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1 Introduction

Consider the following predator-prey model with cross-diffusion effects:

ut—dlA[(1+5u)u] = ug(u) — p(u,v)v, x€Q,t>0,
Vi—do Al [1+av+ Y v :v[—d—sv+cp(u,v)], xe€Q,t>0,
1+u! 1
1)
du Jdv
— = — =0, x€0Q,t>0,
v dv
u(x,0) = ug(x) > ()0, v(x,0) = vo(x) > ()0, x €,

where Q@ C R” (1 >1) is a bounded domain with smooth boundary 92, v is the outward
unit normal vector of the boundary 9€2, the given coefficients d, s, ¢, dy, da, 8, &, y and [ are
positive constants. The functions g € C'([0,00)) and p € C([0,00) x [0, 00)) are assumed
to satisfy the following two hypotheses throughout this paper:

(H1) g(0)> 0 and g’(u) < O for all u > 0, and there exists a positive constant K such that

g(K) =0.

(H2) Forall u,v> 0,0 < p(u,v) < Ch(u) for some positive constant C and a continuous

function /().

In the model (1), # and v represent the densities of the prey and predator respectively,
the constants d, s and c refer to the predator death rate, the inter-specific competition
coefficient and the conversion rate of the prey to the predator, and g(u) represents the
growth rate of the prey in the absence of the predator. The function p(u,v) is called the
functional response of the predator to the prey. The constants d; and d, are the diffusion
rates of the prey and predator respectively, § and o are referred to as self-diffusion pres-
sures, and the term d, A[yv/(1 + u')] in the predator equation is cross-diffusion pressure,
which expresses the population flux of the predator resulting from the presence of prey
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species. Biologically, this term represents the tendency of the predator to chase its prey. It
is clear that such an environment of prey-predator interaction often occurs in reality. For
example, in [1-5], with the similar biological interpretation, the authors also introduced
the same cross-diffusion term as in (1) to the predator of various predator-prey models.

Mathematically, one of the most important problem for (1) is to establish the existence
of global solutions. However, to our knowledge, there are only a few works. In [3], the
global existence result was shown without any restrictions on space dimensions by H. Li,
P. Pang and M. Wang. But their results are not valid for (1) because some restrictions are
required for the term p(u, v)v/u, so that the standard reaction term like Lotka-Volterra type
is excluded in their works. The purpose of this paper is to establish a sufficient condition
for the existence of global solutions for (1) without any restrictions on the term p(u, v)v/u
in the higher dimensional case. Our main result is as follows.

Theorem 1.1 Let [ > 1 and n < 10. Assume that uo, vy satisfy the zero Neumann bound-
ary condition and belong to C**(Q) for some 0 < A < 1. Then (1) possesses a unique non-
negative solution (u,v), such that u € C*»@V2(Q x [0,00)) and v € CH»I+H2(Q x
[0, 00)). Moreover, if [ =1 or [ > 2, then v € C**2M/2(Q x [0, 00)).

As to the stationary problem for (1), there have been some works, for example, see [1, 2,
4-7] and references therein.

The paper is organized as follows. In Section 2, we present some known results and
prove some preliminary results that are used in Section 3. In Section 3, we establish L7-
estimates for v. In Section 4, we establish L*°-estimates for v and give a proof of Theo-

rem 1.1.

2 Preliminaries
For the time-dependent solutions of (1), the local existence is an immediate consequence
of [8-10]. The results can be summarized as follows.

Theorem A Let uy, vy € WPI(Q), where p > n, be nonnegative functions. Then the system
(1) has a unique nonnegative solution (u,v) such that u,v € C([0, T), WI}(Q)) N C*((0,T),
C>(R2)), where T € (0,+00] is the maximal existence time of the solution. If the solution
(1, v) satisfies the estimate

sup{ [|u(,2)| W@ v(, )| Wi € (0,7)} < o0,
then T = +oo. If, in addition, uy, vy € Wﬁ(Q), then u,v € C([0, 00), WPQ(Q)).
Let

Qr=8x[0,7),

T 1 1/q
uunm(QT):( /0 ( fﬂ yu(x,t)r’dx) dt) . 1P(Qr) = 1P7(Qn),

1l qp) = 1l + el + 1 Velzan + V4] gy

lellvaor) = oi‘;‘ET””("t) [ 2o + | Vul, ”HH(QT)'
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Lemma 2.1 (i) Let (u,v) be a solution of (1) in [0, T). There exists a positive constant My =
max{K, |luo |z} such that 0 <u < Mo and v > 0.

