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1 Introduction

The dynamic relationship between predators and their preys has been and will con-
tinue to be one of the dominant themes in both ecology and mathematical ecology
due to its universal importance [1-4]. In modelling, the different predator-prey systems,

Holling [5] proposed three types of monotonic functional responses g(x) =x, * , m’icz.

Monotonic response functions are appropriate in many predator-prey models; however,
there are experiments that indicate nonmonotonic responses occur, for example, in the
cases of ‘inhibition” in microbial dynamics and ‘group defence’ in population dynamics
[6-9]. Unlike the monotonic response, the nonmonotonic response is humped and
declines at high prey density x. Indeed, the so-called Holling type IV functional

_ x
response 8(x) = asne (which is not monotone) has been proposed and used to model
m

the inhibitory effect at high concentrations [7]. In [8], the author investigated the fol-
lowing autonomous ordinary differential equation of generalized Gause type as a pre-
dator-prey model with ‘group defense’.

& = x( K) = 1p() = p@)IF( K) ]

Ty o1-d+ g0l
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Taking the carrying capacity of the environment as a bifurcation parameter, they
showed that the model undergoes a sequence of bifurcations include homoclinic bifur-
cation as well as Hopf bifurcation. Then in [9], the authors have also considered a
special predator-prey model with type IV functional response.

dx(r) x(1) x(t)y(t)
de rx[l T K } T bx(e) + ax2 (1)’
dy(t) cmx(t)

(L.1)
a 70 ["“ 1+ bx() + ax(t) |

x(0)y(0)

where the nonmonotonic functional response 1s Lbx (1) +ax? (1)

They have investigated a

series of bifurcations that system (1.1) undergoes, including the saddle-node bifurca-
tion, the supercritical and subcritical Hopf bifurcations, as well as the homoclinic
bifurcation. It is interesting that they found that the unique equilibrium is a cusp of
codimension 3 (a degenerate Bogdanov-Takens bifurcation point). The investigation of
multiple bifurcations has also been carried out on the following predator-prey system
with ‘group defense’ using the nonmonotonic functional response g(x) = xe?* (see [10])

d
’;(tt) = [1 - xg)} — ax(t)y()e P, (1.2)
d)c;(tt) = y(O)[—d + ax(t)e P O],

As we know, the variation of the environment plays an important role in many biolo-
gical and ecological dynamic systems. To incorporate the periodicity of the environ-
ment (e.g. seasonal effects of weather, food supplies, mating habits, etc.), it is
reasonable to assume periodicity of the parameters in the system. For this reason,
Chen [11] has considered the following predator-prey system with Holling type IV
functional response in a periodic environment

PO i -t m ) - OO
d x"(f) +x(t)+a 13
dy(?) az()x(t — 7 (1)) :
= —by(t) + ,
dt y(0) [ 2 (1) xz(tfn?(z)) ex(t— 0(0) + J

where a,(£), b,(t) and 7(t) (i = 1, 2) are all positive periodic continuous functions with
period @ >0, and m, a are positive real constants. By applying the method of coinci-
dence degree and the bounds for solutions to an operator equation, some sufficient
conditions have been obtained for the global existence of at least two periodic solu-
tions of system (1.3). By employing the theory of coincidence degree and some novel
estimation techniques for the priori bounds of unknown solutions to Lz = ANz, Xia
et al. [12,13] obtained some sufficient conditions for the discrete model and the stage-
structured model with nonmonotonic functional response, respectively.

Recently, coincidence degree theory introduced by Gaines and Mawhin [14] has been
a powerful tool to investigate the periodic nonautonomous systems. It has gained
increasing interest in many applications to biological systems (see, e.g. [11-28]). Moti-
vated by aforementioned discussions, in this article, we propose the following more
general nonautonomous models with nonmonotonic functional response g:
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{X(t) = x(O)[a(t) = b()x(8)] — c()g(x(1))y (1), E)
y(t) = y(O)[=d(t) + e(t)g(x(1))],

and

{x(t) = x(0)[a(t) = b(t)x(t — 71 (1))] — c()8(x(2))y (), (F)
y(0) = y(O)[—d(t) + e(t)g(x(t — 2(1)))],

where x(f) and y(t) represent prey and predator densities, respectively, a(¢), b(¢), c(t),
d(2), e(t), 71(t) and 7,(¢) are nonnegative periodic continuous functions with period w > 0.
We assume the functional response g: [0, ) — [0, e0) is continuous and satisfies the
(NM) ('nonmonotonic’) condition:

(i) g(0) = 0;

(ii) there exists a constant M > 0 such that (x - M)g’(x) < O for x = M.

