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Abstract

In this paper, we prove the existence and uniqueness of solutions for a system of
fractional differential equations with Riemann-Liouville integral boundary conditions
of different order. Our results are based on the nonlinear alternative of Leray-Schauder
type and Banach's fixed-point theorem. An illustrative example is also presented.
MSC: 34A08; 34A12; 34B15

Keywords: Caputo fractional derivative; fractional differential systems; integral
boundary conditions; fixed-point theorems

1 Introduction

In this paper, we investigate a boundary value problem of first-order fractional differential
equations with Riemann-Liouville integral boundary conditions of different order given
by

Dy, ut) =f(tu®),v(), telo,1],

DY w(t) = g(t, u(t),v(t), te [o, 1],

u(0) = y Pu(n J/fn(ns)p s)ds, 0<n<l,
v(0) = 51qV(§) =6 fo v(s) ds, 0<C<l1,

(1.1)

where DY, Djj, denote the Caputo fractional derivatives, 0 < &, 8 < 1, f,g € C([0,1] x
R2,R), and p,q,y,8 € R.

Fractional differential equations have recently been addressed by several researchers for
a variety of problems. Fractional differential equations arise in many engineering and sci-
entific disciplines as the mathematical modeling of systems and processes in the fields of
physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheol-
ogy, economics, control theory, signal and image processing, biophysics, blood flow phe-
nomena, etc. [1-5]. Fractional-order differential equations are also regarded as a better
tool for the description of hereditary properties of various materials and processes than
the corresponding integer order differential equations. With this advantage, fractional-
order models become more realistic and practical than the classical integer-order models,
in which such effects are not taken into account. For some recent development on the
topic, see [6—18], and the references therein. The study of a coupled system of fractional
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order is also very significant because this kind of system can often occur in applications.
The reader is referred to the papers [19-22], and the references cited therein.

This paper is organized as follows: In Sect. 2, we present some basic materials needed
to prove our main results. In Sect. 3, we prove the existence and uniqueness of solutions
for the system (1.1) by applying some standard fixed-point principles.

2 Preliminaries
Let us introduce the space X = {u(¢)|u(t) € C*([0,1])} endowed with the norm |ju| =
max{|u(t)],¢ € [0,1]}. Obviously, (X, - ||) is a Banach space. Also, let Y = {v(¢)|v(t) €
C!([0,1])} endowed with the norm ||v|| = max{|v(¢)|,£ € [0,1]}. The product space (X x
Y, I(u,v)])) is also a Banach space with norm ||(z, v)|| = ||u] + |[VI|.

For the convenience of the readers, we now present some useful definitions and funda-
mental facts of fractional calculus [1, 4].

Definition 2.1 For at least n-times continuously differentiable function g : [0,00) — R,
the Caputo derivative of fractional order g is defined as

1
F(n-q)

¢
Dig(¢) = / (t - s)”’q’lg(”)(s) ds, n-l<q<mn=][q]l+],
0

where [g] denotes the integer part of the real number 4.
Definition 2.2 The Riemann-Liouville fractional integral of order g is defined as

[‘Ig(t) - L t&

ds, 0,
T Jo t-sa™ 17

provided the integral exists.

The following lemmas gives some properties of Riemann-Liouville fractional integrals
and Caputo fractional derivative [1].

Lemma 2.3 Let p,q > 0, f € L[a,b]. Then IPIf(t) = IP*if(t) and DI1f(t) = f(t), for all
t €la,b).

Lemma 2.4 Let B> o >0, f € Li[a,b). Then D*IPf(t) = IP%f(t), for all t € [a, b].

To define the solution of the boundary value problem (1.1), we need the following lemma,
which deals with a linear variant of the problem (1.1).

Lemma 2.5 Lety # F(f]’; V. Then for a given g € C([0,1],R), the solution of the fractional
differential equation

Dx(t)=g(t), O<a<l (2.1)

subject to the boundary condition

-l
MmzyFRW):y/WOYSV x(s)ds, 0<n<l (2.2)

o TI'w
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is given by

_L ! _ ol
x(t) = F(ot)/o (t—s5)*"g(s)ds

yILp+1) " (n —s)yret
+F(P+1)—Vn1"/ M(p+a)

g(s)ds, te<][0,1]. (2.3)
Proof For some constant ¢y € R, we have [1]

t _ o)1
w0 [ gods-a 2.4

Using the Riemann-Liouville integral of order p for (2.4), we have

t (t _S)p—l s (S _ r)a—l
Px(t) = /0 ro) |:/; Fa) g(r)dr - co] ds

=IPI%(t) - co

= IP"g(£) — co

tP tP
F'(p+1) p+1)

where we have used Lemma 2.3. Using the condition (2.2) in the above expression, we get

yTo+D

%:_F@+D—VW

g(n).
Substituting the value of ¢y in (2.4), we obtain (2.3). O

3 Main results
For the sake of convenience, we set

__ 1 ly "™ T'(p +1)
M= F(Ol+l)+l_‘(p+q+1)|l"(p+1)_y,7p|’ (3.1)
__ 1 1817*PT (g +1)
M= T D) T Tigr pr DI+ 1) - ocd] (3.2)
and
Mo = min{1 - (Miky + Mah1),1 = (Miky + Mais)}. (3.3)

