique *-derivation § on A satisfying
lim N(f(a) —68(a),t¢(a,a,o, O)) =1 (2.5)
t—00

foralla e A.

Proof Let 0 < € <1 be given. Settinga = b, c=d =0 and A =1 in (2.3), we can find some
to > 0 such that

N(f(Za) - 2f(a), ty(a,a, 0,0)) >1-¢

forall a € A and ¢ > ty. One can use induction to show that

n-1
N(f(Z”a) —2"f(a),t Y 2" p(2ka, 24,0, 0)) >1-e. (2.6)
k=0
Let ¢ = ¢y and put # = p then by replacing a with 2"a in (2.6), we obtain
-1
f@"Pa)  f2"a) to XN opkd fomek . omek
N( T o g kXo:zP 9(2"*a,2"%4,0,0) | > 1-¢ (2.7)

for all integers n > 0, p > 0. By the convergence of (2.1) there is 7 € N such that

n+p-1

> 27%¢(2%a,2%4,0,0) <5
k=n

Lo
2

for all n > 1y and p > 0. Since the fuzzy norm N(x, -) is nondecreasing, we can have

V(e & )

2Vl+p 27[
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1

2P 2"a) ty «

> N<f(2n+pa) _f%’ 2}1_(;; Zzp—k—l(p(znﬁ(a’ 2n+ka, 0’0)> > 1—e. (28)
k=0

")

It follows from (2.8) and Definition 1.3 that the sequence {f %n } is Cauchy. Due to the
completeness of A, this sequence is convergent. Define

2}’1
8(a):= N — lim J¥ (2.9)
for all a € A. From the above equation, we have
1 o1 f@"*a) 1

for each k € N. Moreover, letting # = 0 and passing the limit p — oo in (2.8), we get
lim N(f(a) - 8(a), t¢(a,a,0,0)) =1 (2.11)
t—00

for all @ € A. Putting ¢ = d = 0 and replacing a and b by 2”4 and 2"b, respectively, in (2.3),
there exists £y, > 0 such that

N(27"f(2"(ha + b)) = 227"f(2"a) - 27"f(2"b),£27"¢(2"a,2"b,0,0)) > 1 — €

for all £ > #y. Let a,b € A. Temporarily fix ¢ > 0. Since lim,,_, » 2%,t<p(2"a, 2"b,0,0) = 0,
there exists 7y > 0 such that

2"t
t9(2"a,2"a,0,0) < R
for all n > ny. Hence, we have

N(8(ra + b) - 28(a) - 8(b), t)

> min{N(é(ka +b) = 27"f(2"(Aa + b)), 2),N(A8(u) -A27"f(2"a), 2)

(-2, (rm i )

for all # > ng and ¢ > 0. The first three terms on the second and third lines of the above

inequality tend to 1 as n — oo. Furthermore, the last term is greater than
N(f(2"(ra + b)) - Af(2"a) — £ (2"D), top(2"a,2"b,0,0)),

which is greater than or equal to 1 — €. Therefore,
N(8(ra +b) —13(a) - 8(b),t) = 1—¢€

forall ¢ > 0. It follows that §(Aa + b) = 18(a) + 8(b) by (N;) foralla, b € Aand all A € T. Next,
let A = A +iky € C where Ay, A € R. Let 1 = A; — [A1] and 5 = Ay — [A2], where [A] denotes

Page 4 of 13
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the integer part of . Then 0 < y; <1 (1 <i < 2). One can represent y; as y; = Rirthip

5= such
that 1;; € T (1 <i,j <2). From (2.10), we infer that

§(Ax) = 8(A1x) + i8(Aox)

= (M18(0) + 8(nw)) + 1([A218(x) + 8(y2x))

= <[)L1]5(x) + %3()»1,196 + )\1)236)) + 1([)\2]5(&6) + %8()»2,196 + kzyz?C))

- ([ma(w ¢ s + %2»1,28(96)) . i([xzw(x) b b + %)»2,23(90))
= A18(%) + ik 8(x)

= Ad(x)

for all x € A. Hence, § is C-linear. Putting a = b = 0 and replacing c and d by 2”c and 2"d,
respectively, in (2.3), there exists £, > 0 such that