Clearly, g is increasing on [0, M), decreasing on (M, «), and g(x) < g(M) for x > 0.
Also, it is easy to see that the functions

_ X — o Bx _
8(x) = . Jszg(X)—xe andg(x) = ,

m

m? +X+a
appearing in (1.1)-(1.3) satisfy conditions (i)-(ii). Obviously, the systems (1.1)-(1.3) are
special cases of system (E) or (F).
Throughout, if f (¢) is an w-periodic function, we shall denote

f- Frwd

Os—¢g

Clearly, f > 0 if f() > 0, a.e. t & [0, ]. We also set

D=

e

From the point of view of mathematical biology, we choose
R? = {(x,y)T € R? : x> 0,y > 0} as the state space for (E) and (F).
We shall study the global existence of w-periodic solutions of (E) and (F) using

D= g as the bifurcation parameter. Some new and interesting sufficient conditions are

obtained for the nonexistence of periodic solutions, global existence of at least one
positive periodic solution and global existence of at least two positive periodic solu-
tions. When system (F) reduces to the particular case (1.3), our results generalize the
previous results in [11]. Our method is based on Mawhin’s coincidence degree and
novel estimation techniques for the a priori bounds of unknown solutions. We will
introduce some novel estimation techniques for the priori bounds of unknown solu-
tions to Lz = ANz, which are much different from the arguments used in the existing
literature [11-28].

The outline of the article is as follows. In Sect. 2, a sufficient condition is obtained
for the nonexistence of periodic solutions. In Sect. 3, we establish criteria for the exis-
tence of at least one positive periodic solution. Section 4 is devoted to obtaining exis-
tence criteria for at least two positive periodic solutions. Finally, to illustrate the
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generality and usefulness of the results obtained, we present some applications in
Sect. 5.

2 Nonexistence
We shall first give a necessary condition for the existence of periodic positive solutions
of the system (E).
Theorem 2.1 If the system (E) has a positive w-periodic solution, then g(M) > D.
Proof. We make the change of variables

x(t) = exp{u(r)} and y(1) = exp{v(t)}. (2.1)
Then, system (E) becomes

(140 =) - MO plul0) ~ COg(opuld)) xpis) =4 0
i(0) = —d(0) + e(g(explu(0))) |

Obviously, system (E) is equivalent to system (2.2) on R?. Suppose the system (2.2)

T

has a w-periodic solution (u(£), v(¢))", i.e., u(t + o) = u(t) and v(t + w) = v(t). An inte-

gration of the second equation of (2.2) over [0, w] leads to
@) = (0) = [ 1-d(0) + eCglexplu)Id,
0

or

w

0=—dw+ / e(t)g(exp{u(t)})dt. (2.3)

0

Since g(M) is the maximum of g(x), it follows from (2.3) that

w

o = [ e(geplu@i < ghneo,

0

which implies
d
8M) = _ =D.

This completes the proof of Theorem 2.1. O
The following is immediate from Theorem 2.1.
Theorem 2.2 If g(M) < D, then the system (E) has no positive w-periodic solution.

3 Existence of one periodic solution

In this section, we shall apply the continuation theorem of Mawhin’s coincidence
degree theory to establish the global existence of at least one positive periodic solution.
We first summarize a few concepts from the book by Gaines and Mawhin [14].

