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Abstract

In this paper, we study the existence of positive solutions for a singular second order
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1 Introduction
In this paper, we consider the existence of positive solutions for the following second-order
impulsive boundary value problem (IBVP for short)

x®'(t) + a()x'(t) + b(B)x(t) + h()f (£, x(t)) =0, te],
_Ax/|t:t,' = Ii(x(ti)), i=12,...,m, (11)
x0)=alx],  x(1)=Bl«x],

where/ =[0,11,0 <ty <ty <--- <t <L) =]\ {ti, tos.. st} Jo = (0, 1), i = (1, 2l o T =
(tws1), f € CJ x R*,R*), [; € C(R*,R*), i =1,2,...,m, R* = [0, +00). Ax'|;—;, denotes the
jump of x’ at t = ¢;, i.e.,

AX |y =4 (8) = &/ (£),

where «'(t]) and x'(t;) represent the right-hand limit and the left-hand limit of " at ;,
respectively. «[x], B[x] are linear functionals on C(I) given by

1

1
ofx] :/0 x(2) dA(2), Blx] :./o x(t) dB(t)

involving Stieltjes integrals with signed measures, that is, A, B are suitable functions of
bounded variation.

Impulsive differential equations describe processes with sudden changes in their state
at certain moments. The theory of impulse differential equations has been further devel-
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oped significantly in recent years and has played a very important role in modern applied

mathematical modeling of real world processes in physics, population dynamics, chemical

technology, biotechnology and economics. For details, see [1-9] and references therein.
Recently, Feng and Xie [10] have dealt with the second order m-point boundary value

problem with impulse effects

—x"(£) =f(t,x(t)), te], t#t;
—AX |y, = L), i=1,2,...,m,
x(0)= Y2 am(),  x(1) = T b)),

where a;,b; € (0,1),0<& <&y < <&pa <1, ZIW’:IZ bi&i <1, ZIW’:IZ a;(1-&) <1. The ex-
istence results of one and two positive solutions are obtained based on the fixed point
theorems in a cone.

For the case of I; =0, i = 1,2,...,m, one of the special cases of problem (1.1) is the fol-
lowing multi-point boundary value problem

x"(8) + a(t)x'(£) + b(£)x(t) + h(e)f (x(t)) =0, te(0,1),

(1.2)

#(0)=0,  *(1)= X7 a6,
where 0 < & < & < -+ < §,.2 < 1. Boundary value problem (1.2) and related problems
have been extensively studied in many papers in recent years (see [11-15] and references
therein). The existence and multiplicity results of positive solutions are obtained by ap-
plying the Krasnosel’skii fixed-point theorem in cones, the Leggett-Williams fixed point
theorem and the fixed point index theory. For example, Ma and Wang in [14] studied the

existence of positive solutions to the nonlinear boundary-value problem

&' (t) + a(t)x (t) + b(t)x(t) + h()f (x(£)) = 0, £ € (0,1),
%(0) =0, x(1) = ax(n),

1.3)

where a € C(J), b € C(J,(-00,0)), 0 < n <1 and 0 < a¢(n) < 1 are given, ¢ is the unique
solution of the linear boundary value problem

x"(t) + a(t)x'(t) + b(£)x(t) =0, te(0,1),
x(0) =0, x(1) =1.

The authors established the existence of at least one positive solution of (1.3) if f is either
superlinear or sublinear by applying the fixed point theorem in cones.

Inspired by the work of the above papers, the aim of this paper is to establish the ex-
istence and multiplicity of positive solutions for the IBVP (1.1). We discuss the bound-
ary value problem with Stieltjes integral boundary conditions, i.e., the IBVP (1.1) which
includes second order two-point, three-point, multi-point and nonlocal boundary value
problems as special cases. Moreover, «[-] and S]] are two linear functions on C[0,1] de-
noting the Stieltjes integrals, where A, B are of bounded variation, that is 4A and dB may
change sign. By using the Krasnosel'skii fixed-point theorem and the Leggett-Williams
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fixed point theorem, some existence and multiplicity results of positive solutions are ob-
tained.

This paper is organized as follows. In Section 2, we present some preliminaries and lem-
mas. Section 3 is devoted to the proof of the main results. In Section 4, two examples are
given to demonstrate the validity of our main results.

2 Some preliminaries and lemmas
In this section, we first introduce some background definitions in a Banach space, present
some basic lemmas, and then present the fixed point theorems that are to be used in the
proof of the main results.