N(272"f(2¥ed) — 272"f (2"¢c) (2"d) — 272"(2"¢)f (2"d), 12" 9(0,0,2"¢,2"d)) > 1 - €

for all £ > ¢. Fix t(> 0) temporarily. By (2.1) there exists g > 0 such that

2nt

t9(0,0,2"¢,2"d) < 2

for all # > ng and ¢ > 0. We have
N(B(cd) —68(c)d — cs(d), t)
> min{N(é(cd) - 272 (2" cd), £>,N(8(c)d - 272 (2")(2"d), 2)

N<c5(d) -272(2"c)f (2"d), 2)

N1 s e - @area), )]
> min{N((S(cd) -27%f(2*cd), £>,N(5(C)d -272f(2"c)(2"d), 2)
N(cB(d) (2 (27d), 2)
N(f(2cd) — £(27¢) (27d) - (2"¢)f (2"d) (0,0, 2", 2”d))}
for all 7 > 1o and ¢ > 0. From the above computation
8(cd) = 8(c)d + c(d) (2.12)

for all ¢,d € A. So it is a derivation on A. Moreover, it follows from (2.7) with 7 = 0 and
(2.9) that lim;—. N(8(a) — f(a),t@(a,a,0,0)) =1 for all a € A. It is well known that the

Page 50of 13
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additive mapping § satisfying (2.5) is unique (see [3] or [20]). Replacing @ and a” by 2"a
and 2"a’, respectively, in (2.4) we can find £, > 0 such that

N@7f(2"a) —27f(2"a), 227"y (2"a,2"a)) = 1 -

foralla € Aandall £ > £. Since lim,,_, oo 27" (2"a, 2"a’) = 0, there exists some #g > 0 such
that £/ (2"a,2"a’) < % for all n > ny. Hence,

N(8(a) - 8(a’),t)
> min{N<5(a)* —27f(2"a), 2),1\[(5( V-2 (2", 2)
N(rea) -rea), %))

Q

The first two terms on the right-hand side of the above inequality tend to 1 as # — oc.
Furthermore, the last term is greater than

N(f(2"a) —f(2"a),ty (2"a,2"a’)),

which is greater than or equal to 1 — €. So, we have that N(§(a)" — 8(a’),£) > 1 — € for all
t > 0. It follows from that §(a’) = 8(a)” for all a € A. So, § is a *-derivation on A. O

Theorem 2.2 Suppose that f : A — A is a mapping with f(0) = 0 for which there exist
functions ¢ : A* — [0,00) and ¥ : A> — [0, 00) such that

[e¢]

~ 1 n -n -n -n -n

@(a,b,c,d) = 3 Xg‘z 0(27"a,27"b,27"¢,27"d) < oo,

lim 2"y (27"a,27"b) = 0,

n—0oQ

tlim N(f()m +b+cd)—A(a)-f(b)—f(c)d - cf(d), te(a,b,c, d)) =1,

tIlPQON(f(d) —fla) ,tl//(a,a )) =1

forall ) € T and all a,b,c,d € A. Then there exists a unique x-derivation § on A satisfying
tl_l)r(r)lo N(f(a) - 8(a), t@(a,a,0, 0)) =1

foralla e A.

3 Stability of #-derivations associated to the Jensen equation

The stability of the Jensen equation has been studied first by Kominek and then by several
other mathematicians: ([15]). In this section, we study the stability of *-derivation associ-
ated to the Jensen equation in a fuzzy Banach x-algebra A.

Theorem 3.1 Let A be a fuzzy Banach x-algebra. Suppose that f : A — A is a mapping
with f(0) = 0 for which there exist functions ¢ : A* — [0, 00) and ¥; : A2 — [0,00) (1 <i <
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2) such that

@(a,b) := i 37"¢(3"a,3"b) < o0, (3.1)
nhj& 3%&2%, 3"b)=0 (1<i<2),

Jim N<2f<M ; rb > —f(a) = 1 (b), to(a, b)> -1, (3.2)
lim N(f(a’) —f(a)’, tyr(a,a’)) =1, (3.3)
lim N (f(ab) - af (b) - f (@b, t2(a, b)) =1 (3.4)

foralla,b e Aandall . € T. Then there exists a unique x-derivation § on A satisfying

tl_i)rg@N(f(a) —8(a), % (¢(a,—a) + ¢(-a, 3a))) =1 (3.5)
foralla e A.