Let X, Y be real normed vector spaces. Let L: DomL € X — Y be a linear mapping, and
N: X — Y be a continuous mapping. The mapping L is called a Fredholm mapping of
index zero if dim KerL = codim ImL <eo and ImL is closed in Y. If L is a Fredholm map-
ping of index zero, there exist continuous projectors P: X — X, and Q: Y — Y such that
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ImP = KerL, KerQ = ImL = Im(/ - Q). It follows that L|DomL n KerP: (I - P)X — ImL is
invertible. We denote the inverse of that map by K. If Q is an open bounded subset

of X, the mapping N will be called L-compact on § if QN(Q) is bounded and

K,(I - Q)N : @ — X is compact. Since ImQ is isomorphic to KerL, there exists an iso-
morphism J: ImQ — KerL.

Lemma 3.1 (Continuation theorem [14]) Let L be a Fredholm mapping of index zero
and N be L-compact on ¢ . Suppose

(a) for each A € (0, 1), every solution z of Lz = ANz is such that z ¢ 9Q);

(b) QNz = 0 for each z € 9 N KerL and deg{/QN, Q n KerL, 0} = 0.

Then, the operator equation Lz = Nz has at least one solution lying in DomL N -

Theorem 3.1 Assume

(H,) gM) = D

(Hy) @ > bM exp{(la| + a)w}-

Then, the system (E) has at least one positive w-periodic solution.

Proof. We shall consider the system (2.2) (equivalent of (E)). Take

X=Y={z=(u(t), v(t))" € C(R, R?) : z(t + w) = 2(1)}

and define
llz]] = max |u(t)| + max |[v(t)|, z=(u, v)T eXorY,
te[0,] te[0,w]
where | - | denotes the Euclidean norm. Then, X and Y are Banach spaces with the
norm || - ||. For any z = (&, v)” € X, by means of the periodicity assumption, we can

easily check that

Ai(z ) = a(t) — b(t) exp{u(t)} — c(t)g(exp{u(1)}) exp{v(t) — u(t)},
As(z ) = —d(t) + e(t)g(expiu(t)})

are o-periodic. Define L on DomL n X, where DomlL = {(u(t), v(t))" € C*(R, R?)}, by

du(t)

t(3)-{ atty |-
dt

and also define N: X - X by
u _ Al (Z, t)
NG (D)
Further, define P and Q on X by

u(t)de

v(t)dt

S =g s

g »E ~
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It is not difficult to show that

KerL = {z € X : 2= Cy, Cy € R?},

w
ImL=43z€Y: /z(t)dt =0 ¢ isclosedinY,
0
dim KerL = codim ImL = 2,

and P and Q are continuous projectors such that
ImP = KerL, KerQ = ImL = Im(I — Q).

It follows that L is a Fredholm mapping of index zero. Furthermore, the generalized
inverse (to L) K,; ImL — DomL n KerP exists, and is given by

t

Ky(z) = /z(s)ds — j) ]sz(s) dsdt.
00

0

Then, QN: X — Y and K,(I - QIN: X — X are defined by

Aq(z t)de
QNz =
A (z t)de

O —g®*—s¢

1
10}
1
0}

and

s-ane-(36:3)

where

t w t [

Wiz 1) =/Ai(z, s)ds—i)//A,—(z, 5)dsdi — (; - ;)/Ai(z, §)ds, i=1,2.
0

0 0 0

Clearly, QN and Kp(I - Q)N are continuous. Using the Arzela-Ascoli Theorem, it is not
difficult to prove that K,(I — Q)N(Q) is compact for any open bounded set Q < X.

Moreover, QN(L) is bounded. Therefore, N is L-compact on ¢ for any open bounded
set QO C X.