Let PC'(J,R*) = {x : x € C(J,R"),x|;, € C'(J,R*),i = 0,1,...,m, and «'(¢}) exists for i =
1,2,...,m} with the norm ||x||pc1 = max{||x||pc, [|*"||pc}, where

llxll pc = suplx(£)], ||| o = supl«’(2)]-
te] te]

Then PC'(J, R*) is a Banach space. A function x € PC!(J,R*) N C?(/’, R) is called a positive
solution of problem (1.1) if it satisfies (1.1).

Lemma 2.1 [14] Assume that a € C(J), b € C(J,(-00,0)). Let ¢ and  be the unique solu-
tion of the following boundary value problem

¢"(t) +a(t)p'(t) + b(O)p(t) =0, te],
#(0)=0, ¢(1)=1

and

Y(6) +a®)y' () + b)Y () =0, t€],
v(©0)=1  ¢v@)=0,

respectively. Then ¢ is strictly increasing on ], r is strictly decreasing on J.

Throughout this paper, we adopt the following assumptions:

(Hy) aeC(),beC(,(-00,0)), ki, ks € (0,1], kp, k3 > 0, k > 0, and
1
G (s) = f Glt,9)p(s) dA() = 0,
0
1
Gu(s) = / Glt,s)p(s)dB(t) = 0, se,
0
where
h=l-aly], k=aldl k=Bl

ky=1- ,3[¢]» k = kika — koks,

Glt,s) = = POV (s),

0<t<s<l1
Ploy(E), 0<s<t<l,
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p=¢'(0),  plt)=cxp ( /0 a(s) ds).

(Hp) h:(0,1) — R* is a Lebesgue integral and 0 < fol h(t)dt < +o00, I; : R* — R* is contin-
uwous fori=1,2,...,m.

(H3) f:] x R* — R* is continuous.

Remark 2.1 IfdA and dB are two positive measures, then assumption (H;) can be replaced

by the weaker assumption

(H]) aeC(J),be C(,(-00,0)),and k1 >0, k4 > 0, k > 0.

Lemma 2.2 Assume that (Hy) holds. Then for any y € 1[0, 1], the problem

x"(8) + a(t)x'(t) + b(t)x(t) + y(£) =0, te],t#t;,
—Ax’|t=ti =LeR, i=12,...,m, (2.1)
%(0) = afx], x(1) = Blx],

has a unique solution given by the following formula:
1
x(t) = / G(t,s)p(s)y(s) ds + ¥ ()a[x] + ¢ (£) Bx]
0

j m
+ 1 (t) Z o' pt) () + B(2) Z o p(E) Y () (2.2)

i=1 i=j+1
forte],i=0,1,...,m. Moreover, x(t) > 0 on ] provided y > 0.
Proof By similar arguments in [5]. So it is omitted. a
Remark 2.2 If (H;) holds, then for any ¢,s € ], it is easy to testify that

Y ()G(s,s) < G(t,s) < G(s, ), (2.3)
where y (¢) = min{¢(t), ¥ ()}, t € J. Let &€ € (0,£), 1 € (£,1), then

G(t,s) > yGl(s,s), telénlsel, (2.4)

where y = ming <<, y(£).
Put

K={xepc(.R") : min x(t) 2 ¥ xllpc, alx] 2 0, plx] = o}.
<t<n
Clearly, K is a cone of PC(J,R*). Forany r > 0,let K, = {x € K : ||x||pc < 1}, 0K, = {x e K :

lxllpc =7} and K, = {x € K : ||x]|pc <1}
For x € C(J,R*), we define two operators T and S by

Tx(t) = Y (H)a[x] + (&) Blx] + Fx(£) + Qx(2)

Page 4 of 18
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and

Sx(t) = k7 (ks p(£) + kayr (1)) ([ Fa] + [Qx])
+ k7 (kup(e) + kar (8)) (BIFx] + BlQx]) + Fx(2) + Qu(t),

where

1

Fx(t) =/(; G(t, 9)p(s)h(s)f (s, %(s)) ds,

j m
Qx(t) = ¥ (¢) ZP_ () ) (x(t:)) + H(2) Z o7 (&)Y (8] (%(8:)).

i=1 i=j+l

Lemma 2.3 Assume that (Hy)-(Hs) hold. Then T : K — K, S : C(I, R*) — K are completely

continuous.