Proof Let 0 < € <1 be given. Letting A = -1 and b = —a in (3.2), we can find some £y > 0
such that

N(f(a) +f(-a),tp(a,—a)) > 1-¢€

forall a € A and ¢ > t. Letting A = 1 and replacing a and b by —a and 3a, respectively, in
(3.2), we get also t; > £; such that

N(2f(a) - f(-a) - f(3a), to(-a,3a)) = 1 €

foralla € Aand ¢t > £. Thus,
1 t
N(f(a) - gf(?;a), 3 ((p(a, —-a) + ¢(-a, Sa)))
> min{N(%(f(a) +f(—a)), gtp(a, —a)),
N<% (2f(a) - f(-a) - f(3a)), %(p(—a, Ba)) } >1-¢ (3.6)

for all a € A. Replace a by 3"a in (3.6)

N(f(B”a) _f(S”*la) t

3n g+l ) % ((p(g”a, _gna) + (p(_gna’smla))) >1-ec.

Given § > 0, there exists an integer 1y > 0 such that
g . ) o
3 ZB" ((p(3/a, —3161) + <p(—3/a, 3”161)) <$
]=m

for all n > m > ny.

Page 7 of 13
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So, we have

1 1
N(S—nf(S"a) - S—Mf(s,ma),a) 3.7)

1 t S
>N< —f(3"a) - ZB" (Ya,-3a) +¢(- 3161,3“161))) (3.8)
1 . . . S
> min {N(gf(?ﬂa) S/ (370), L (03 -3a) + o 3”151))) } S1-e
for all nonnegative integers n, m with n > m > ny and all a € A. It follows from Defini-
tion 1.3 that the sequence {slnf (3"a)} is a Cauchy sequence for all a € A. Since A is com-

plete, the sequence {sinf (3"a)} is convergent. So, one can define the mapping § : 4 — A
by

§(a) =N - nlirgo Bl—nf(?)”a) (3.9)

for all a € A. If we put A =1 and replace a, b with 3"a, 3"b, respectively, in (3.2), we can
find some £y > 0 such that

N<2f<3"“7+b> —f(3"a) - f(3"b),37"t¢(3"a, 3”19)) >1-¢

forall £ > ¢ty. Fixt>0 temporarily Since lim,,_, o, 37"¢(3"a, 3"b) = 0, there is some 1o > 0
such that t¢(3"a, 3"b) < 3t for all # > ny. Then we have

N(ZS(ﬂ ;' b) —5(a) —8(b),t>
(o (£2) ) (o5
S )]

forall a,b € A and ¢ > 0. The first three terms on the second and third lines of the above
inequality tend to 1 as n — co. Furthermore, the last term is greater than

N(2f(3”“7+b) ~f(3"a) -£(3"b),to(3"a, 3%)),

which is greater than or equalto 1 —e€.

So, we have

ot

for all £ > 0. By the definition of fuzzy norm, we have

b) —8(a) —6(19),1,‘) >1-¢

25(“;[9) =8(a) + 8(b) (3.10)

Page 8 of 13
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foralla,b € A. Since f(0) = 0, we have §(0) = 0. Putting b = 0 in (3.10), we get 25(5) = 8(a)
for each a € A and, therefore, §(a) + §(b) = 28(#) = 68(a + b) for all a,b € A. Moreover,
letting m = 0 and passing the limit # — oo in (3.8), we get

N(f(a) - 5(a), %(@(a, -a) + §(-a, 3a))> >1-¢

for all a € A. So, we have Eq. (3.5). It is known that such an additive mapping § is unique.
Let A € T. Replacing both @ and b in (3.2) by 3"a and dividing the both sides of the obtained
inequality by 3”, there exists some ¢, > 0 such that

N(37f(23"a) - A37"f(3"a),3"t¢(3"a,3"a)) = 1 - €

for all @ € A and all ¢ > ¢,. Fix ¢ > 0 temporarily. Since lim,,_, oo 37"¢(3"a,3"b) = 0, there
exists 7 > 0 such that 37"¢(3"a, 3"b) < % for all n > ny.