Now we need to search for an appropriate open bounded subset Q for the application
of Lemma 3.1. Corresponding to the operator equation Lz = ANz where A € (0, 1), we

have

{u(t) = A [a(t) — b(t) exp{u(t)} — c(t)g(exp{u(1)}) exp{v(t) — u(r)}], 3.1)
i(t) = 2 [—d() + e(t)g(exp{u(t)})] - '

Suppose z = (u(t), v(t))" € X is a solution of (3.1) for a certain A € (0, 1). An integra-

tion of (3.1) over [0, w] leads to

Page 6 of 18



Xing and Xia Advances in Difference Equations 2012, 2012:108 Page 7 of 18
http://www.advancesindifferenceequations.com/content/2012/1/108

0f[fl('f) — b(r) exp{u(r)} — c(r)g(exp{u(r)}) exp{v(t) — u(r)}]dt = 0,

Z[—d(t) + e(t)g(explu(t)))|dt = 0,

or
/ b(t) exp{u(t)}dt + / c(t)g(exp{u(t)}) exp{v(t) — u(t)}dt = do, (3.2)
0 0
/ e(t)g(exp{u(r)})dt = do. (3.3)
0

By mean value theorem, there exists & € (0, ) such that

I e()g(explu(t)))dt = g(explu(§)) [ e(r)dr.

0 0
Hence, noting ¢g(M) =D = (_j/é, it follows from (3.3) that
exp{u(§)} =M oru(§) =InM. (3.4)
On the other hand, from the first equation of (3.1) and (3.2), we have
[ e = [ 1a) ~ b0y expiuo)
0 0
— c(t)g(expfu(t)}) exp{v(t) — u(t)}lde

< |a|w+/b(t) exp{u(t)}dt (3.5)
0

w

. f c()g(explu(t))) explu(t) — u(t))dt
0
= (la| + a)w.

Similarly, from the second equation of (3.1) and (3.3), it is not difficult to derive that
/|b(t)|dt < (|d] + d)w. (3.6)
0
It follows from (3.4) and (3.5) that
u(t) <u(&)+ / | u(t)|dt < InM + (|a] + a)w = A, (3.7)
0
and

u(t) > u(§) — / | u(t)|dt > InM — (la| + a)w := B;. (3.8)
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Since (u(t), v(t))" € X, there exist §, n € [0, w] such that

v(8) = é?&ﬂ] v(t)and v(n) = max v(r). (3.9)

Note that g(M) = D is the maximum of g. Then, it follows from (3.2), (3.7)-(3.9) and
(Hz) that
bow exp{A1} + cDw exp{v(n) — B1} > aw,
or

aexp(Bi} —bexp(Ay +B1} _, (a—bMexp{(lal + @)w})M

_ _ (3.10)
cD cDexp{(|al + a)w}

v(n) = In

This, combined with (3.6), gives

(@ — bM exp{(la| + d@)w})

cD exp{(la| + a)w} — (|d| + d)w := Ay. (3.11)

o(t) = v(n) — f | i(0)ldt > In
0

Note that exp{B1} <M and exp{A;} >M. Since g is increasing on [0, M) and decreas-
ing on (M, o), we have

g(exp{u(t)}) = min{g(exp{Bi}), g(exp{A1})}, u(t) € (B1, A1).
This, together with (3.2), (3.7)-(3.9), leads to

co min{g(exp{B1}), g(exp{A1})} exp{v(8) — A1} < aw,
or

aexp{A}

3) <1 :
(8) =1In min{g(exp{B1}), g(exp{A1})}c

(3.12)

Coupled with (3.6), we get

aexp{A;}

min(g(explB.}), g(expia g~ U4 D= B (313)

70 §v(8)+/|i/(t)|dt< In
0

Let
A = max{|A1|, [B1]}and B = max{|Az|, |Bal}.

Then, from (3.7), (3.8), (3.11) and (3.13), we have |u(f)| <A and |v(¢)| < B. Clearly, A,
B; (i = 1, 2) are independent of A.
Now, consider the equation QNz = 0 where z = (1, e R? ie,

w\ _ (@—Dbexplu} — ig(expfu))expfv —u}) _ (0
N (U) B (—Ei+ég(exp{u}) ) = (0)- (3.14)

In view of (H,), we have g — pM > 0. Together with (H)), it is easy to show that the

above system has a unique solution
Me(a—bm) "
(u*, v9)T = (lnM, In e(a_a )) :

c
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Let C >0 be such that

(s, vl = )+ v*] < C.
Define

Q={zeX:||zl <A+B+C}.