(ii) For any T > 0, there exist two positive constants Cy(T) and Cy(T) such that

OsupTHv(~,t) ||L1(Q) <CUT), IVl < Ca(T).
<t<

(iii) For any T > O, there exists a positive constant C3(T) such that ||Vul|aq,) < C3(T).

Proof (i) Applying the maximum principle to (1), we have the result (i).
(ii) Integrating the second equation of (1) over the domain € and by (i) and (H2), we
have

i vdx = / v[—d —sv+cpu, v)] dx

§(d+cM)/vdx—sfv2dx
Q Q

2
s
§(d+cM)/dex—@</dex> .

Then we have supy,~7 [Iv(-, )l 1@y < Ci(T). Integrating the above inequality from 0 to
T, we have

sIVIIZaq,) < (@ + cM)TCUT) + Vol 1g)-

Therefore, V|12, < Co(T).
(iii) Let wy = (1 + Su)u, then w; satisfies the equation

wiy = di(1+ 28u)Awy + ¢1 + oV,

where ¢; = (1 + 28u)ug(u) and ¢, = —(1 + 28u)p(u, v). Since u, c1, ¢, are bounded and v €
L*(Qr), we can prove w; € sz’l(QT) in the same way as Lemma 2.4 in [11]. Moreover, w;
satisfies

wi <di(1+28u)Awy + (1 + 28u)ug(u) = div/1 + 48w Awy + (1 + 28u)ug(u).

Applying Proposition 2.1 in [12], we obtain Vw; € L*(Qr), which in turn implies
IVullragp < C3(T). O

In order to establish L”-estimates for solutions of (1), we need the following result which
can be found in [13].

Lemma 2.2 Let g >1andq =2 +4q/[n(q +1)]. Suppose that w satisfies

sup [[wll 2aan (g + IVWI12(qq) < 00,

0<t<T

and there exist positive constants E € (0,1) and Cr > 0 such that fQ [w(-, t)Ide < Cr for
all t € [0, T). Then there exists a positive constant M’ independent of w but depending on
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n Q, q Eand Cr, such that

4q/ln(q+1)3) o
) 1wl -

”WHLFI(QT) =M {1 + ( sup ”W(t ||L2q/(q+1 (%) 12(Q7)

0<t<

3 LP-estimates for v
Lett € (0,T], Q; = 2 x (0,¢t). In this section, C;, Cy, ... and My, M,, ... shall denote positive
constants that may depend on €2, g, 1, the coefficients in (1), T (but not on ¢) and the

following norms 201l 2-21a5 1o |l 2o () and [|vollza(e)-
q

Lemma 3.1 There exist positive constants Cy and Cs such that |vlvyor) < Cs and
IVllrop) < Cs if p < 4(n +1)/(n - 2),, where a, = max{a,0}.

Proof For any constant g > 1, multiplying the second equation of (1) by g»~! and using the
integration by parts, we obtain

d » y yiuly
d—t/qudx=qd2/qu Vo[(1+2av+1+u1)VV— (1+M1)2V” dx

+ q/ VI[—d - sv + cp(u,v)] dx
Q

= —q(q—l)dz‘/v‘f_2 1+2av+ 7
o 1+u

+(g- l)dgyl/ ax Vu V(vq)dx+q/;2 [—d—sv+cp(u,v)] dx

>|VV|2dx

VvI2\Vy 2 dx — 2aq(q — 1)d, / v V|2 dx
Q

<-qlg-1)d> /

Q
-1

+(q—1)d2yl'/g(lli—)Vu V(vq)dx+q/ [~d - sv+cp(u,v)]dx

=—4(q_1)d2f|v(vq/2)|2dx 8q(q l)adzf‘v (G+1)/2 | dax
q Q

+(q = VdoyIM5? / Vu- V() dx + q/ Vi[—d - sv+ cp(u,v)] dx. (2)
Q Q
Integrating (2) from 0 to ¢, we have

/ Vvi(x, £) dx + Mg -Vdy |V(vq/2)|2dxdt+ w/ !V(v(q+l)/2)|2dxdt
Q q & (g+1) Q

5/ Vq(x,O)dx+(q—1)d2yle)—1/ Vu-V(vq) dxdt
Q Qt

+ q/ vq[—d —sv+cpy, v)] dxdt. (3)
Qt
The last term in (3) may be estimated by
q/ vl [—d —sv+cp(u, v)] dxdt
t

