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Abstract

By using Schauder’s fixed point theorem and the contraction mapping principle, we
discuss the existence of solutions for nonlinear fractional differential equations with
fractional anti-periodic boundary conditions. Some examples are given to illustrate
the main results.
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1 Introduction
Fractional calculus has been recognized as an effective modeling methodology by re-
searchers. Fractional differential equations are generalizations of classical differential
equations to an arbitrary order. They have broad application in engineering and sciences
such as physics, mechanics, chemistry, economics and biology, etc. [1-4]. For some recent
development on the topic, see [5-13] and the references therein.

In [14], Ahmad et al. considered the following anti-periodic fractional boundary value

problems:

Dix(t) :f(t,x(t)), tel0,T], T>0,1<g<2,

x(0) = —x(T), ‘DPx(0) = —DPx(T), O<p<l,

where D7 denotes the Caputo fractional derivative of order ¢, and f is a given continuous
function. The results are based on some standard fixed point principles.

In recent years, there has been a great deal of research into the questions of existence and
uniqueness of solutions to anti-periodic boundary value problems for differential equa-
tions. First, second and higher-order differential equations with anti-periodic boundary
value conditions have been considered in papers [14-21]. The existence of solutions for
anti-periodic boundary value problems for fractional differential equations was studied in
[18-27].
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In this paper, we investigate the existence and uniqueness of solutions for an anti-

periodic fractional boundary value problem given by

D%x(t) :f(t,x(t), Cqu(t)), tel0,T],
x(0) = —x(T), DPx(0) = —“DPx(T),

()

where °D* denotes the Caputo fractional derivative of order «, T is a positive constant,

l<a<2,0<p,qg<l,aa—g>1andf is a given continuous function.

2 Preliminaries

Theorem 2.1 ([28]) Let E be a closed, convex and nonempty subset of a Banach space X,
let F : E — E be a continuous mapping such that FE is a relatively compact subset of X.
Then F has at least one fixed point in E.

Theorem 2.2 ([29]) Let p and q be two positive numbers such that }7 + % =1L If|[f(x)|? and

|g(x)|? are Riemann integrable on [a, b, then

b 3T b 1
SU V(x)|pdxi| [/ |g(x)|qu] .

Lemma 2.1 ([14]) Foranyy € C[0, T, a unique solution of the linear fractional boundary

b
/ S(x)g(x) dx

value problem

D*x(t)=y(t), te€l0,T,T>0,1<a<2,

3)
x(0) = —x(T), DPx(0) = —“DPx(T),
is
T
s0)- [ Gy @)
0
where G(t,s) is the Green's function given by
(=9 = (T =9 TR-p(T-20(T-9*
B () 2T (o — p) T1-» -7
CEI=N (g T T - 2n)(T g )
— + t<s.
2N () 20 (a — p) T2

Remark 2.1 For p — 1~ the solution of the classical anti-periodic problem (°D%x(t) =
f(&x(2),°Dix(t)), x(0) = —x(T), ¥'(0) = (), 0 <t <T,1<a <2,0<g<l,a—-g>1)

is given in [30].

3 Main results

Let J = [0, T] and C(J) be the space of all continuous real functions defined on J. De-
fine the space X = {x(¢) € C(J) and °D7x(¢t) € C(J),0 < g < 1} endowed with the norm ||x|| =
maxey [%(t)| + max.e; |°D7x(t)|. Obviously, (X, || - ||) is a Banach space.
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Theorem 3.1 Letf:] x R X R — R be a continuous function. Assume that
(Hy) There exist a constant [ € (0, — 1) and a real-valued function m(t) € LT ([0, T7,(0,
00)) such that

[f (t,%,9)| < m(t) + dy|x|” + da|y|™,
where dy,dy > 0, 0 < py, ps < 1. Then the problem (2) has at least a solution on [0, T].

Proof Let the condition (H;) be valid. According to Lemma 2.1, the problem (2) is equiv-
alent to the following integral equation:

T a-1
(T-9" f (5,(5), “Dx(s)) dis

t (t _ S)Dl—l . 1
x(2) =f0 T £ (5,(5), “D7x(s)) ds — 5/0 T

rQ-p)(T-2t) (T (T-s)?!
BN = y, T-p)

1 (s,(s), “Dx(s)) ds.