Proof Problem (1.1) has a solution x if and only if x solves the operator equation x = Tx
in K. Let x € K, by (2.3) and the monotonicity of ¢, ¥, we have

1
[ Txllpc < a[x] + Blx] + /0 G(s,8)p(s)h(s)f (s, x(s)) ds

j m
Y p PPN ((8) + D p 7 plt) Y e (x(8:)).

i-1 i=j+1

Moreover, by (2.3) and the definition of y, we have
1
Ergtiganx(t)l > y(t)alx] + y (t)Blx] + y(t) /0 G(s,8)p(s)h(s)f (s, x(s)) ds

j m
+y(®) Y p pE)d e (x(t) + (@) Y p7 pe) () (x(5))

i=1 i=j+1

> v Tx| pc.
On the other hand,

a[Tx] = a[ylalx] + g Blx] + a[Fx] + a[Qa]
1 1
=(1-k)alx] + kB[x] + f (/ G(t, s)p(s)h(s)f(s,x(s)) ds) dA(t)
0 0
j m
+(1=k) D> o7 pe)d eI (x(t:)) + ko Y o7 p(e) ¥ ()i (x(8:))
i=1 i=j+1
1
- (- kalx] + ko] + /0 6.4 (5,2()) ds

j m
+(L=k) Y p7pE) @) (x(t) + ko Y o7 p(t)r ()L (x(8:)) = 0,

i=1 i=j+1

BlIx] = Bl ]a(x] + Blp]Blx] + BIFx] + B[Qx]
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1, pl
= ksar[x] + (1 — ka)B[x] + / (/ G(t,s5)p(s)h(s)f (s, x(s)) ds) dB(¢)
o \Jo

j m
+hs Y p 7 pE)d e (x(8) + L= ka) D p7 plt) ¥ ()i (x(t:))

i=1 i=j+1

1
= ksa[x] + (1 — kg)Bx] + /0 gg(s)h(s)f(s,x(s)) ds

j m
+hs Y p 7 pe)d I (x(8) + A —ka) Y p7 ple) ¥ (81 (x(5:)) = 0.

i=1 i=j+1

This shows that T: K — K.

Now we consider the operator S. Similarly as for the operator T, we have

ISxllpc < k" (ks + ka) (e [Fx] + @[Qx]) + k7" (Ky + ko) (B[Fx] + B[Qx])

1

+/ G(s,s)p(s)h(s)f(s,x(s)) ds
0

j m
+ 3 o7 PG ((8) + D p 7 plt) Y () (x(2)),
i=1

i=j+1

and

min [Sx(£)| > k7 (ks + ka)y (£) ([Fx] + a[Qx]) + k7 (ky + ko) y (£) (B[Fx] + B[Qx])

E<t<np

1
+ y(t)/o G(s,s)p(s)h(s)f(s,x(s)) ds

J m
+y(0) Y p 7 pE)d e (x() + v (@) Y p7 pe) (t) i (x(5:))

i=1 i=j+1

> yISx|lpc.
Moreover,

alSx] = k7 (ksko + ka(1 = k) ([Fx] + a[Qx])
+ k7 (kiko + ko (1= k1)) (BIEX] + BIQx]) + [Fx] + o [Qx]
= k7 ka («[Fx] + a[Qx]) + k' ko (BIEX] + B[Qx]) > 0, (2.5)
BISx] = k7 (ks (1 - ka) + kaks) (o [Fx] + [Qu])
+ k7 (ki(1 = ka) + koks) (BIFx] + B[Q«]) + BIFx] + BQx]
= k7 ks ([Fx] + a[Qx]) + k 'Ky (BIFx] + B[Q«]) > 0. (2.6)

This yields that S: C(J,R*) — K.
Next, by similar arguments in [16], one can prove that 7: K — K, S: C(J,R*) — K are

completely continuous. So we omit further details, and Lemma 2.3 is proved. d

Page 6 of 18
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Lemma 2.4 Assume that (Hy)-(Hs) hold. Then operators T and S have the same fixed point
inK.

Proof Let x be a fixed point of the operator S, i.e., x = Sx. Then by (2.5) and (2.6), we have

afx] = k’1k4(a [Fx] + a[Qx]) + kYo (,6 [Fx] + ﬁ[Qx]),
Blx] = k7lks (a [Fx] + a[Qx]) + k7 (,3 [Fx] + ,B[Qx]).

So we have

a[Fx] + a[Qx] = ka[x] — ko Blx], BIFx] + BlQx] = —kza[x] + kaB[X].
Then

x(t) = Sx(¢t)
=k (ksp(t) + kot (2)) ([Fx] + o [Qxx])
+ k7 (kap(2) + kar (0)) (BIFx] + B[Qx]) + Fx(t) + Qx(t)
=k (ksp(t) + ko (t)) (k%] — ko Bl])
+k7t (/q(b(t) + kzl//(t)) (—kgOt[x] + k4,3[x]) + Fx(t) + Qu(¢)
= Y (t)alx] + ¢(£)Blx] + Fx(t) + Qux(t) = Tx(2).
This implies that x also is a fixed point of the operator 7.
On the other hand, let x be a fixed point of the operator T, i.e., x = Tx. Then
afx] = (A = k)alx] + kBlx] + a[Qx] + o[Fx],

Blx] = ksa[x] + (1 - ka) B[x] + B[Qx] + BFx].

