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Abstract

Galilean invariance for general conservative finite difference schemes is presented in
this article. Two theorems have been obtained for first- and second-order
conservative schemes, which demonstrate the necessity conditions for Galilean
preservation in the general conservative schemes. Some concrete application has
also been presented.
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1. Introduction

For gas dynamics, the non-invariance relative to Galilean transformation of a difference
scheme which approximates the equations results in non-physical fluctuations, that has
been marked in the 1960s of the past century [1]. In 1970, Yanenko and Shokin [2]
developed a method of differential approximations for the study of the group proper-
ties of difference schemes for hyperbolic systems of equations. They used the first dif-
ferential approximation to perform a group analysis. A more recent series of articles
was devoted to the Lie point symmetries of differential difference equations on [3]. In
a series of more recent articles, the author of this article has used Lie symmetry analy-
sis method to investigate some noteworthy properties of several difference schemes for
nonlinear equations in shock capturing [4,5].

It is well known that as for Navier-Stokes equations, the intrinsic symmetries, except
for the scaling symmetries, are just macroscopic consequences of the basic symmetries
of Newton’s equations governing microscopic molecular motion (in classical approxi-
mation). Any physical difference scheme should inherit the elementary symmetries (at
least for Galilean symmetry) from the Navier-Stokes equations. This means that Gali-
lean invariance has been an important issue in computational fluid dynamics (CED).
Furthermore, we stress that Galilean invariance is a basic requirement that is
demanded for any physical difference scheme. The main purpose of this article is to
make differential equations discrete while preserving their Galilean symmetries.

Two important questions on numerical analysis, especially important for shock cap-
turing methods, are discussed from the point view of group theory below.

(1) Galilean preservation in first- second-order conservative schemes;

(2) Galilean symmetry preservation and Harten’s entropy enforcement condition [6].

The structure of this article is as follows. First, the general remarks on scalar conser-
vation law and its numerical approximation are very briefly discussed in Section 2,
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while Section 3 is devoted to the theory of symmetries of differential equations. The
following sections are devoted to a complete development of Lie symmetry analysis
method proposed here and its application to some special cases of interest. The final

section contains concluding remarks.

2. Scalar conservation laws and its numerical approximation
In this article, we consider numerical approximations to weak solutions of the initial

value problem (IVP) for hyperbolic systems of conservation laws [6,7]
U+ f(u)x =0, u(x, 0) = up(x), —00 < x < +00. (2.1)

where u(x, £) is a column vector of m unknowns, and flu), the flux, is a scalar valued
function. Equation 2.1 can be written as

U +a(u)u, = 0, a(u) = ;i{l, (2.2)

which asserts that u is constant along the characteristic curves x = x(£), where

dx

PR (u). (2.3)

The constancy of u along the characteristic combined with (2.3) implies that the
characteristics are straight lines. Their slope, however, depends upon the solution and
therefore they may intersect, and where they do, no continuous solution can exist. To
get existence in the large, i.e., for all time, we admit weak solutions which satisfy an
integral version of (2.1)

oo [o¢] oo
/ / [weu + wf (w)] dxdt + / w(x,0) ug (x) dx = 0. (2.4)
0 —00 —00
for every smooth test function w(x, ) of compact support.
If u is piecewise continuous weak solution, then it follows from (2.4) that across the
line of discontinuity the Rankine-Hugoniot relation

fur) —f (u) =s(ur —ur). (2.5)

holds, where s is the speed of propagation of the discontinuity, and #; and ug are the
states on the left and on the right of the discontinuity, respectively.

The class of all weak solutions is too wide in the sense that there is no uniqueness
for the IVP, and an additional principle is needed for determining a physically relevant
solution. Usually this principle identifies the physically relevant solution as a limit of
solutions with some dissipation, namely

ug + f(w), = e[ B (W) ux),. (2.6)