Define

t (t— )oz—l . 1 T (T— )oz—l .
(Fx)(t) = /0 F(Sa) f(s,x(s), qu(s)) ds — 5 /0 Ti)f(s,x(s), qu(s)) ds

TQR-p(T-2t) [T (T-s) "
2T1*P 0 F((X —p)

f(s,x(s), Cqu(s)) ds,
B, = {x(t) e X, |xll <t e},
where

r > max{(3Ady) ™1, (3Ady) 72 , 3K},

3MTe! ( 1-1)” re- p)MT“l< 1-1 )1" MT (a — ) T4~
- o l

2T (@) \a—I 2 (a—p) “p-1) "T@-Dla-q-i+1)
1-1 \"' mMre-preet/ 1-1 \*
X )
a-1-1) "Ta-pre-g\a-—p-I
T4 [(2-p)Te1 37 rQ2-p)Te

A= Tla—qeD) " T@-gla—psD)  2M@+D)  2M@-p+1)’

and M = (fOT(m(s))% ds)!. Observe that B, is a closed, bounded and convex subset of Ba-
nach space X. Now, we prove that F : B, — B,. For any x € B,, by Theorem 2.2 (Holder
inequality), we have

t(+_ -1 T T— a-1
|(Fx)(t)| = ’/0 (tF(So)z) f(s,x(s),chx(s)) ds—%/o %f(s,x(s),chx(s)) ds

T a-p-
r@-p)(T -20) / T (o x(5), D) ds
0

2717 I'(a-p)
Ft-s5)! ¢ L[Tr-9 ¢
=, F(Sa) I (s, %(), “D?x(s)) | ds + 5/0 T;V(s,x(s), D(s))| ds

r@-p17 [T (T -5
AR

2 o= (6, D) | ds
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Lt —s)t dir” +dyr? 1 el T(T -s)*1
5/0 @) m(s)als+7F /(t s) ds+/0 T () m(s)ds

d1r1’1+d2r/>2/ (T —5- Lgen re- p)Tp

! 1
_ q)¥ P
21’*( _p) / (T S) Wl(s)ds

['(2 - p)TP(drr™ + dar??)
2T (x - p) o

L s 9oy )’( ! )l
“T@ (/0 ((t—s)*) T ds /O(m(s)) ds
1 T e N (T N
™) (/0 (T =9)7) ds) (/0 (m(s)) ds)
M( ! _ a-p-1 ﬁ )1_l< % >l
"2 -p) /o((T )T ds /0 (m(9)"d

3T* (2 -»)T®
+ + ( p) (dlrpl + dQV’OZ)
2N (e +1) 2T(@-p+1)

<3MT‘H 1-N\" rE-pMT* [ 1-1 \"!
=) \a-1) T 2T(@-p) \a-p-I

37" rQ2-pT1~
+ +
2N (@ +1) 2TN(@-p+1)

(T —5)* P ds

)(dﬂ’pl + dzrm)

and

L (t—g)1
DA(Ex)(2)] = ' /0 (Ft a i)q) (Ex)(s)ds
t(t—s)1 < S (s—1)*2
0

) Ti-g\Jy T-p? (o0 D) dr

— T T — a—p-1
- F(;l—pp)/o : r(ar)_p) f (7, x(z), °Dx(7)) dr) ds
E(t—s)T [ [ (s—1)%2 )
~Jo Wliq)( 0 ;(ar p (@), qu(f))\df) ds

oo [ T gy

Tr Jo T(-¢q) Fa-p) lf(f’x(f)fqu(f))ldt)ds

1 ¢ ~ s oy
fm/o“*”(/gs—r) m(f)dr)ds

dirPt + dyr?? /f _ fs .,
—————— | =97 (s-1)""drds
Fa-gre-nJ, 97} 677

r'2-p) t T .
F(l—Q)F(a—p)Tl-P/O (t-9) q</0 (T-7)** m(t)dr>ds

(dyr** +dyr™)T(2 - p)
F(l-q)C(a—-p) TP

t T
(t—S)_qf (T -7 drds
0 0

_ —_ )1
: F(l—q)F(a—l)/o (t=9)

x [(/Os((s— 7)) dt)l_l</os(m(t))} dr)l] ds
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r'2-p)
" TA- (- p)Tlvf(t_s)q

x [(/OT((T ey dr>l_l</0T(m(r))% dr)l] ds

dlrpl + dyrP? a1 (dir?t + dorP2)T (2 —p) T 1
/ (t—s) 9" ds+
"TI-gr@) F2-g)l(a-p+1)