So we have

afx] =kt [/q(a[Qx] + a[Fx]) + ko (,B [Fx] + ,B[Qx])],
Blx] = k' [ks (o [Qx] + ot [Fx]) + Ky (BIFx] + B[Qx])].

Therefore,

x(t) = Tx(t)
= Y (t)alx] + p(6)Bx] + Fx(t) + Qx(t)
= Y ()K" [ka(c[Qx] + a[Fx]) + ko (B[Fx] + B[Qx])]
+ (O [ks (2[Qx] + a[Fx]) + ki (BIFx] + BIQx])] + Fx(t) + Qu(t)
= k7 (ks (8) + kar (1)) ([ Fa] + [Qw])
+ kM (kag(2) + ko (1)) (B(Ex] + B[Qx]) + Fx(t) + Qx(t) = Sx(2).

This implies that x is also a fixed point of the operator S. The proof is completed. 0
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Lemma 2.5 [17] Let X be a real Banach space, K is a cone in X. Assume that 2, and 2
are two bounded open sets of X with 0 € Q, and Q C Q. Let T:KN(2\Q) = K bea
completely continuous operator such that either

@) 1 Tx|| < |lx]l, x € KN oLy and || Tx|| > ||x|l, x € K N3y, or

(i) | Tx|| = |lx|l, x € KN and || Tx|| < ||lx||, x € K N 3.
Then T has a fixed point in K N (Qy \ Q1)

Lemma 2.6 [18,19] Let K be a cone in a real Banach space X, K, = {x e K : ||x|| <c}, p isa
nonnegative continuous concave functional on K such that ¢(x) < ||x||, for all x € K., and
K(p,b,d) = {x € K:b < ¢(x),||x|| < d)}. Suppose that T : K, — K, is completely continuous
and there exist positive constants 0 < a < b < d < ¢ such that

(C1) {xeK(p,b,d): px)>b}#¢ and (Tx) > b for x € K(p, b, d),
(Cy) || Tx| < a for x € K,
(Cs) ¢(Tx) > b for x € K(¢, b, c) with || Tx|| > d.

Then T has at least three fixed points x,, x, and x3 with
11l < a, b < ¢(x2), a < |xsll with (x3) < b.

Remark 2.3 If there holds d = ¢, then condition (C;) of Lemma 2.6 implies condition (C3)
of Lemma 2.6.

3 Main results

Let
t,u . I;(u
f“’:limsupmaxf( ), If"=hmsup£, i=12,...,m,
u—w te] u u—w u
t;u . . I u .
fo =liminf min 14 ), I, = liminf i ), i=12,...,m,
u—w telgn] u u—>w u

where w denotes 0 or co. Let

1 1 1
L= /O G(s, s)p(s)h(s) ds, Ly= ./o Ga(s)h(s)ds, Ly = /O Gp(s)h(s)ds, (3.1)

o= max{k‘l(kl + ko), k7 ks + k4)}, T = min{k‘l(kl + ko), kK (ks + k4)} (3.2)
and let the nonnegative continuous concave functional ¢ on the cone K be defined by
¢(x) = min |x(t)|.
§<t=<p

In this section, we apply Lemmas 2.5 and 2.6 to establish the existence of positive solu-
tions for IBVP (1.1). Since operators T and S have the same fixed points (see Lemma 2.4),
to prove the following theorems we always use the operator S instead of T

Theorem 3.1 Assume that (H,)-(H3) hold. In addition, suppose f° + ZZJ,-O =0 and
max{fso, licos - - - » Imoo} = 00 are satisfied, then IBVP (1.1) has at least one positive solution
x(t).
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Proof From f° + Z;lejo = 0, there exists r; > 0 such that f(t,u) < e1u, [j(u) < e1u (j =
1,2,...,m) forall t € J and 0 < u < r;, where g; > 0 satisfies

&1 < min{ 1 , . 1 } (3.3)
2L+ oL+ L)l 20 (3, pip(t)(8) + 21,y p7'p(E) Y (£1))