Oleinik [8] has shown that discontinuities of such admissible solutions can be char-
acterized by the following condition:

f @ —f (ur) s f(u)—f(uR)_

=>S5=
u—ug U — UugR

(2.7)

for all u between u; and ug; this is called the entropy condition, or Condition E.
Oleinik has shown that weak solutions satisfying Condition E are uniquely determined
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by their initial data. We shall discuss numerical approximations to weak solutions of
(2.1) which are obtained by (2K+1) -point explicit schemes in conservation form

utt=ut ="y =" | (2.8)
Jj+ Jj—
2 2
where
m  _ 7 n n
" 'f<”f*’<+1""’ f+K)‘ (2.9)
i

where 1 = u (jAx,nAt), and f is a numerical flux function. We require the numeri-

cal flux function to be consistent with the flux f{u) in the following sense:

f,..,u)=fw. (2.10)

We note that f is a continuous function of each of its arguments. Let

f, = 331]: ,7=—K+1,..,K (2.11)
fx=0, (2.12)
fis1 = 0. (2.13)

Equation 2.8 can be written as follows:
VL A L =Y (u;LK, ;;K) . (2.14)

It follows from (2.14) that

G (u}‘, s u]") =ul — 2 (f (u}’) —f (u}‘)) =ul. (2.15)

Suppose that G is a smooth function of its all arguments, then

0G
G, = , (2.16)
ouy
392G
Gy = . 2.17
" U, U ( )

At last, one can derive the conservation form scheme approximation solutions of the
viscous modified equation [9,10]

Page 3 of 16
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u+fu), = ;Ataax (B (u, 1) uy] . (2.18)
where
1 g af\2
B =, Z;(rzcr—(au) . (2.19)

We claim that, except in a trivial case, B(x, A) > 0 and B(u, A) # 0; this shows that
the scheme in conservative form is of first-order accuracy [9-11].

3. Mathematical preliminaries on Lie group analysis
All the problems to be addressed here can be described by a general system of non-
linear differential equations of the nth order

Ay (x,u™) =0, (3.1)

where v = 1,..,/ and x = (x',..,.#") € X are independent variables, u = (u',..,.u?) € U
are dependent variables, and A,(x, u") = (A;(x, u™),.... Afx, u™)) is a smoothing func-
tion that depends on «x, # and derivatives of u up to order n with respect to x',...x". If
we define a jet space X x L™ as a space whose coordinates are independent variables,
dependent variables and derivatives of dependent variables up to order n then A is a
smoothing mapping

A:XxU™ > R, (3.2)

Before studying the symmetries of difference schemes, let us briefly review the theory
of symmetries for differential equations. For all details, proofs, and further information,
we refer to the many excellent books on the subject, e.g., [12-14]. Here, we follow the
style of [12], but the Lie symmetry description is made concise by emphasizing the sig-
nificant points and results. In order to provide the reader with a relatively quick and
painless introduction to Lie symmetry theory, some important concepts must be
introduced.

The main tool used in Lie group theory and working with transformation groups is
“infinitesimal transformation”. In order to present this, we need first to develop the
concept of a vector field on a manifold. We begin with a discussion of tangent vectors.
Suppose C is a smooth curve on a manifold M, parameterized by

¢:1—> M, (3.3)

where I is a subinterval of R. In local co-ordinates ¥ = x',...,.x”, C is given by p
smoothing functions

P () =(¢' (&), .. 8" (&), (3.4)

of the real variable ¢. At each point x = ¢(¢) of C the curve has a tangent vector,
namely the derivative
dp <d¢>1 d¢P>

¢ e de ' de (3.5)
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In order to distinguish between tangent vectors and local coordinate expressions for
a point on the manifold, we adopt the notation
_dp  de' 9 deP 9

L, (3.6)

\%4
de de  Ox! " de  0OxP

for the vector tangential to C at x = ¢(¢) The collection of all tangent vectors to all
possible curves passing through a given point x in M is called the tangent space to M
at x, and is denoted by TM. A vector field V on M assigns a tangent vector Ve TM
to each point x € M, with V varying smoothly from point to point. In local coordi-
nates, a vector field has the form

] E]
V=¢l(x)- gt + & (x) - - (3.7)

where each '(x) is a smoothing function of x.