If we consider the following inequality
N(8(ra) - 18(a),t)
> min{N(&(m) - 37"f(73"a), £>,N(A8(a) -37"f(x3"a), 2)
N<3—”f(x3"a) -37f(x3"a), %) }

then the first two terms on the second line of the above inequality tend to 1 as # — oo and

the last term is greater than
N(37"f(»3"a) - x37"f(3"a),3"t¢(3"a,3"a)),

which is greater than or equal to 1 — €. So, we can get §(Aa) = A8(a) for all A € C by the
similar discussion in the proof Theorem 2.1. Replacing both @ and @’ in (3.3) by 3”4 and
3"a’, and then dividing the both sides of the obtained inequality by 3", we find some ¢y > 0
such that

N(37(3"a) -37/(3"’), 5371 (3"0,3"a)) 21 -

for all ¢ > ¢,. Fix ¢ > 0 temporarily. Since lim,_, o 3791 (3"a, 3"4") = 0, there exists 1 > 0
such that 37"ty (3"a, 3"a’) < % for all n > ny. We consider the following inequality:

N(3(a’) - 8(a)',t)
> min{N<5 (@) -3"F(3"a), 2),1\1(5(@)* -37f(3"a), i)
N<3—”f(3"a*) ~37f(3"a), %) }

Then we get §(a’) = 8(a)” for all a € A. For the derivation property, replacing both a and
b in (3.4) by 3"a and 3"b, we can find some £, > 0 such that

N(f(sznab) 3'af(3"0) f(3"a)(3")

321 321 321 37"t (371% 3nb)) >1-e€

Page9of 13
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for all £ > ty. By (3.4), there exists 1y € N such that 37"¢y,(3"a,3"b) < i for all # > ny and
t>0. We can get 8(ab) = 8(a)b + as(b) for all a,b € A from the following computation:

N (8(ab) - as(b) - 8(a)b, )
2n n n
> min{N<5(ab) _f37ab) £>,N<a8(b) _3af3'h) 5>,

32n 32,,, 4
3"a)(3"b) ¢ 3%ab)  3"af(3"b 3"2)(3"b) ¢
N S(g)b_M’_ N f( "Z)_ ('lf( )_f( a)( )’_ ’
32n 4 32n 32n 32n 4
Hence, § is the *-derivation on A that we want. 0

4 Superstability of x-derivations
In this section, we prove the superstability of x-derivations on a fuzzy Banach x-algebras.
More precisely, we introduce the concept of (y/, ¢)-approximate *-derivation and show

that any (y/, ¢)-approximate *-derivation is just a *-derivation.

Definition 4.1 Suppose that A is a *-normed algebra and s € {-1,1}. Let § : A — A be
a mapping for which there exist a function ¢ : A — A, and functions ¢; : A x A —> R
(1 <i < 3) satisfying

lim n*y;(n'a,b) = lim n*y;(a,n’b) =0 (a,b € A) (4.1)

n—00

such that

lim N((p(a)b —ad(b), tyr(a, b)) =1, (4.2)

t—>00

lim N((p(a)cd - a(B(c)d - cS(d)), tyry(a, cd)) =1, (4.3)

t—00

lim N(as(b) - (a)b’, t3(a, b)) =1 (4.4)
t—00
for all a,b,c,d € A. Then § is called a ({, )-approximate *-derivation on A.

Theorem 4.2 Let A be a fuzzy Banach -algebra with approximate unit. Then any (¥, ¢)-

approximate *-derivation § on A is a *-derivation.

Proof We assume that (4.1) holds. An arbitrary € > 0 is given. Let a,b € A and X € C. For
n € N there exists o > 0 by (4.2) such that

N(n™ (n'bé(ra) — ¢ (n'b)ra), n™*tyn (n'b, ra)) = 1 ~¢,
N(n*(p(n'b)ra - An'bs(a)), i t|A |y (n°b,a)) = 1€
for all £ > t,. Fix ¢ > 0 temporarily. Since lim,,_, oo n*Y11(n°a, b) = lim,,_, oo n*Yr1(a, n°b) = 0,

there exists ny > 0 such that tn~*vyr (n°b, La) < % and #n=St|A |y (1°b,a) < L for all n > ny
and ¢t > 0.
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We have

N(b(3(ra) - 18(a)),t)

= N(n*(n*bd(ra) — p(n°b)ra + ¢(n*b)ha — An*bS(a)), t)
> mim{N(n"s(nsbS(Aa) — p(r'b)3a), %)N (n‘s (¢(m*b)ra — an'bs(a)), §) }
Since
N(w (b8 (2a) - p(n°b)ra), g) > N(n~* (n'b8(ra) - ¢ (n'b)ra), tn~*y (n'a, b))
and
N(n—s (¢(r°b)ra — b (@), %) > N(n*(¢(n'b)ra— hn*bd(a)), o™ M|y (D, a)),

it leads us to have a conclusion that N(b(8(Aa) — Ad(a)),t) > 1 — € for all ¢ > 0. Therefore,
b(§(ra) — A8(a)) = 0 for all b € A by (N,). Let {e;}ic; be an approximate unit of A. If we

replace b with {e;};c;, then we have
e,-(B()»a) - ké(a)) =0

for all i € 1. So we conclude that §(Aa) = A8(a) for all € A and A € C. Next, we are going
to prove the additivity of 8. By (4.2), there exists £, > 0 such that