Ifx e F,l, then ||x||pc < 1. Sowe have 0 <x(¢) <r, t €] and
1
Irtla]x’Fx(t)’ < / G(s, s)p(s)h(s)f(s,x(s)) ds < Lyery, (3.4)
€,

max| Qx(¢)| = max[ (t)Zp‘p(t P (%(2) +¢(t)2p‘p(t V() (x(t))}

i=j+1

j
<> o7 pt)p(t)Ii(x Zp* P&V @)L (x(2)), (3.5)

i=j+1

1 1 1
a[Fx]:/ Fx(t)dA(t):/o (/0 G(t,s)p(s)h(s)f(s,x(s))ds) dA(t)
<817’1/ g’A dS e1r Loy, (36)
1 1
Fx] = Ex(¢)dB(t) = G(¢, h . ds | dB
BIEx] /0 +(0) dB(2) /0 ( /0 (6,9 H(s) (5,5(5)) s) (0
1
<en / Gp(s)h(s) ds = e1r1 L3, (3.7)
0

1
alex) - [ Qx(t1dA)
0
j m
=(1-k) Z o p(&) PN (x(8:)) + ks Z o &)Y ()] (%(2:)), (3.8)
1 i=je1
1
plos - [ Qu(e1asn
= ks Z P PP (x(8)) + (L= ka) Y o7 plE)Y ()L (x(8:)). (3.9)
i1
So, by (3.4)-(3.9), for any x € 0K, t € ], we have
|Sx(2)| = k7 (ksp(£) + kar (2)) (e« [Fx] + «[Qx])
k7 (ki (2) + katpr () (BIFx] + BQx]) + Fx(£) + Qx(t)

< k7 (ks + ka) ([Fx] + [Qx]) + k™ (ky + ko) (BLEx] + BLQx])

+ nt1€a/x|Fx(t)| + ntlgx|Qx(t)|

< k™ Yks + ko) [Fx] + k71 (ky + ko) BIEx] + ntla]x‘Fx(t)‘

j
+ k7 (ks + ka) ((1 — ki) Z o p(t:) (8 (x(2:))
i-1

Page9of 18
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+ky Z p- P(ti)l/f(ti)li(x(fi))>

i=ji+l

+ k7 (ky + k) (/@Zp ()t (x(5:))

i=1

+(1 - k) Z o~ p(E) v (6)]; (x(ti))>

i=j+1

+Zp Lp(t)p (81 (x(t:)) Zp ()Y ()1 (x(5))

i=1 i=j+1

< kNks + ky)Lygrry + k72 ky + ko) Lserr + Liein

]
+ k7N ks + Kka) Y p7 (e (8L (x(1)

i=1

+ k7N ky + k) Zp pE)w ()], (x(t))

i=j+1

j m
<alli+o(ly+Ly)|n +eno [Z P pE)d(w) + Y p-1p<ti>w(ti)}

i=1 i=ji+l

<1 = |lxlpc, (3.10)

which means that
ISxllpc < lxllpc, x € 0Ky (3.11)
Next, consider max{foo, lico, - - -» Imoo} = 00. Without loss of generality, we assume that

max{fso, [ic0s - - - » Imoo} = foo, Which means that there exists 7, > 0 such that f(¢, u) > e;u for

all t € [£,n] and u > 7,, where &, satisfies

82>max{ 1 1 } (3.12)
VLo T + L))y o (T, o p(t)g (&) + Xy 7 PtV (1)

Let r, > max{2r;, 2 } then for any x € 9K,,, t € [£,7], we have

[Sx(0)] = min (k™ (ka9 ®) + ke (9) (alFx] + 2] Qx])
K (kig(2) + ko (6)) (BLEx] + BIQx) + Fx(2) + Qx(2))
> yk (ks + ka)a[Fx] + y k™ (ki + ko) BIFx]
1
y / G(s,s)p(s)h(s)f (s, %(s)) ds
0

> )/[k_l(kg + /(4)L282I"2 + /(_1(/(1 + kz)LgSzrz + L182r2]
> yes[L+ T(La + Ls)]ra

> 1y = |l%|lpc.
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Consequently, we have
Sxllpc = llxllpc, % € 0K,. (3.13)

Applying (i) of Lemma 2.5 to (3.11) and (3.13) yields that S has a fixed point x™ : r; <
Il pc < 5. Thus it follows that IBVP (1.1) has a positive solution x . O

Theorem 3.2 Assume that (Hy)-(Hs) hold. In addition, suppose > + Z;Zl I/fx’ =0 and
max{fo, o, .- ., Lno} = 00 are satisfied, then IBVP (1.1) has at least one positive solution x (t).