M —-1
XF((x—l)r(l—q)( e 1) /(t )7 ds

MF(Z—p)T“‘H< 1-1 ) . (dirPt + dyr?) T4
—s)ds +
" Ta-pri-g9\a-p-i /0( 2 Tla—gq+1)
(dir™ + dorP2)L (2 - p)T* 1
re-gl@-p+1)

MT (a — ) T*4! 1-1 \*!
T Te-Dl(a-g-l+)\a-I-1

MU@-p)Te- [ 1-1 \"'

F(a—p)F(2—q)<a—p—l)
Te-q rQ2-p)Te1

[r<a—q+1>+r(2—q)r(a—p+n

] (dlrp1 + dzrpz).
Thus,

”(Fx)(t) ” = ntlgx’(Fx)(t)‘ + rrtls]x‘”Dq(Fx)(t)‘

_3MT (11 or@opmTet o 1-1 N\

=M@ \a-1) T are-p \a-p-i
MU (a - )T 1

" Ta-Dla—q—1+1)

1-1 \"' Mre-preet; 1-1 \" T4
X | —— + | =——
a-1-1 Fa-p'2-g)\a-p-1 MNa-g+1)

rQ-pr*1 37T re-pr1*
+ + +
FrQ-g)f(e-p+1) 2l'(a+1) 2l (e-p+1)

](dlrm +dyr™)

—K+(d1r"1+d2r”2)A<z+£+Z: r.
3 3 3

Notice that (Fx)(t), D?(Fx)(t) are continuous on J; therefore, F : B, — B,. In view of the
continuity of f, it is easy to know that the operator F is continuous. Now, we show that F
is a completely continuous operator. For each x € B,, we fix N = max,; |f (¢, x(¢), “D?x(¢))|,

for any ¢ > 0, setting

M) (e—-p+1e
NT* YT -p+1)+ T2 -p)(a)

1 ()T (e p +1)e 7
2 |:6NT°‘_1(F((¥ -p+1)+T(2 —p)F(a)):| }

1) =min{



http://www.advancesindifferenceequations.com/content/2012/1/116

Wang and Liu Advances in Difference Equations 2012, 2012:116 Page 6 of 12

http://www.advancesindifferenceequations.com/content/2012/1/116
For each x € B,, we will prove thatif t,t, € Jand 0 < £, — f; < §, then
|(Ex)(t2) - (Fx)(&) || <.

In fact,

5] _ o)1
(E)(e) - ()| = | [ (2 =5 (s (5), D)) i

')
51 _ -1
- @& (Z)) -f (s,x(s),Cqu(s)) ds
(tl —at2);(;1 f)/ ( a -p— lf S x ) Cqu(S)) ds

a (tZ_S)al_(tl_S) - [3aY
5/0 ) If (s,%(s), “D7x(s)) | ds

ty (t _ )a—l .
+/t1 IF(Z) [f(s,x(s), qu(s))‘ds

T
B tTOD [ syer s, o)
0

Cla-p T
Bty —s) = (t —s)*! 2 (f —s)*t
§N/0 @) dS+N/t1 M) ds

Nt -t)I'(2 -p)
Da-p)T?
~ v v NT@-p)To!
_F(oe+1)(2_1)+ MNoa-p+1)

T
(T —5)* P ds
(b —t).