N(n*(ncs(a + b) — p(n’c)(a + b)), nty (n°c,a + b)) > 1-¢,
N(n™(n'c8(a) - p(n'c)a), n"*tyn (n'c,a)) = 1 -,

and
N(n_s (nsc8(b) - (p(nsc)b), ntyn (nsc, b)) >1-¢

forall £ > ty. Fix t > 0 temporarily. By (4.1), we can find ¢ > 0 such that n=*¢ty (nc,a + b) <
L ntyn (e, a) < £, and =ty (e, b) < £ for all n > ny.
For the additivity, we can have
N(C(S(a +b)—8(a) - S(b)), t)
=Nn"* (nscé(a +b) - ga(nsc) (a+ b))

+n* (n5c8(a) - w(nsc)a) +n* (nSCB(b) - (p(nsc)h), t)

> min{N(n_s(nSCS(a +b)— w(nsc)(a + b)), %),N(ﬂ_s (nsch(a) - go(nsc)a), %),

N(ﬂ(nsca(b) o (ro)b), %) }

> min{N(n’S (nSaS(a +b)— (p(nsc) (a+ b)), n*tyn (nsc, a+ b)),
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N(n_s(nscé (a) - w(nsc)a), n=tyn (nsc, a)),

N(n_s (nSCS(b) - (p(nsc)b), ntyn (nsc, b)) }
Since all terms of the final inequality of the above inequality are larger than 1 — €, we can
have N(c(8(a + b) —8(a) — 8(b)),t) >1—¢€ forall £ > 0. We can get c(8(a + b) —5(a) —5(b)) = 0
for all a,b,c € A by (N,). By using the approximate unit of .4, we have that §(a + b) =

3(a) + 8(b) for all a,b € A. Next, we are going to show the derivation property of §. From
(4.2) and (4.1), there exists £y > 0 such that

N(n~*(n’z8(ab) — ¢ (n'z)(ab)), n*tyr (n°z,ab)) = 1 -,
N(n*(¢(rn’z)ab - n’z(8(a)b + ad(b))), n” "ty (n’z,ab)) > 1-€

forallt > ty. By (4.1), we can find ny > 0 such that n*¢tyn (n'z,ab) < % and n=*tyy (n°z, ab) <
£ for all n > ng. The following computation

N(z(S(ab) —§(a)b - aa(b)), t)

> min { N <n_s (nSZS (ab) — ¢ (nsz) (ub)) , é) ,

N<n_5 (go (nsz)ab - nsz((S(a)b + aé(b))), g) }
> min {N(n_s(nSZ(S (ab) — (p(nsz) (ab)), ntyn (nsz, ab)),
N(n_s (go (nsz)ab - nsz(S(a)b + aS(b))), n*tyn (nsz, ab))} >1-¢
yields that §(ab) = 5(a)b + as(b) for all a, b € A. By (4.2) and (4.4) there exists £y > 0 such
that
N(n*(n'z8(a’) - o(n'z)a ), nty (n'z,a’)) = 1 ¢,
N(n‘s ((p (nsz)a* - VISZS(d)*), n Y3 (nsz, a)) >1-¢

for all ¢ > t. For fixing ¢ > 0 temporarily, there exists ny > 0 such that n=*ty; (n%z, a)< %

and n=5ty3(n°z,a) < % for n > ny. From the following computation

N(z(8(a') - 8(a) ), ¢)
=N(n*(n'z8(a’) - ¢(n'z)a’) + n*(p(n'z)a” — n'z8(a) ), t)
t

> mm{N<n—s(nsza (@) - ¢(n'2)a), %) ,N<n—s(<p(nsz)a* ~was(a)), 5) }
> min{N(n™*(n'z8(a’) - p(n’z)a’), n*tyn (n"°z,a’)),

N(n*(¢p(n'2)a’ - 'z8(a)'), mtys(n'z,a)) } > 1€

we can have N(z(8(a") — 8(a)’),t) > 1 — € for all £ > 0. By (N,) and using approximate unit
8(a’) = 8(a) for all a € A. Thus, § is a *-derivation on A. O
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