It is clear that Q satisfies condition (a) of Lemma 3.1. When z = (1, v)” € 9Q n KerL
= 0Q N R? zis a constant vector in R* with || z || = A + B + C, it is clear that QNz =
0. Furthermore, let J: ImQ — KerL be the identity mapping. In view of the assumptions
in Theorem 3.1, it is easy to see that

deg{JQN, QN KerL, 0}
_ w —cg(exp{u})exp{v — u}
=sgn det [Eg/(eXp{u})MGXp{u} 0 }
= sgn {—ceg/(exp{u}),g(exp{u}) exp{v}} #0,

where deg(-) is the Brouwer degree and
W = —bexplu} — &g (exp{u})u exp{v} + Sg(explu}) exp{v — u).

By now, we have proved that Q) satisfies all the requirements of Lemma 3.1. Thus, it
follows that Lz = Nz (i.e., system (2.2)) has at least one solution in Dom[L N - The
proof is complete.

4 Existence of two periodic solutions

In this section, we shall study system (E) under the assumption g(M) >D. From the
(NM) condition, it is easy to see that if g(M) >D then the equation g(x) = D has two
positive solutions r; and r, such that

g(r1)=8()=D and O0<r <M< ;.

Theorem 4.1 Assume

(H3) g(M) > D;

(Ha) @ > bry exp{(|a| + a)w};

(Hs) 1 exp{(la] + a)w} <M and r, > Mexp{(|a] + a)w}.

Then, the system (E) has at least two positive w-periodic solutions.

Proof. In order to prove the existence of two periodic solutions, our most important
task is to search for at least two appropriate open bounded subsets O; and Q, in X for
the application of Lemma 3.1. Let X, Y, L, N, P and Q be defined as in the proof of
Theorem 3.1, and let z = (u(¢), v(t))” € X be a solution of Lz = ANz for a certain A €
(0, 1). As in the proof of Theorem 3.1, we have

w

f b(t) exp{u(t)}dt + / c(t)g(exp{u(r)}) exp{v(t) — u(t)}dt = aw, (4.1)
0

0

w

[ etwstexptutond = o, (4.2)

0
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and

w w

/|i¢(t)|dt< (la| + d)w, /|i/(t)|dt< (1d| + d)o. (4.3)

0 0
Since z = (u(t), v(£))" € X, there exist ¢, y € [0, w] such that

= mi t d = t).
v(e) min v(t) and v(x) max v(t) (4.4)
Note that u(f) # In M for ¢t € [0, w], otherwise it follows from (4.2) that d = eg(M),
which is a contradiction to (Hs). Therefore, either u(t) € (-e0, In M) or u(t) € (In M,
o).
Case 1: u(t) <In M, t € [0, w]. From (4.2), (H3) and the (NM) condition, there exists
6; € [0, w] such that

do = ewg(exp{u(6:)}),

or

§'(D) € (0, M)

=T17.

exp(u(61))

This, combined with (4.3) and (Hs), gives

u(t) < u(6,) +/ | u(t)|dt < Inry + (Ja] +a)o < InM (4.5)
0
and
u(t) > u(6,) — / | u(t)|dt > Inry — (|a] + a)w := B]. (4.6)
0

It follows from (4.5) and (4.6) that
u(t) € (B}, InM). (4.7)
On the other hand, from (4.1), (4.4) and (4.7), we find

cwg(exp{B}}) exp{v(e) — InM} < dw,

or
am
v(e) <ln . 4.8
(=10 o exptbye 8
This, together with (4.3), leads to
o(e) = v(e) / lioide<in M (d s Do = 43 (.9
E)+ < _+ + w = . .
- J g(exp(B}})e 2

From (H,) and (Hs), it is not difficult to show that 7 — pM > 0. It follows from (4.1),
(4.4) and (4.7) that
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bw exp{In M} + tog(M) exp{v(x) — Bt} > dw,

or

ux) > In @TOMePBY o @=Mn (4.10)
cg(M) cg(M) exp{(lal + a)w}
Coupled with (4.3), we get
(@—bM)r,

cg(M) exp{(lal + @)w} (ld| +d)w = B;.  (4.11)

) = (0 - [ 1(01de > In
0

Therefore, from (4.9) and (4.11), we have

max [v(t)| < max{|A}|, |B5|} :=B*, foru(t) € (B}, InM). (4.12)

te[0,0]

Case 2: u(t) >In M, t € [0, w]. From (4.2), (Hs) and the (NM) condition, there exists
6, € [0, w] such that

do = ewg(exp{u(6,)}),
or

exp(u(62)) = §7'(D) € (M, o0)

=T1).