If Vis a vector field, we denote the parameterized maximal integral curve passing
through x in M by ¥(e, x) and call ¥ the flow generated by V. Thus for each x in M,
and ¢ in some interval I, containing 0, W(¢, x) is a point on the integral curve passing
through x in M. The flow of a vector field has the basic properties:

W (5, W (s,x) =W (S +e %), (3.8)

for all 6, ¢ € R such that both sides of equation are defined,

W (0,x) = x, (3.9)
and

4y (e,x) =V (3.10)

de

for all & where defined. We see that the flow generated by a vector field is the same
as a local group action of the Lie group on the manifold M, often called a ‘one para-
meter group of transformations’. The vector field V is called the infinitesimal generator
of the action since by Taylor’s theorem, in local coordinates

W (e,x) =x+e€ (x) + O (&), (3.11)

where ¢ = (¢,..., ) are the coefficients of V. The orbits of the one-parameter group
action are the maximal integral curves of the vector field V.

Definition 1: A symmetry group of Equation 3.1 is a one-parameter group of trans-
formations G, acting on X x U, such that if # = f{x) is an arbitrary solution of (3.1)
and g, € G then g f(x) is also a solution of (3.1).

The infinitesimal generator of a symmetry group is called an infinitesimal symmetry.
Infinitesimal generators are used to formulate the conditions for a group G to make it
a symmetry group. Working with infinitesimal generators is simple. First, we define a
prolongation of a vector field. The symmetry group of a system of differential equa-
tions is the largest local group of transformations acting on the independent and
dependent variables of the system such that it can transform one system solution to
another. The main goal of Lie symmetry theory is to determine a useful, systematic,
computational method that explicitly determines the symmetry group of any given
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system of differential equations. The search for the symmetry algebra L of a system of
differential equations is best formulated in terms of vector fields acting on the space X
x U of independent and dependent variables. The vector field tells us how the variables
x, u transform. We also need to know how the derivatives, that is u,, i,y,..., transform.
This is given by the prolongation of the vector field V. Combining these, we have
[[12], p. 110, Theorem 2.36].

Theorem 1
Let

p q
V= E @uw)da+ Y 0 (%) e

i=1 a=1

be a vector defined on an open subset M € X x U. The nth prolongation of the ori-
ginal vector filed is the vector field:

q
prV =V 4+ Z Z mh (x u™) 8?4“
a=1 ] ]

defined on the corresponding jet space M™ < X x U". The second summation here
is over all (unordered) multi-indices J = (ji, jo,..ji), With 1 < jx < p, 1 < k < n,. The

coefficient functions ¢/, of pr™V are given by the following formula:

p

P
(o) = D (”“ - Zéi”?> DT
i=1

i=1

out uf L .
where uf = o’ and u;‘i = 5 7 and Dy are the total derivative of 1 with respect to
X ’ xl

X

In the following analysis, we only deal with one-dimensional scalar differential equa-
tions that are assumed to be differentiable up to the necessary order.

Consider the special case, where p = 2, ¢ = 1 in the prolongation formula, so that we

are looking at a partial differential equation involving the function u = flx, f). A general
vector field on X x U = R* x R then takes the form [[12], p. 114]

d ad d
V=E&(xtu) o +7(x t,u) . +1(x, t,u) Su (3.12)

The first prolongation of V is the vector field:

OV =Valnd L i (313
* du, “ ou, '

where
[7x] = nx + (nu - gx)“x — Tyl — guu,zc — TylyUy
and

(7] =n + (Uu - tt)ut — &y — tuutz — &y Uyl
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The subscripts on 7, {, T denote partial derivatives. Similarly,

pr@Vv = prOV 4+ [ny] O it vt (3.14)
e OlUyy ¥ Uy Uy

where

[Max] = M + (27’xu - Sxx)ux — Txxlly + ("uu - 2$xu)u£ — 2Ty lylly — éuuu?c

2
—TuuUy Up + ("u - 2'§>:x)uxx — 2Ty — 3&ylrlly — Tylhyxlly — 2Ty Uy Uy

2
[Mxe] = Me + (nxu - TLx)”L + (ntu - fo)ux — Txully + (Tluu — &y — Tut)”x“t
2 2 2
— &y — Tttty — Etietty — Tl + (Mu — & — Ty — Sl — 2Ty U Uy