By mean value theorem, we have

N ., ., Nr@2-pr1°t!
|(Fx)(t2) - (Fx)(t1)| = m(tz - t1) + F(a—iﬁ-rl)(tz -t)
NT@ - p)Te!
< [ G
T T(a+1) MNoe-p+1)

<( N T"1+Nr(2_p)Ta_l)8<s
') MNoa-p+1)

(tr—t)

and

|°D7(Ex)(t2) — D (Fx)(t)|
b (tz —S)_q , 4 (tl —S)_q ,
= /0 (Fx)'(s)ds — /0 ri_g (Fx)'(s)ds

ri-gq)
h —s)1 S (o _ +)—2
) /o (;2(1—5)61) (/o (15“((1tz p (0(), D) de

r@e-p) (F(T-7)**?!
T Jo T-p)

f2 —8)" S (¢ _ 7)a—2
+/r (liz(l—S)q)q (/0 (f*mr_)l)f (7,2(2), Dia(v)) de

f (7, %(t),“Dx(1)) dr) ds
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re-p (7(1-r1)er? .
- Tl_pp ; F(af—p) f(t,x(t), D%(r))dr)ds

5] (tl _ S)—q s (S _ _L,)a_z

) F(l—Q)(o Mo —-1)

r-p) (T(T-7)*r?! .
- Tl—Pp 0 F(aT—P) f(®a(o) qu(r))dr)ds

f (7, %(1), ‘Dix(7)) dr

t (ty—s5) 1= (1 —s5)™1 S (s— r)"“z )
/(; ra-q ( o Ila- 1)f(r,x(t), Dx(t)) dr

re-p) (T(T-7)*+! c
- Tl_pp ; F(aT—p) -f (7, %(2), qu(r))dr)ds

f2 —s)1 S (¢ )22
+/t (152(1 —S)q) ( 0 (;(arz1)f (7.2(0), “Dia(o) de

r@e-p) (7 (T-7)*+! .
- Tlipp ; F(ar—p) f (7, %(7), qu(r))dr)ds

a g o\ q s _ a2
< /0 & S)F(l—(ot]l) : <0 (;(021) V(T’x(f)’cmx(fmdt) -

FQ2-p) ["(ta—95)1—(t—5)71
Tl—p 0 (1 - q)

(/ (T T)a_p 1 r x(‘L'),Cqu(‘C))|dt) ds

(&2 - S) 7 (s—1)*2 .
+/t; rl-gq) (/0 (o —1) lf(‘l.’,x(z’), qu("-'))|d‘l.') ds

— t _ )4 T (T — 7)e-p-1
F(;l—pp) , (122(15)61) </ (r(at)_p) V(f’x(f)’cmx(f))wf)ds

N U (ty —§) 91— (t; —s) 4
(r—s5)1—(t1—5) 1 g

=<

() Jo r'l-gq)
NTQ-p)T* (A (- 1—(ti—-5)1
s*'ds
Fa-p+1) Jo rad-gq)
. N /fz (t2—s)‘qsa_1 dS+N1"(2—p)T"‘1 2 (t, —s)™1
M'a)J, T-9) Ma-p+1) J, Tl-9)

NT*1 NI@R-p)T* !\ [4(t-s)1—(t;—s)1
5( M) Ta—p+l) >/0 riog  “
NT*!  NTQ@-p)T*\ [ (ts—s)7
(r«x) * Tla-p+) )/ ri-g

NT*! NT(2-p)T*! i i 7
= < ') " I« _§+ 1) )[Z(tz—tl)l 14 (t; q—ti q)].

In the following, we will divide the proof into two cases.
Case 1. For § <t <t < T, by mean value theorem, we have

DA (Ex) (1) ~ DA (Fx) (1)

NT*' NT(2-p)T*"
<< r() ' F(Ol—}lj+1) )[2(t -1)'" q+(1 1l )]



http://www.advancesindifferenceequations.com/content/2012/1/116

Wang and Liu Advances in Difference Equations 2012, 2012:116
http://www.advancesindifferenceequations.com/content/2012/1/116

(NT‘H NT(2 - p) T
< +
“\ IN'w) MNa-p+1)

NT* 1 NF(Z —p)TOt—l _ 1 1—q£ .