This, combined with (4.3) and (Hs), gives

u(t) < u(62) +f | u(t)|dt < Inr + (la| + d)w = A] (4.13)
0
and
u(t) = u(6,) — f | u(t)|dt > Inr, — (|al + a)w > In M. (4.14)
0

It follows from (4.13) and (4.14) that

u(t) € (InM, AY). (4.15)

Noting that g(x) is decreasing for
x € (M, ), it follows from (4.1), (4.4) and (4.15) that

cwg(exp{AT}) exp{v(e) — A} < do,

or
aexp{A}
v(e) <In a(explAT))E (4.16)
Together with (4.3), we get
(1) < v(e) + O/ | o(t)de < In g?;’;p{r{l}})z +(ld) + d)w = AS. (4.17)
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On the other hand, it follows from (4.1), (4.4), (4.15) and condition (H,) that
bw exp{At} + twg(M) exp{v(x) — In M} > dw,
or

(@—bexp{AT)M _ 1 @- bry exp{(lal + d)w})M

v(x) > In _ h (4.18)
0 es(M) es(M)
This, combined with (4.3), gives
[ (a - bexp(A}})M _
v(t) > v(x) — / | 9(t)|dt > In _ — (|d| + d)w := B3. 4.19
J Cg(M) 2 ( )
Therefore, from (4.17) and (4.19), we get
max] [v(t)] < max{|A;|, |B;|} :==B", foru(t) € (InM, A}). (4.20)

te[0,w

Obviously, ry, ry, In M, B}, A7, B* and B are independent of A.

Now, let us consider the equation QNz = 0 where z = (&, v)” € R? ie., (3.14). Noting
the (NM) condition, (H3) and (Hy), it is not difficult to show that (3.14) has two dis-
tinct solutions

(@,7)" = <1nr1, In { (@~ brojen })
cd

(i, )T = (lnrz, In { (@ - bra)er, ]) .
cd

Choose Cy >0 such that

max{ In [ (Zl B Erl)érl }

cd
Define

and

’

In { (@ = bra)er; ] H < Co. (4.21)
cd

Q= {z= (u, )" €X : ur) e (B}, InM), H[lélx lv(t)| < B* +C0}
te

]

and
Q) = {x = (u, v)" €X : u(r) € (InM, A7), Il’[lélx] lv(t)] < B* + Co}.
te|0,w

Both Q; Q, are bounded open subsets of X. It follows from the (NM) condition,
(4.12) and (4.20) that (&, 7)T € Q; and (&, 7)T € Q,. In view of (4.12) and (4.20), it is
easy to see that Q) N Q, = @ and (); satisfies condition (a) of Lemma 3.1 for i = 1, 2.
Moreover, QNz = 0 for z € 9€; N KerL = 9Q; n R% A direct computation gives
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deg{JQN, Q; NKerL, 0} = sgn {—ceg'(exp{u}).g(exp{u}) exp{v}}
- (_1)i+1 7!0

Here, J is taken as the identity mapping since ImQ = KerL. We have proved that Q;
satisfies all the conditions in Lemma 3.1. Hence, Lz = Nz (i.e., system (2.2)) has at
least two m-periodic solutions z* = (u* v*’ and z* = (u*, v')T with
z* € DomL N Q; andz* € DomLN ;-