— 28 Uylhyr — Tyl — Eyligliyy

[74] = e + (277tu - Ttt)ut — &ty + (77uu - 2Tzu)ut2 — 20, — Tuuu?c

2
—TuylU; Uy + (Uu - 2T1)Utt — 2&uyy — 3Tyl — Eyligly — 28Uyl

From here on analysis of difference equations only concerns modified equations,
which have third prolongation of the vector field. From work in CFD, we know that
the right-hand side of the modified equation is written entirely in terms of x deriva-
tives. So, investigation can be limited to the terms of the spatial derivatives in the fol-
lowing analysis. The coefficients of the various monomials in the third-order partial

derivatives of u are given in the following:

prOV = prOV + (] L B e I o B (3.15)
o Oy o Oy o Oy “ Oy ’

where,

[Mxxe] = Nwe + (30 — Evee) e — Tawxthy + 3 (Mra — Exvu)he” — 3Toxulhnlly
+ (M — 38 (1) + 3w — Exe)hex — 3Tl — 3Tou (14) "t
+ 3 (Nuu — 3&xu)talher — 3Taulhilhxx — OTuylhulhy — 3Tulhyae + (M — 3&x)Uran
— Eree(tx)* — 68 (1) Phex — 3T (1) ther — Tu () 1 — 380 (tax)?

— 3Tyleri Uy — 3TulyiUer — 3 TuuUnoclylly — 48y Uexlly — Tyl

Suppose we are given an nth order system of differential equations, or, equivalently, a
subvariety of the jet space M"™ c X x U"™. A symmetry group of this system is a local
transformation G acting on M € X x U. which transforms solutions of the system to
other solutions. We can reduce the important infinitesimals condition for a group G to
be a symmetry group of a given system of differential equations. The following theo-
rem [[12], p. 104, Theorem 2.31] provides the infinitesimal conditions for a group G to
be a symmetry group.

Theorem 2
Suppose

Ay (% u(”)) =0,v=1,2,..,1

is a system of differential equations of maximal rank defined over M € X x U. If G is

a local group of transformations acting on M, and
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prVo A, (xu™)]=0,v=1,2,..1
whenever
Ay (% u(")) =0,

for every infinitesimal generator V of G, then G is a symmetry group of the system.

In the following sections, this theorem is used to deduce explicitly different infinitesi-
mal conditions for specific problems. It must be remembered, however, that, in all
cases, though only the scalar differential problem is being discussed, A, is still used to

denote different differential equations.

4. Galilean group and its prolongation

It is well known that as for Navier-Stokes equations, the intrinsic symmetries, except for
the scaling symmetries, are just macroscopic consequences of the basic symmetries of
Newton’s equations governing microscopic molecular motion (in classical approxima-
tion). Any physical difference scheme should inherit the elementary symmetries (at least
for Galilean symmetry) from the Navier-Stokes equations. This means that Galilean
invariance has been an important issue in CFD. Furthermore, we stress that Galilean
invariance is a basic requirement that is demanded for any physical difference scheme.

We have the Galilean transformation

X =x+te
t/:t (41)
UW=u+e

Thus, the vector of the Galilean transformation is
V =ty + 0y (4.2)

According to Theorem 1, we have

d d
My -v - - - 4.
pr Px 30, Uy 31, px (4.3)

d d

@)y = p(1)
IV =pr'’V —p —u —
P P - 0 0xt = Oty Pxx Opxe

5. Galilean invariance of first-order conservative form scheme
The main prototype equation here is the modified equation. Equation 2.18 can be

recast into
1 1
A = Uy + Uy — 2Atﬂ (U, A) Uy — 2Atﬂuuxux =0. (5.1)

Based on the prolongation formula presented in Section 4, the Galilean invariance
condition reads

A =0. (5.2)

Page 8 of 16
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prPVo Ay =0. (5.3)

Before beginning the group analysis, some detailed but mechanical calculations must
be performed:

1 1
di=0,0A1 =uy — ) AtBythyy — 2Atﬂuuuxux. (5.4)

dy =8y 0A; = 1. (5.5)

With these formulas, it is clear from Equation 5.3 that the invariance condition
reduces into

Buttxx + Buutixix = 0. (5.6)

Hence, we have

Uplly = — Pu Uyy. (5.7)
ﬁuu
we can then write the model equation as
1
U+ Uty — At [ﬁ — ﬂ”ﬂ”] Uype = 0. (5.8)
2 Buu
with
1 BuBu ]
At| B — = 1. (5.9)
2 [ﬁ Bu |

This manipulation yields the Burgers equation as following
Up + Ully = V1 Uyy. (5.10)

where v; = constant.