Define the operator 7: X x Y — X x Y by
T (u, v)(2)
_ [T v)(@)
To(u,v)(t)
l"(la fot t—5)*f (s, us), v(s)) ds + F(;Efp“ I ”Ffp)T: 1 ,u(s),v(s))ds)
i Sl = 5P 1g(s, uls), ) ds + LEL (8 ERE o, 1(s), u(s)) d

The first result is based on Leray-Schauder alternative.
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Lemma 3.1 (Leray-Schauder alternative, [23] p.4) Let F: E — E be a completely continu-

ous operator (i.e., a map that restricted to any bounded set in E is compact). Let
E(F) = {x € E:x = AF(x) for some 0 < X < 1}.
Then either the set E(F) is unbounded, or F has at least one fixed point.

Theorem 3.2 Suppose thaty # M;D and § # M,;l). Assume that there exist real constants
" ¢
ki, i >0 (i=1,2) and ky > 0, Lo > 0 such that Vx; € R (i = 1,2), we have

£ (&, 21, %2)| < ko + kilx1| + Ko %2 ],

|g(t,x1,%2)| < Ao + Mlxr] + Aalxal.
In addition, it is assumed that
M1k1 +M2)L1 <1 and M1k2 +M2)x2 <1,

where My and M, are given by (3.1) and (3.2), respectively. Then the boundary value prob-

lem (1.1) has at least one solution.

Proof First, we show that the operator T: X x ¥ — X x Y is completely continuous. By
continuity of functions f and g, the operator T is continuous.
Let 2 C X x Y be bounded. Then there exist positive constants L; and L, such that

[f(t, u(t),v(t))| <L, |g(t, u(t), v(t))| <L, VY(uv)eQ.
Then for any (u,v) € 2, we have

1

< ! _ a-1
| Ty (u,v)(8)] < F(a)/o(t ) 7 |f (s, uls), v(s)) | ds

s lyIT(p+1) (=t
T+ -yl Jo Tp+a)

[f(s, u(s), v(s)) | ds

1 proq 1
<1, s ly "™ I'(p +1) LM,
IMNae+l) TE+q+)|IT(p+1)—yn?|
Similarly, we get
1 817*PT (q +1)
T y _L =LyM )
e Z{F(ﬁ+1)+F(q+ﬁ+1)|l“(q+1)—8§q| A

Thus, it follows from the above inequalities that the operator T is uniformly bounded.

Next, we show that T is equicontinuous. Let 0 < #; <, < 1. Then we have

| T (u(t2), v(82)) = T (u(tr), v(10)) |

_| [ M _ " M
- /0 T f (s, u(s), v(s)) ds /0 T £ (s, u(s), v(s)) ds
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o b
~ I'(x)

Li e
= Farp @4

/ -9~ (0 -] ds + / "ty 9 ds
0 i

Analogously, we can obtain

| T2 (u(t2), v(t2)) = T (u(tr), v(ty)|
il -9~ -5 ds s / C(t -9 ds

Ly p .8
< m(tz _tl)'

Therefore, the operator T'(u,v) is equicontinuous, and thus the operator T (i, v) is com-
pletely continuous.

Finally, it will be verified that the set £ = {(&,v) € X x Y|(u,v) = AT (1, v),0 <A <1} is
bounded. Let (4, v) € &, then (i, v) = AT (u,v). For any ¢ € [0,1], we have

u(t) = AT1(u, v)(2), v(t) = AT (u, v)(2).

Then

ol [l s o T
T T(e+1) Tp+q+)|Tp+1)-yn?|

}(ko +k1|u(t){ + k2|v(t)|)

and

r 819FT (g +1)
L(B+1) T(g+p+1DII(g+1)-557]

Iv(o)| < { }(xo e 2] + 20,

Hence, we have
llull < My (ko + kyllull + ka[[v]])
and
VIl < Ma(Ro + Aallaell + Aallv]),
which imply that
lall + VIl = (Miko + Mako) + (Miky + Mary)llull + (Miky + Maro) v

Consequently,

< Mlk() + Mz)\.o )

o] = 20

for any t € [0,1], where M is defined by (3.3), which proves that £ is bounded. Thus, by
Lemma 3.1, the operator T has at least one fixed point. Hence, the boundary value problem
(1.1) has at least one solution. The proof is complete. d
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In the second result, we prove existence and uniqueness of solutions of the boundary
value problem (1.1) via Banach’s contraction principle.