<qld+cM) | Vidxdt- qs/ vt dx dt
Q ¢
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< —gslvlgn g, + 4+ eMIQr" Vvl o,
[q(d + cM))™ Q7|
:= Cg. 4
=T bgene @

Let ro =4 and pg = 2ro/(ro — 2). Since 1/rg + 1/2 + 1/pg =1 and Vu is in L"0(Qr), using the

Holder’s inequality, we have

2
| [ v M' _ _q‘ [ v 9 (a0 Gudsar
Qt qg+1 Q¢

2q _
< q—” |;,Olz,/21 20Q ”V( qul)/Z)”LZ(Qt) Vo
2qC
qsnm;m@|W(“@M@ ®)

The substitution (4) and (5) into (3) leads to

/Vq(x,t)dx+@ |V(vq/2)|2dxdt+M/ \V(v(”+l)/2)|2dxdt
Q Q t

(q+1)
<@+@w@£%@\W(“@MmL
=G+ = ||V||Lpo<q v2igy t Cye ||V (v72) ”LZ(QZ

for any & > 0. By choosing a sufficiently small ¢, such that Cge < 8q(q — 1)ad, /(g + 1)?, we
have

[0 ag + 1V ) g + 194 [2igy < G4 W g imgy)> (6)

where Cy = max{C;, Cg/(4¢)}. Setting w = v@*V/2, we define

E:= sup /Vq(x,t)dx+/ ‘V(v(q“)/z)‘zdxdt
Q Qr

0<t<T

= sup/ 2a/(q+1) dx+/ |Vw|? dxdt.
Q Qr

0<t<T

So, from (6), we have

E+ |[V(#?) |20y < ColL + Wt i o) @)
Forany g > 1, if
(npo —2n —4)q < (2 + po)n, 8)

then, po(q —1)/(q + 1) <G = 2+4q/[n(q + 1)]. Therefore, by the Holder’s inequality, we have

Wl po@-viasn o) < CrollWllap)s ©)

Page 5 of 9
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where Cyg = |Qr| @)/ 1Poa-D1-14, Setting B = 2/(q + 1) € (0,1), by Lemma 2.1(ii), we have
g Up
w05 = VG D g < [CGD]Y, Veelo, ). (10)
Therefore, by (10), Lemma 2.2 and the definition of E, the expression (9) yields
Wl pota-vriarn gy < Crollwll gy < CroM' {1+ E¥PEVE}, (11)
Then, by (7) and (11), we have
E<Cu(1+E"E") 12)

with

_ 4(g-1) V:2(q—1)
ng(q +1)’ qlg+1)

Since

2(q-1) (2 1] 4q
V== —+1)<= +2]=1,
q(g+1) \n qlLnlg+1)
it follows from (12) that there exists a positive constant Cj, such that E < Cj5. By (11) and
(12) we get w € L7(Qr) which in turn implies that v € L?(Qr) with p = §(g + 1)/2 for any g
satisfying (8). Now, looking at (8), if # < 2, we have

npy—2n-4=2(n-2)<0,

then (8) holds for all g. So for n < 2, v € L?(Qr) for all p > 1. If n > 2, then (8) is equivalent

to
1 (2 +po)n 3n
<g<qo:= = .
1= (mpo —2n—-4) n-2
Then
q 1 2 2 4 1
alq + ):q+1+—q§71::q0+1+ﬂ= (n + ).
n n n-2

So, we see that visin L?(Qr) forall 1 < p < 7y. Since (8) holds true for g = 2. So E is bounded
for g = 2. It follows from (7) and (11) that ||[v|lv,(,) is bounded for any n. Namely, there
exist positive constants C4 and Cs such that ||v||v, ) < C4 for any n, and ||v|lzr(qs) < Cs
forp<4(n+1)/(n-2),. O

4 [>~-estimates for v and a proof of Theorem 1.1
Lemma 4.1 Suppose that there are positive constants r; > max{(n + 2)/2,3} and C,, such
that |V Q) < Cy,. Then, v e LP(Qr) for any p > 1.
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Proof First, the equation of u# can be written in the divergence form as
u; =d V- [(1 + 28u)Vu] +ug(u) — p(u,v)v,

where 1 +28u is bounded in Q and ug () — p(u, v)vis in L™ with r; > (1 + 2)/2. Application
of the Holder continuity result (see [14], Theorem 10.1, p.204) yields

ue CPP2(Q;) with some 8 € (0,1).