) [281_q + (1 - q)S_q(tz - l’l)]

Case2.For 0 < £ <6, t5 <268, we have

]\f(";)l + NFF(S:;?)_FT:) 1 ) [2(t2 - tl)l‘q + (t;q - ti_q)]
NT*! NT(2-p)Te
E(r(on " Ta-p+) )
NT*! NT'(Q2-p)T%!
( M@ & Ta-p+1) )

[<DA(Ex) (1) - DA (Fx) (1) < (

3677

&
3(28)1 < =,
(26) <5

Hence,
| (Ex)(52) - (Ex) ()] < e

Therefore, F is equicontinuous and uniformly bounded. The Arzela-Ascoli theorem im-
plies that F is compact on B,, so the operator F is completely continuous. Thus the con-
clusion of Theorem 2.1 implies that the anti-periodic boundary value problem (2) has at

least one solution on [0, T']. This completes the proof. d

Corollary 3.1 Letf:] x R x R— R be a continuous function. Assume that
(H,) There exist a constant | € (0, — 1) and a real-valued function m(t) € L ([0, T7,(0,
o0)) such that

If (&%, < m(2) + di|x] + dalyl,

and (dy + dy)A < 1, where dy,d, > 0, A is defined in the proof of Theorem 3.1. Then the
problem (2) has at least a solution on [0, T).

The proof of Corollary 3.1 is similar to Theorem 3.1.

Theorem 3.2 Assume that
(Hs) There exist a constant r € (0, — 1) and a real-valued function (t) € L+ ([o, 11,(0,
00)) such that

If (t,2,9) = f(t,u,v)| < (@) (lx — u| + |y = v]),

foranyt €[0,T], x,y,u,v €R, and if

3MT°“”<1—;”)1_’ F(Z—p),LL*T“"( 1-r >l_r Mo —r)u T 9"
IN(

2I'(a) \a-r 2T (x — p) a-p-r a-1)l(a-—g-r+1)
1-r \'" T2 —p)u T 1-r \7
X(a—r—l) " Fr2-q)r'(e-p) (oz—r—p) <1, ©)

where 1" = ( fOT(/,L(S))% ds)’. Then the problem (2) has a unique solution.

Page 8 of 12
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Proof Define the mapping F : X — X by

t _ -1
(Fx)(t) = /0 (tr(so)[) f (s,(5), “D7x(s)) ds

T o—
- l / (T'-s) 1f(s,x(s), Cqu(S)) ds
0

2Jo T
L T@-pT-20) [T (T -5 .
2Ty e ! BH PO

For x,y € X and for each ¢ € [0, T'], by Theorem 2.2 (Holder inequality), we obtain

|(Fx)(2) = (Fy)(0)|

< t (tl: (S ):1 w(s)(|%(s) = ()| + |*Dx(s) — “D7y(s)|) ds
0
(TF ((Sx): 1M(S) (|(s) = y(s)| + |°D7x(s) — “D7y(s)|) ds
re 2’”T)f1; 20 OT(TF(;)QZ)lu(s)(|x(s)—y(s>\+\”qu<s>—”qu(s>\)ds
B [ pgass B [
I 2311!1;(2 pp)Tp/ (T —9)* 7 u(s) ds

e =yl ( (% e )1< N d )
=t ([ @ as) ([ a
e =yl ( 7 et N
[y a) ([l o
lx=yIT@-p)T? ( [T e N Y
T al(a-p) </0 (@ =977 ds) (/0 (1(s)) ds)
1-r

3T (1-r\*"" W TQ@-pT*" ([ 1-r -
= + llx -yl
2I'(a) \a-r 2T (x — p) a-p-r

and
|°D7(Ex)(t) - DI(Fy)(t)]

(t—s)1 ft-s)1
ds— d
[ eroa- [ mroa

—8)1? S (¢ _ )22
) /o (Ft(l i)q) (/o (18“(02 o (7:2(0), Dia(o) de

— T (T — ¢)e-»r-1
_F(;l_pp)/o (F(al’)_p) f(t,x(f),chx(T))dT>

¢ —s) 1 s a2
o i"t(l i)q)< 0 (;(atil)f (r.(0),°Dy(x)) de

re- (T - 7)ot
B (Tl—pp)/o (F(ar)_p) f(r’y(f)rchy(T))dT>

Page 9 of 12
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P-9) [ [ (s—1)2