Proof Consider max{fy, f10,...,lmo} = 0o. Without loss of generality, we assume that
max{fo, f10, -, Lm0} = fo, which means that there exists R; > 0 such that f(¢,u) > e;u for
all £ € [£,7] and 0 < u < Ry, where &, satisfies (3.12). Then for any x € 9Ky, t € [£, 7], we

have

|Sx(8)| = [min (k™ (ks (6) + kapr (£)) (e [Fx] + o [Qx])

n
+ k7 (k) + ko (2)) (BIEx] + BIQx]) + Fx(t) + Qx(2))
> yk (ks + ka)a[Fx] + y k' (ki + ko) BIFx]
1
+ y/ G(s, s)p(s)h(s)f(s,x(s)) ds
0
> )/[/(71(/(3 +ka)Lor&o Ry + kil(/q +ko)L3&o Ry + L1£2R1]
> yea[Ly+ T(Ly + Ls) |

> Ry = ||%|pc,
which yields that
ISxllpc = lIxllpc, % € OKE,. (3.14)

On the other hand, it follows from f* + Z;Zl Ijoo = 0 that there exists Ry : Ry > Ry such
that f(t,u) < e1u, Ij(u) < g1 (j = 1,2,...,m) for all £ € J and u > Ry, where &; > 0 satisfies
(3.3). Similar to (3.10), for any x € 0Ky, , t € J, we have

’Sx(t)| = k! (k3¢(t) + k4w(t)) (a [Fx] + a[Qx])
+ k7 (kap(2) + kar (0)) (BIEx] + BLQx]) + Fx(2) + Qu(t)
< k7' (ks + ka) ([Fx] + [Qu]) + k7 (ki + ko) (BIFx] + B[Qx])

+ nt1€a]x|Fx(t)| + nt1€a]x|Qx(t)|

< k7 (ks + ka)a[Fx] + k7 (ky + ko) B[Fx] + rrtla/x|Fx(t)|

j
+ k7 (ks + ka) Z P~ p(E)p(6:)1: (x(2:))

i=1

+ kM + ko) Y p 7 ple) ()1 (x(8:)

i=ji+l

Page 11 0of 18
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j m
<&[Li+0(Ly+Ls3)|Ry + &1Ry0 |:Z o ' pt)d(t;) + Z Plp(fi)lﬂ(ti):|

i=1 i=jsl

< Ry = ||xllpc,
which means that
ISxllpc < lIxllpc, % € 0KR,. (3.15)

Applying (ii) of Lemma 2.5 to (3.14) and (3.15) yields that S has a fixed point x™ : R} <
l%"|lpc < Ry. Thus it follows that IBVP (1.1) has a positive solution x". O

Theorem 3.3 Assume that (H,)-(Hs) hold. In addition, we suppose that there exist positive
constants T, A and a < b < ¢ such that

I'>Li+0(Ly+ L3+ M),

A<y(Li+7(Ly+Ls +N)),
where y, L; (i=1,2,3) and o, t are defined by (2.4), (3.1) and (3.2), respectively, M > 0,
N >0, and

(S f(t,u) < £, for (t,u) €] x [0,cl, and

j m M
2P PEE ) + 7 T ple) v ())<= e,
i=1 i=j+l
foru; €[0,c],i=0,1,...,m.
(S2) f(t,u) < &, for (t,u) €] x [0,a], and
J

Z o Pt () () + Z o P (8 I (w;) <

i=1 i=jsl

a,

slES

foru; €[0,a],i=0,1,...,m.
(S3) f(t,u)> %,for (t,u) € [E,n] x [b,c), and

j m N
2P PEE ) + 7 o ple) v ()]i() = b,

i=1 i=j+l
forb<u;<¢i=0,1,...,m.

Then IBVP (1.1) has at least three positive solutions x,, x, and x3 with
lx1llpc < a, b < min |x(8)| < l%2llpc <¢
§<t=<n
and

a < |lx3llpcs min |x3(¢)| < b.
§<t=<n
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Proof We shall show that all the conditions of Lemma 2.6 are satisfied.
First, if x € K, then ||x||pc < c and (3.4), (3.6), (3.7) are valid if r; is replaced by £ From
this and (3.5), (3.8) and (3.9), for any x € K, we have

’Sx(t)| =kt (k3¢(t) + k;uﬁ(t)) (a [Fx] + a[Qx])
+ k7 (kap(2) + kv (1)) (B[Fx] + B[Qx]) + Fx(t) + Qu(t)
< k7 ks + k4)(a [Fx] + a[Qx]) + kN + kg)(ﬂ [Fx] + ,B[Qx])