Based on the analysis of Equation 5.9, one have
2
B = Boexp (au) + Av; (5.11)

where B, o are some parameters.
Here, it is useful to list some well-known first-order conservative schemes to show

their unified character.

Page 9 of 16
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5.1. Lax-Friedrichs scheme

o= [ () s () = =)

J+
1 0
G - [1_#],
2 ou
d
G- [mf]
ou
_ of \*
pan- 4= (%)

5.2. 3-point monotonicity scheme (Godunov, 1959)
K
1
= 3 cu,
r=—K

G =G
K 2
1 of
A) = ’Gr —
B (u,2) kzr:Z_Kr ) (8u)

1 X
=2 Z ’C, — u’.
r=—K

5.3. General 3-point conservation scheme

f (w ujar) =; f () +f (1) = iQ M)A qul,

where

f(Uj+1) _f(”j)’ when A ju#0,
A qu J*

2 j 2

2

a =
j+

a 1 =a(u), when A Ju=0,
j+ j+

2 2

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

Here Q(x) is some function, which is often referred to as the coefficient of numerical

viscosity.
Harten’s lemma. Let Q(x) in (5.19) satisfy the inequalities

[x|<Qx) <1for0<|x|<u<l;

Page 10 of 16
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then finite-difference scheme is TVNI under the CFL-like restriction
Amax | a 1 |< .
] ]‘+2

The coefficient of numerical viscosity could be expressed in terms of the f3 as follows
1
B = [Qw—uw]. (5.20)
Therefore, one can have
2 4\)1
Q) =u” +2Bpexp (au) + s (5.21)
If we choose

Bo <<1 (5.22)

Then Equation 5.21 is consistence with the results of Harten’s. In summary, we
obtain

Theorem 3
If we let the coefficients in (2.18) satisfy the equality

_ 21)1
B = Boexp (au) + At

where B, o is a dimensionless constant, then the first-order conservative finite dif-
ferent scheme satisfies Galilean invariant condition.

6. Galilean invariance of second-order conservative scheme
The same manipulation could be conducted for the case of the second-order conserva-

tive scheme. The main prototype equation here is [15]

d

1
Ay =+t = AP 5 [y (u, A) U + 8 (1, A) Ugliy] . (6.1)
X
where
K 3
1 3 af
y(u,k):ASZr GT+<3u) , (6.2)
r=—K
K 2 2
1 1 a a
8(u,A) = b Z A (r+s)[2rs— (r—9)?Gy] +3 (ai) <8u];) ) (6.3)
1,5=—K
According to Theorem 2, one have
L o3 3
Ay =y + Uy — 6 At [V”xxx + (Vu + 28) Uy + 8y (thy) ] - (6.4)

Before beginning the group analysis, some detailed but mechanical calculations must

be performed:

1
di=0,0A0) =uy— 6 AP [Vuuxx;x + (Vuu + 204) Uyliyy + auu(ux)s] . (6.5)

Page 11 of 16
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dy =3, 0A=1. (6.6)

prOV = tdy + 3y — uydy,. (6.7)
The corresponding Galilean invariant condition reads:

Ay =0. (6.8)

OV o Az = 0. (69)

The substitution leads
L. .3 3
= AL [Vulhexr + Vuu + 284) Uy + 80 (Ux)> ]| — e = 0 (6.10)

Hence, we have
Vullerx + (Vu + 28y) Uylyy + 8uu(”x)3 =0. (6.11)
It is clear that

Suy )
Viu + 28y

Yu

3 —_ .
(1) Yuu + 268,

Upllyy = — Uy (6.12)

After some manipulation, one could obtain the model equation as follows

A 1 A Yy + 28
=Ur + UUy — X — . U
2 t * T 6 14 Y + 284 Yu xxx

1 26
N (su _ Yurst 3W> ()3
6 Vuu + 26,

(6.13)

In order to obtain the non-oscillation solution of shock, we could let the term of ()
3 to be zero, then we have

Vu + 28

<8y = 0. 6.14
Vi + 28y “ ( )

This equation can be rewritten as below

Su _ Vuu t 245,

8y Yy + 26 (6.15)
d d

i [Ing,] = i [In (yu +28)]. (6.16)
8y = Yy + 28. (6.17)

or

Yu =08, +28. (6.18)