Obviously, z* and z* are different. Using (2.1),

(exp{u™ (1)}, exp{v"(1)})" and (exp(u*(1)}, exp{v*(1)})"

are two different positive w-periodic solutions of (E). This ends the proof. Box
We are now ready to tackle the system (F). With the change of variables in (2.1), the
system (F) becomes

{u(t) = a(t) = b{1) explu(t — 71 (1)) — c(Og(explu(D) explo(®) —u()), (55
i(0) = =d(0) + e(g(explu(t — T2 (). |

The arguments used in the proof of Theorem 2.1 will still be valid. As for the analog
of Theorem 3.1, corresponding to (3.3) we have

w

[ e(t)g(explu(t — t2(t))})dt = do. (3.3a)
0

By mean value theorem, there exists & € (0, @) such that

w

f e(Dg(explut — T2(6))))dt = g(explu(éo — w2(60)))) / e(1)dt.
0

0

Since u is w-periodic, there exists £ € [0, w] such that
u(o — 72(&0)) = u(§).

Thus, we have

w w

0fe(t)g(exp{u(t —1(1))})dr = 3(€Xp{u(§)})ofe(t)dt

and the rest of the arguments in the proof of Theorem 3.1 follows. We have the fol-
lowing result for the system (F).

Theorem 4.2 Theorems 2.1, 2.2, 3.1, 4.1 are also valid for the delayed system (F).

Remark 4.1 We have introduced some novel estimation techniques for the priori
bounds of unknown solutions to Lz = ANz, which are much different from the arguments
used in [11-27]. In addition, we study the diversity of the periodic solutions including
nonexistence of periodic solutions, at least one periodic solutions and at least two peri-
odic solutions. However, the existing literature only gave some sufficient conditions for
one of the three cases.

5 Applications
In this section, we shall list some applications of Theorems 2.1, 2.2, 3.1, 4.1 and 4.2.
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Application 5.1
Consider the following nonautonomous periodic system [11]

O o (0) — (e — m(e)] — SO
dr U Lx(t) +a 5.1)
() ax(Ox(t — (1)) '
= —by(t) + ,
dt y(t) { Z(t) x2([7n:2([)) + x(t _ t;)_(t)) + a}
where
gx) =,

X .
m+x+a

Note that g satisfies the (NM) condition. It is easy to show that

x2

a_
gx= " .
(’:n +X+a)

Thus, g(M) = 0 provides M = \/am, and

Jam

s) = g(Vam) = ¥

Corresponding to the system (F), we have

L_l=b1, b=611, c=¢, d=b2, é=612.
Solving g(x) =D = ‘g yields
—by) —mJ/A - A
- m(a; —by) —mv/ and 1, - m(a; —by) + mv/ 5.2
2b2 2b2
where

A=(a—by)* —4b
m

Applying Theorem 4.2 to the system (5.1), we obtain the following results.
Theorem 5.1 If a; < b, (l + 2\/:1>, then the system (5.1) has no positive w-periodic

solution.
Theorem 5.2 Assume

() a2 =by (1+2,/ 1)

(I) by > aj/amexp{(|b1] + b1)w}-
Then, the system (5.1) has at least one positive w-periodic solution.
Theorem 5.3 Assume

(Is) a» > by (1 +2\/;;>;

(I2) by > a1y exp{(|b1] + b1)w};
(I5) 11 exp{(|b1] + b1)w} < Jam and ry > Jamexp{(|b1]| + b))w};
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where ry and ry are given in (5.2). Then, the system (5.1) has at least two positive o-
periodic solutions.

Remark 5.1 In [11], the author has studied the system (5.1) and obtained the follow-
ing theorem:

Theorem A. Assume
(i) a2 > by (1 + 2\/;> exp{(1b1] + b1)o);

(ii) by > ay I, exp{(|b1| + by )w}, where

| _ mlazexpl(bal + ba)o) ~bo] + m\/[az exp{(|b1] + b1)w) — bs]” — by afm
T 2b, '

Then, the system (5.1) has at least two positive w-periodic solutions.