“Jo Iﬂ(l—f])( o [e-1)
F2-p) (" (-9
" Jo T1-¢q)

T T — a—p-1
([ s (a0, Dst0) (200, D10 ) s

[l =yl e
“T@-1ri-9 /(t_s)q(/ (s- 2“(7)d1>ds

lx—yIIT'(2 - p) ! - a—p
i T-PT1-q)T(a-p) Jo ) q(/ (s=7) ‘”u(r)dr>ds

lloc — yll 1- .
SF(a-l)r(l_q)( o 1) /(t 9715 d

lx =yl TQ2—-p)T* "1 1—r \"7 [t ]
+ F1-¢)C(a-p) (Ol—r—p> /O(t—s) 9 ds

ey T T =) 1-r N
T Te-Nl(ea-—g-r+1) \a-r-1

||x—y||u*r(2—p)Ta-q-’( 1-r )1"
re-qTr'(a-p) a—-r—p

- W T T (o —r) 1-r \7
- |:F(a—1)F(a -q-r+1) (a —r—l)

+#*F(2—p)T°“q"< 1-r )H}”x_ I
P-q)l(a—-p) \a-r-p o

[f(r,x(r),Cqu(r)) —f(r,y(r), Cqu(t)) | dr) ds

Hence, we obtain

3T (1-r\"" TR-pu'T"( 1-r \7
IEx— Byl < | 22 A A 2L 4
2 () \a-—r 2T (x — p) a-p-r

Mo —r)p T 9"
+
IMNo-DI'(ea—g-r+1)

1-r \"7 T@-pu'To7" [ 1-r \7"
X + llx=l.
a-r-1 Fr-qg)T(e-p) \a-r-p

From the assumption (6), it follows that F is a contraction mapping. Therefore, the Banach

fixed point theorem yields that F has a unique fixed point which is the unique solution of
the problem (2). O

4 Examples
Example 4.1 Let o = %, p=q= %, T =1. Consider the following anti-periodic fractional

boundary value problem:

Dx(t) = f (£, %(2), D2 (), te€[0,1],

1 1 7)
%(0)=-x(1),  °D2x(0) = -“D2x(1).
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We have
4
f(t,x(t),CD%x(t)) =m(t) + (t— %) [(x®)™ + (CD%x(t))”z],

Wl(t) € L4([0’1]7 (0’ OO)), 0 E P15 P2 E 1.
Since

4 4
If (£,%(0), °D2x(®))| < |m(2)| + (r— %) ()| + (t— %) |D2x(1)|”

1

el
16‘ D2x(t)‘p2,

1 o
< ‘m(t)‘ + E|x(t)‘ '
therefore, by Theorem 3.1, the problem (7) has at least a solution on [0, 1].

Example 4.2 Consider the following anti-periodic fractional boundary value problem:

1
1 x+°D2x
”D%x(t) = 5 ( l 1| + 5t2>,
1+ |x+<D2x|

x(0)=—x(1),  °D2x(0) = —*D2x(1).

(8)

We have

1

16(|x—y| + |CD%x—CD%y|).

[f (2, °D2%) ~f (1,3,D2y) | <

Obviously, uu(t) = &= € L*([0,1],(0,00)), r =  and " = (fOT(u(s))% ds) = ([ (&)* ds)i =
. Note that I'(3) ~ 0.8862, I'(£) ~ 0.9191, T'(2) ~ 0.9064, we have

3T (1-r\"" TQ-pu'T"( 1-r \7" Mo —r)u T 9"
+
2I'(a) \a-r 2T (x — p) a-p-r MNoe-1)N(ae-—g-r+1)

1-r \"7 TQ@-pu'T7" ([ 1-r \'
X +
a-r-1 r-qf(@a-p) \a-r-p
3t @) rést o
= + + + —
32r(3) 32 16rr) 1

~ 0.7212 + 0.0277 + 0.0793 + 0.0625 = 0.8907 < 1.

Therefore, (8) has a unique solution on [0,1] by Theorem 3.2.
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