Page 12 of 16
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The coefficient of the term of u,,, could be rewritten as

Yy + 26
Viu + 28y Y
8
=y = Vu : (6.19)
5uu
=y — " (8, —26)
14 S u
If we set
S=au" +b (6.20)

where a, b, m are some parameters. It is easy to show that

an 2a 2b
y = u — - U+ yo. (6.21)
n—1 n—1 n—1

where 9, = constant. In summary, we obtain

Theorem 4
If we let the coefficients in (6.1) satisty the equality

S, A)=au" +b,

y (U, 2) = Mo u™t — 2b U+ yo.
n—1 n—1 n—1
where a, b, n, Y is a dimensionless constant, then the second-order conservative
finite different scheme satisfies Galilean invariant condition.
Here, we could give the details of the corresponding analysis by using the Lax-
Wendroff scheme. It is well known that the Lax-Wendroff difference approximation to
(2.1) is defined by

X a’ 1 (W —uf) = a 1 —uly)

n n n n i i—

wr —u . fluzy) = futy) _ 1At Ty ) (6.22)
At 2Ax 2 Ax?

where

U = u(nAt, jAx)

d
a(u) = ];;u)
aq-= a(uf’ 1)
p) ap)

1
“n 1~ 2(”;1+1 + ”]n)
J+
2
It is well known that the Lax-Wendroff scheme was designed to have the following

desirable computational features [16-18]: conservation of form; to have a three-point

Page 13 of 16



Ran Advances in Difference Equations 2011, 2011:53 Page 14 of 16
http://www.advancesindifferenceequations.com/content/2011/1/53

scheme; second-order accuracy on smooth solutions. Numerical spikes and down-
stream oscillations are generated in the vicinity of the shock.
The numerical flux for Lax-Wendroff scheme can be written as

- 1 At
ey |1+ () = 1 (=) |- (623)
j+2 1'+2

Using the general method presented in Section 2, one can obtain

1 1 2
Gy =— xaf + A2 of (6.24)
2 du 2 au
1 1 2
G_; = Aaf + A2 of (6.25)
2 du 2 ou
A of\ 3%f
Gn=—_(1-2x , 6.26
1 2 ( 8u> ou? (6.26)
of 0%f
Goo = —212 , (6.27)
00 ou du?
A of \ 0%f
G-1=_[(1+22 . 6.28
) ( " 8u) u? (6.28)

and for the other case of the index r, s

Gis = 0. (6.29)
y™ (1) = —Alz (1 - Az(gﬁ)z) 21; (6.30)
S™Wou, ) = —;2 (1 — 3A2(§£)2> SZ (6.31)
y™ (,2) = —;2 u+ i, (6.32)
S™Wou, ) = —;2 +3u2. (6.33)

Using the results of Theorem 4, we have
8¢ u,A) =au" +b =8, (6.34)

This leads the following corresponding relation for Lax-Wendroff scheme

n=2, (6.35)
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1
a=3,b=- . (6.36)
an 2a 2b
v = u" — ™t — U+ Yo
n—1 n—1 n—1 (6.37)

2
6u* — 61> + )Lzu + 90-

The comparison of Equations 6.32 and 6.37 help us to draw some conclusion as fol-
lows: based on this analysis, we have known that the well-known Lax-Wendroff
scheme can recover the Galilean symmetry approximately.

7. Conclusions
It is known that the numerical solutions calculated by finite difference schemes are
always associated with numerical dissipation and dispersion. Such errors can lead to
undesirable numerical effects, especially for shock capturing. A full understanding of
the nature of this odd numerical phenomenon is still lacking. Regardless of definition,
spurious oscillations and overshoots are the most common symptoms of numerical sta-
bility. In one natural interpretation, these numerical phenomena are due to nonlinear
stability, which links some symmetry breaking. This article uses a Lie symmetry analy-
sis method to investigate Galilean invariance properties of several difference schemes
for nonlinear equations. Two theorems have been obtained, which have demonstrated
that the properties of Galilean invariance from a modification equation, can serve as
the positive constrain condition for general conservative finite difference schemes.

It should be pointed out that the conclusions presented in this article have prelimin-
ary character and demand further study.
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