+ Irtl?]x’Fx(t)! + Irtlealx|Qx(t)‘

< k7Yks + ka)a[Fx] + k7 (ky + ko) BIFx] + rrtlealx|Fx(t)|

J
+ k7 (ks + ka) ((1 — k1) Z P~ p(8:) (81 (x(2:))

i=1

+ka Z o P& ()] (x(ti))>

i=j+1

J
+ k7 (ky + k) <k3 Z o~ p(t)d (6 (x(4:))

i=1

+(1-kq) Z o P& ) (x(ti))>

i=j+1

J m
£ p 7 pdd(EM(x(t) + Y p7 ple) (e (w(t))

i=1 i=j+l

L L L
< k7 Nks + k4)FZC + kN + kg)FSC + Flc

j
+ kM (ks + ka) Y p7 (e (e (x(8:))

i=1

+ kM + ko) Y p7 ple)yr (61 (x(8:)

i=j+l
< %[Ll +0(Ly + L3 +M)]c <
which means that ||Sx|pc < ¢,x € K,. Therefore, S : K, — K,. By Lemma 2.3, we know
that S: K, — K, is completely continuous.
Next, it follows from condition (S,) that if x € K, then

ISxllpc < k7' (ks + ka) ([Fx] + «[Qx]) + k7' (ky + ko) (B[Fx] + B[Qx])

+ ntlgjx’Fx(t)’ + n;f,X’Qx(t)’

L, Ly L 4 _
Soato_a+a+o ; o p(t:)p(8)I; (x(t:))
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+0 Z o pt) Y ()] (x(ti))

i=ji+l

1
F[Ll +0(Ly+ L3 +M)]a <a.

So the condition (C;) of Lemma 2.6 holds.
Now, we take x(¢) = h” ,t €], then it is easy to see that x(¢) = b“ € K(¢, b, c), and hence

b+c
= =—>bh.
o) = min |x(t)] = == >

Moreover, a[x] > 0, B[x] > 0. This proves that {x € K(¢, b, c) : p(x) > b} # ¢.
On the other hand, if x € K(¢p, b, ¢), then b < x(t) < ¢, t € [£,n]. By condition (S3), we

have

@(Sx) = min |Sx(2)|

§<t<n

= min (k‘1 (ks () + kapr (8)) («[Fx] + o [Qx])

E<t<py
+ k7 (ki (t) + ko v (1)) (BIFx] + BlQx]) + Fx(t) + Qu(t))
> yk' (ks + ka) ([Fx] + 2 [Qx]) + vk~ (ky + ko) (BIFx] + B[Qx])

1
y/ G(s,s)p(s)h(s)f (s, %(s)) ds
0

j
+y Yo pt)g(t +VZ,0 P () (x(8:)

i=1 i=j+1

Lyb Lsb Lib
zy{k_l(k3+k4)% +k” (k1+k2)%+ 11\ + ks + ky)

j m
x ((1 —k) Y p7 Pt (x(8)) + ko Y p7 ()Y ()] (x(ti)))

i=1 i=j+1

+ Y o7 pt)p () (x prt)w i(x(8)) + k7 ka + ko)

i=1 i=j+1
j m
x (k3 > o7 pt)d ()L (x(t) + (- ka) Zp-lp(ti)w(tim(x(ti))>}
i=1 i=j+l

Lyb Lsb Lb
=y [k_l(ks +k4>% + k7 + /q)i + % + k7N (ks + ky)

x Z P PP ((8) + K~ (ka + ko) Y o™ p(e) W (6 ((2:)) }

i=j+1
1
> X)/(Ll + T(L2 +L3 +N))b

> b,
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which implies that ¢(Sx) > b, for x € K(g, b, ¢). This shows that condition (C;) of Lemma
2.6 is also satisfied.

By Lemma 2.6 and Remark 2.3, IBVP (1.1) has at least three positive solutions x;,x, and
x3 such that

lsillpc <a,  b< min |x(0)] < lxlc <c
E<t<np
and
a < |lxsllpc, min |x3(2)| < b.
§<t<n
The proof of Theorem 3.3 is completed. 0
4 Examples

Example 4.1 Consider the following singular IBVP

¥'(8) = 2(8) + o (VE + 1lInal) =0, £e(0,1)\ {a},
_Ax/|t:t1 = \/3 x(tl)r L= %’ (4'1)
%(0) = afx], x(1) = Blx].

We conclude that IBVP (4.1) has at least one positive solution.

Proof IBVP (4.1) can be regarded as a IBVP of the form (1.1), where a(t) =0, b(¢) = -1,
h(t) = %J(L u) = 2 + 1| Inul|, [ (u) = Fu. It is not difficult to see that /(¢) is

singularatt=0and £=1,0< fol h(t)dt < +o0, h(t) > 0 for t € (0,1), f(t,u) > 0, I1(u) > 0
fort €], u € R*. Choosing & = i, n= %, then