By similar arguments as in the proof of Lemma 2.1(iii), we see that w; = (1 + Su)u €
Wrzl’l(QT). This implies Vu = Vwi/(1 + 28u) in L"'(Qr). Replacing r¢ by r; and py by p1
in the proof of Lemma 3.1, we see that either v € L?(Qy) for any p > 1 or else v € L"?(Qr)
with ry := (n + 1)r1/(n + 2 — rp). The latter case happens if and only if

n+2-r>0.

If v e L2(Qr), applying Theorem 9.1 in [14] and its remark (p.351) again, we have Vu in
L2(Qr). Repeating the above steps, we will get the sequence of numbers

(Vl+ l)rk
Tkl = —(— .
n+2—ry

We stop and get the conclusion that v € L?(Qr) for any p > 1 when
n+2—r<0. (13)

It is not hard to verify by inducting that rx > 3, k=1,2,..., and

Tl n+l n+1
e > > 1.
Tk n+2-ry  n-1

Therefore, (13) must hold for some k. We stop at this k and conclude that v € L#(Qr) for
anyp > 1. g

Notice that (n +2)/2 < 4(n +1)/(n — 2), for n < 10. Therefore, by Lemmas 3.1 and 4.1,
we know that v € V5(Qr) and L?(Qr) for any p > 1. More precisely, there exists a positive
constant M depending only on T, €, the coefficients of (1) and initial conditions ug, vo,
but not on ¢, such that

IVllizo(0p) < M for n <10.

On the basis of the above results, we may demonstrate a proof of Theorem 1.1 analogous
to that in the paper [13].

Proof of Theorem 1.1 Since v € L1(Qr) for any g > 1 if n < 10, we have w; = (1 +
Su)u € W;’I(QT). Hence it follows from the Sobolev embedding theorem that w; €
C1+8-+8)2(Q,) for any B” € (0,1), which in turn implies

ue C1+,B$,(1+ﬁ‘)/2(6T). (14)
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The second equation in (1) can be rewritten as

d ll—l
v¢=V~|:d2(1+2av+ 4 )Vv— 2V v

+u’ 117 Vu] +v[—d—sv+cp(u,v)].

Since v[-d — sv + cp(u,v)] € L*°(Qr) by the assumption H2, Lemmas 2.1 and 4.1, and v,
v/ +u') and doylu!'Vu/(1 + u')? are all bounded for [ > 1, the Holder estimates [14]
show that

ve C™°?(Qy), forsomeo €(0,1). (15)
Rewrite the first equation in (1) as

uy = dy(1+ 28u)Au + 2d18|Vul|* + ug(u) — p(u, v)v.

From (14) and (15), it follows that d;(1 + 28u) and 2d,8|Vu|* + ug(u) — p(u,v)v are in
C%°/2(Qy), where & = min{B’,o'}. Applying the Schauder estimates, we have

ue C*2)2@Q) & =min{G,A). (16)
In order to derive the regularity of v, it is convenient to introduce the function

Wy = 1+av+L v, 17)
1+ul

which satisfies

] .
W2 dr|1+2av+ Y Awy + I (x, ) (18)
ot 1+u
with
. )/ -1
h (x,t)=v<1+2av+ +u1)[d—sv+cp(u,v)]—ﬁut.

Note that dy (1 +2av + y/(1 + «)) and /" (x, ¢) are in coo 2 (Qy), thus, an application of the

Schauder estimates to (18) gives

Wy € C2+ae,(2+oa)/2(6T)'
Then (17) and [ > 1 imply that

ve C1+a*,(1+a’)/2(6T)' (19)
Here, it is not hard to see that for the case [ =1 or the case [ > 2,

ve C2+U‘,(2+a‘)/2(6T). (20)
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When A <o0',0 =A. Wheno' <A, repeating the above bootstrap arguments by making
use of (16) and (19) in place of (14) and (15), one can find that (16) and (19) are fulfilled
with o replaced by A.

In the case [ =1 or [ > 2 the above arguments are also valid if we replace (19) by (20).
This completes the proof of Theorem 1.1. g
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