Theorem 3.3 Assume that f,g : [0,1] x R? — R are continuous functions and there exist
constants m;, n;, i = 1,2 such that for all t € [0,1] and u;,v; € R, i=1,2,

f (& w1, m2) = £ (&, v1,v2)| < |y — vi| + ma|uy — v
and

\g(t w1, 1) — (8, v, v2)| < miluy —vi| + may|uy — v,
In addition, assume that

Mi(my + my) + My(my + np) < 1,

where My and M, are given by (3.1) and (3.2), respectively. Then the boundary value prob-
lem (1.1) has a unique solution.

Proof Define sup,¢ (o1, f(£,0,0) = N1 < 00 and sup,(91; (£, 0,0) = N < 0o such that

- N1M1 +N2M2
r> .
1 - My (my + my) — My (my + 1)

We show that TB, C B,, where B, = {(u,v) e X X Y : ||(u, V)| < r}.
For (u,v) € B,, we have

| T3, v)(8)|

L ‘ _ ool
SF(a)/o(t 9 |f (s,1(5), v(s)) | ds

lyIT(p+1) " (n - s)pre-l
+ Cp+1)—ynrl Jo Tp+a) [f(Sus)v )|ds

L ' _ el _
<t . €= (6. 9,19) ~£6.0,0) + £6,0,0) ) ds
+ ly|IC(p+1) " (n —syprel
|F(p+1 -yn*l )y Tp+a)

ly " *T'(p +1)
Do +1) F(p+q+1|F(p+1

[(m1 + my)r + Nl]

([ (s, u(s), v(s)) = £(£,0,0)| + |f(£,0,0)|) ds

IA

my||ull + ma||lv|| + Ny
yn?| }( )

Hence,

|71, v)(®) | < My [(my + ma)r + Ny ).
In the same way, we can obtain that

| T2, v)(@) | < Ma[(m1 + m2)r + N> ).

Consequently, || T(u, v)(@)|| <r.
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Now for (u3,v3), (41,v1) € X X Y, and for any ¢ € [0, 1], we get

| T1 (142, v2) () = T (a1, 1) (2) |
§§5Lu—w4wmman@yf@m®mwﬂm

lyIT(p+1) " (n —spret
T+ -yn*l)o Tp+a)
<{ 1, ly|n?**T(p+1)
“Ia+l) TE+g+L)T'(p+1) -

[f(s, us(s), va(s)) = f (s, u1(s), vi(s)) | ds

}(Wlﬂuz — | + my|vy — 1)
Y|

< My (myluz — w ]| + mz vy — i)

< My(my + my)(luz — w || + |v2 = will),
and consequently we obtain
| 712y v2)(8) = Ti(ua, v1) | < MGy + m2) (|l — s || + [[va = wa]).
Similarly,
| T2 (2, v2)(0) = Towar, v1) | < Ma(my + ma) (g — || + [lva — v l).

It follows from (3.4) and (3.5) that

(3.4)

(3.5)

|7 (2, v2)(0) = T, vi)(0) | < [Mi(my + ma) + Moy + m2) | (luz — || + [|va = wll).

Since M (m1 + my) + My (m + n2) < 1, therefore, T is a contraction operator. So, by Banach’s

fixed-point theorem, the operator 7T has a unique fixed point, which is the unique solution

of problem (1.1). This completes the proof.

Example 3.4 Consider the following system of fractional boundary value problem:

D2x(t) = s Tk + 1+ o sin®v(e),  £€[0,1],

D2x(t) = 31 sin@mult)) + o + 3, t€[0,1],

u(0) = /3P u(}),
v(0) = V2I"2v(3).

O

(3.6)

Here,a =1/2, y =+/3,p=3/2,1=1/3, B =1/2, 8 = /2, ¢ = 1/2, ¢ = 1/2, and f(t,u,v) =

1 |u|
4(t+2)2 1+|ul

2

1 .
+1+ gsin L 6(+v]

v and g(t,u,v) = == sinQru) + —4 7+ % Note that y = /3 #

C(p + 1)/n? = T'(5/2)/(1/3)*? and § = V2 # T'(q + 1)/¢9 = T'(3/2)/(1/2)"2. Furthermore,

f (& 1, 12) = f (8, v1,v2)| < e lur — ua| + 2 [vi = val, |g(t, 1, ) — g(E, v, v0)| < el — o] +

%|V1—V2|,and

2 V3T 1 2 V2T
= 4 + =

ST 297 - 4) 16

~ 0.712679 < 1.

1
Mi(my + my) + My(ny + np) = 3

V7 22— )
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Thus, all the conditions of Theorem 3.3 are satisfied and consequently, its conclusion ap-
plies to the problem (3.6).
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