L . L
fo =liminf min ACL) =00, f*®=Ilim supmaxf( “) =0,
u—0 te[%,%] u u—oo t€J u
I
I® = limsup hiw) =
U—>00 u
Let ¢ and y satisfy
¢ -¢=0, #(0) =0, ¢(1) =1,
"' -¥ =0, ¥(0)=1, ¥(1) =0.
Then
el+t _ el—t 2¢e
t) = ) ! 0 = )
¢( ) 32 -1 ¢ ( ) 62 -1
o2t _ ot 2e
) = , t) = 1, = ! 0) = a5
V() 21 p(t) p=¢'(0) 21
et —el ) (25 —¢), O0<t<s<l,
G L[ e 0sizes
2e(e? —1) (el+s _ el—s)(eZ—t _ et), 0<s<t<l.
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Case 1. Let a[x] = %x(i), Blx] = 672’11 x(%). By direct calculation, we have
2(ed —e4) 2(e4 —e%)

S

e

h=l-alyl=3,  h=algle—
2(e+e2 +1)

[T

1
ks =Byl =————,  ku=1-Blg]-=1,
2(e+e2 +1) 2
e,
4 4le+er +1)2

e -1

1 e’ -1 3
9 o(L)z0 e S o(2) =0
2(6% - e%) 4 2(6% —e%) 4

So all the conditions of Theorem 3.2 are satisfied. By Theorem 3.2, IBVP (4.1) has at least
one positive solution.
Case 2. Let a[x] = fol x(t)(47? + 1) cos 2t dt, that is dA(¢) = (4m? + 1) cos 2wt dt, so the

measure dA changes sign on [0,1]. For convenience, we still take B[x] = 372 = x(%). By

1
2(ed —e%)

Gals) =

direct calculation, we have

2
ki=1-aly]=— k2=a[¢1=§?,

[T

1
ks=pBlY)=————— ky=1-Bl¢]= -

2(e+e2 +1)

1
1 2(e-1 7 -1 3
et o gL (%)
e+l 2(e+e2 +1) 2(et —er) \4

Gals) =

(6‘2 1S -y el’s) > 0.
ez -1

So all conditions of Theorem 3.2 are satisfied. By Theorem 3.2, IBVP (4.1) has at least one
positive solution. d

Example 4.2 Consider the following singular IBVP

&'(8) + 14/ (6) — 5x(0) + h(@)f (6,x()) =0, £ €(0,1)\ {#},
—AX ey =6, 4= %» (4.2)
x(0)=x(3), (1) = 3x(3),

where
I 0<t=<i,
h(t) = { @e 2Dzt
1+t 1
(-tet-1)J/1—¢’ 3 =t=1
and
2 (£ +1)(10 — u), 0<t<1,0<uc<I0,
ftu) =1 2+ 1)(u-10), 0<t<1,10 <u <20,

e (E+1)( +3900), 0<t=<1,u>20.
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We conclude that IBVP (4.2) has at least three positive solutions.

Proof IBVP (4.2) can be regarded as a IBVP of the form (1.1), where a(t) =

It is not difficult to see that 4(¢) is singularat £ =0and £ =1, 0 < fo
fort € (0,1), f(t,u) >0fort €], u e R*.
Let ¢ and  satisfy

"+ m¢ - m‘ﬁ 0, #(0) =0, $(1) =1,
v+ mlﬂ —m‘ﬁ 0, ¥(0)=1, ¥(1)=0.
Then
L
pO=t. Y@=, pO-7—  p=¢0=1,
+1t
t(e‘s —se‘l), 0<t<s<l,
G(t,s) =
s(ef—te!), 0<s<t<L

By direct calculation, we have

klzl—a[w]:1+1_72\/é, /<2=Ol[¢>]=l
2e
2 1
ks = Bly] = f ) ko=1-B[¢] =<
kzz_z“/z_lmo.452>0,
8 2e

g (s):iG<l s>>0 g (s)=LG(l s>>0
AT s 27 = B aqvs) \270) T

Therefore the conditions (H;)-(Hs) hold. In addition, o = 2¢+4-8v¢

t)dt < +00, h()

Terd—8e’ T

1
L= / G(s,s)p(s)h(s) ds ~1.889,

Lz_/ Ga(s)h(s) )ds =2 / Gg(s)h(s) f

Lets— 1,n=2,M=5N=0.Theny =1, T >18.002, 0 < A <0.715. Take I' = 20, A =
a =10, b = 20, ¢ =1000. Then 0 < I; < 4.545. Consequently, all the assumptions of
Theorem 3.3 are satisfied, and thus, by Theorem 3.3, we infer that the singular IBVP (4.2)

2 )
has at least three positive solutions x;, x, and x5 satisfying

leilec <10, 20 < min [x(6)] < [lx2]lpc < 1,000,

<<7

1
— < |lx3llpc <1000 with min ‘xg ‘ < 20.
20 %<:<
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