Obviously, the conditions (I3) and (/;) in Theorem 5.3 are much weaker than the
conditions (i) and (ii) in Theorem A. Certainly, we also need the condition (5). Note
that our novel estimation techniques for the a priori bounds of unknown solutions to
Lz = ANz are much different from those used in [11]. Moreover, there are no similar
results to Theorems 5.1 and 5.2 in [11].

Application 5.2
Consider the following nonautonomous periodic system

- ool ] 0,

d)(/i(tt) e [_ d(0) + m/é(?ﬁi)t) , )
where

ORI

When r(2) = r, u(t) = p and d(t) = d a(t) = a, the system (5.3) reduces to one which
has been studied by Chen and Zhou [29]. Note that g satisfies the (NM) condition. Sol-
ving g'(M) = 0 gives M = m, and g(M) = g(m) = ,! . Corresponding to the system (E),

we have
a=", E=(r), c=1,d=d 2=
Solving g(x) =D = ‘g yields

ﬂ—\/ﬁ2—4c_12m2 ﬂ+\/ﬁ2—4c_12m2

T = - andr, = - . (5.4)
2d 2d

Applying our results to the system (5.3), we have the following theorems.

Theorem 5.4 If 21m < g, then the system (5.3) has no positive w-periodic solution.

Theorem 5.5 Assume

Page 15 of 18
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() 7> (j)mexp{(Ir] +T)w}-
Then, the system (5.3) has at least one positive w-periodic solution.
Theorem 5.6 Assume

0 > 4

Ua) 2 > (1) (7 +y 2 — 432m2) exp{(Ir] + P

Us) (7 — 2 — 4dm?) exp{(|r| + Poo} < 2md and
(7 + /2 — 422m2) > 2mdexp{(Ir| + P}

Then, the system (5.3) has at least two positive w-periodic solutions.

Application 5.3
Consider the following nonautonomous periodic system

R (1) —Bx(t)
= 1— _ ,
ds(tt) r(t)X(t)[ K(t)] c()x(t)y(t)e -
g = YOl=d(0) + e(x()e 0],
where
8(x) = xe .

Note that g satisfies the (NM) condition. When r(t) = 1, ¢(£) = ¢, d(t) = d and of¢) =
«, the system (5.5) reduces to one which has been studied by [10].

Obviously, g'(M) = 0 gives M = é, and g(M) = ﬂle. Corresponding to the system (E),

we have

a-r E:(;), c=t d=d, e-a.

. a .
The equation g(x) =D = ¢ is equivalent to

QU

F(x) =xe #*— _ =0.

Qi

If g(M) > g, then it is easy to show that F(0) <0, F(M) >0 and F(e) <0. Thus, there
exist r; € (0, M) and ry € (M, =) such that

F(r1) =0and F(r;) = 0. (5.6)
Applying our results to the system (5.5), we have the following theorems.

Theorem 5.7 If /31(4 < g, then the system (5.5) has no positive w-periodic solution.

Theorem 5.8 Assume

&) 4= &
) F > (;); exp((Ir] + P}

Then, the system (5.5) has at least one positive w-periodic solution.

Page 16 of 18



Xing and Xia Advances in Difference Equations 2012, 2012:108 Page 17 of 18
http://www.advancesindifferenceequations.com/content/2012/1/108

Theorem 5.9 Assume

Ks) 4, > &

(Ka) 27 > ()2 exp{(Ir| + T)w};

(Ks) rexp{(Irl + F)w} < 5 and 12 = ; exp{(Ir] + F)o};

where ry and ry are given in (5.6). Then, the system (5.5) has at least two positive w-
periodic solutions.

6 Conclusion

A class of nonautonomous predator-prey model with nonmonotonic functional
response in this paper. Some new sufficient conditions are obtained for the nonexis-
tence of periodic solutions and the global existence of at least one or two positive peri-
odic solutions. Our method is based on Mawhin’s coincidence degree and novel
estimation techniques for the priori bounds of unknown solutions. Some novel estima-
tion techniques are employed for the priori bounds of unknown solutions to Lz = ANz,
which are much different from the arguments used in the previous literature. Some
applications are also presented to illustrate the feasibility and effectiveness of our main
results.
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