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Abstract

The main objective of this paper is to establish some new retarded nonlinear sum-
difference inequalities with two independent variables, which provide explicit
bounds on unknown functions. These inequalities given here can be used as handy
tools in the study of boundary value problems in partial difference equations.
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1 Introduction

Being important tools in the study of differential, integral, and integro-differential
equations, various generalizations of Gronwall inequality [1,2] and their applications
have attracted great interests of many mathematicians (cf. [3-16], and the references
cited therein). Recently, Agarwal et al. [3] studied the inequality

a bl

u(t) <a(t)+ ) / gi(t, SYwi(u(s))ds, to <t<ty.
=1 bi(to)

Cheung [17] investigated the inequality

bi(x) a(y)
wW(x,y) <a+ P / / g1(s, u(s, t)deds
g qbl(xo)cl(YU)
ba(x) ca(y)
+ g / / 2 (s, )uI(s, ) (u(s, t))deds.

ba(xo0) c2(yo)

Agarwal et al. [18] obtained explicit bounds to the solutions of the following retarded
integral inequalities:
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n a;(t)
o) e+ Y [ Wl (19) + g9l
i=1 ai(to)
a;i(t)
o) <+ [ WO ) g6 logu(s)lds,
= a(t0)
a0
p(u(t) <c+ Y / ul($)[fi(5)L (s, u(s)) + gi(s)u(s)]ds,

i=1 ai(to)

where ¢ is a constant, and Chen et al. [19] did the same for the following inequal-
ities:
y(x) 8(y)
vty zcs [ [ fs e 0)ds
¥ (%0) 8(y0)
a(x) B(y)
Yu(xy)) <c+ / / g(s, t)u(s, t)dtds
a(x0) B(ro)
v(®) ()
+ / / (s, u(s, ) (u(s t))deds,
¥ (%0) 8(vo)
a(x) B(y)
Yu(x,y)) <c+ / / (s, w(u(s, t))deds
a(x0) B(ro)
v(x) 8(y)
+ / / (s, w(u(s, 1)) (u(s t))deds,

¥(x0) 8(yo)

where ¢ is a constant.

Along with the development of the theory of integral inequalities and the theory of
difference equations, more attentions are drawn to some discrete versions of Gronwall
type inequalities (e.g., [20-22] for some early works). Some recent works can be found,
e.g., in [6,23-25] and some references therein. Found in [26], the unknown function u

in the fundamental form of sum-difference inequality

n—1
u(n) < a(n)+ ) f(s)u(s)
s=0
can be estimated by u(n) < a(n) Hn_ol(l +f(s))- In [6], the inequality of two vari-
s=
ables

m—1n—1 m—1n—1

uw*(m,n) <c*+ Z Za(s, Ou(s, t) + Z Zb(s, t)u(s, w (u(s, 1))

s=mg t=ng s=myg t=ng
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was discussed, and the result was generalized in [23] to the inequality

m—1n—1 m—1n—1
w(m,n) <c+ Z Z a(s, ul(s, t) + Z Z b(s, )ul (s, Yw (u(s, 1)) .

In this paper, motivated mainly by the works of Cheung [17,23], Agarwal et al. [3,18],
and Chen et al. [19], we shall discuss upper bounds of the function u(m, n) satistying
one of the following general sum-difference inequalities

m—1n-—1

k
¥ (u(m,n)) < a(m,n)+b(m,n) YY" D w(u(eis), Bi(1)) Lfi(s e (u(ei(s), Bi(1)))

i=1 s=mg t=ng

(1.1)
+8i(s, 1)],

k m—1n-1

¥ (u(m,n)) < a(m,n)+b(m,n) > "> "> w(u(eils), (1)) lfi(s Oor (ulei(s), Ai(t)))

i=1 s=mg t=ng

+8i(s, )2 (logu(exi(s), Bi(1)))],

(1.2)

k m—1n-1

W (u(m,n)) < a(m,n)+b(m,n) "> "> w(u(e(s), Bi(1)) (s L (s, &, u(en(s), Bi(1)))

i=1 s=mg t=ng

+8i(s, t)u (ai(s), ﬂi(t))],

(1.3)

for (m, n) € [mo, my) N N, x [ng, n;) N N,, where a(m, n), b(m, n) are nonnegative
and nonde-creasing functions in each variable. Inequalities (1.1), (1.2), and (1.3) are the
discrete versions of Agarwal et al. [18] and Chen et al. [19]. They not only generalized
the forms with one variable into the ones with two variables but also extended the
constant ‘¢’ out of integral into a function ‘a(m, n)’. These inequalities will play an
important part in the study on difference equation. To illustrate the action of their
inequalities, we also gave an example of boundary value problem in partial difference
equation.

2 Main result

Throughout this paper, k, mq, m,, ny, n; are fixed natural numbers. N, := {1, 2, 3,.. },
I:= [mo, my] NNy, L:= [mo, m] N N, J := [no, m] 0 N, J,i= [no, n] N N, R, := [0,
o). For functions s(m), z(m, n), m, n € N, their first-order (forward) differences are
defined by As(m) = s(m + 1) - s(m), Ayz(m, n) = z(m + 1, n) - z(m, n) and Ayz(m, n) =
z(m, n + 1) - z(m, n). Obviously, the linear difference equation Ax(m) = b(m) with

m—1
initial condition x(19) = 0 has solution Z b(s). For convenience, in the sequel, we
S=my

-1
define E " b(s) = 0. We make the following assumptions:
S=myp

(Hy) we C(R,, R,) is strictly increasing with w(0) = 0 and y (£) — o as t — oo;

(Hp) a, b : I x J— (0, o) are nondecreasing in each variable;

(H3) w, ¢, 1, ¢2 € C(R,,R,) are nondecreasing with w(0) > 0, ¢(r) > 0, ¢1(r) > 0 and
@5(r) > 0 for r > 0;

(Hy) oz I — I and B;: ] — ] are nondecreasing with o;(m) < m and B;(n) < n, i = 1, 2,

Lk

(Hs) foge Ix] >R, i=1,2 ...,k

Theorem 1. Suppose (H- Hs) hold and u(m, n) is a nonnegative function on I x |

satisfying (1.1). Then, we have
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u(m,n) <y~ W (@7 (A(m, n)))] (2.1)

for all (m,n) € Iy, X JN, where

r

W(r): = / w(wdsl (S))for r>0;, W(0):= Tli’(r)ﬁ W(r), (2.2)

1

d(r) : forr>0; &(0):= lir(r)a d(r), (2.3)

_/ ds
_] (1 (W(5))

k. m—1n—1 k m—1n-1
A(m,n):=® (W(a(m, n)+b(mn) Y 3" > gils z)) +b(m,n) Y YN fi(s 1), (2.4)

i=1 s=mg t=ng i=1 s=mg t=ng
and (My, Ny) € I x ] is arbitrarily chosen such that
A(M1,N;) € Dom(® 1), 7 (A(My,N,)) € Dom(W™1). (2.5)

Proof. From assumption (H,) and the inequality (1.1), we have

k. m—1n-1

¥ (u(m, n)) < a(M,n)+b(M,n) Y>> w(u(ei(s), Bi(1)))

i=1 s=mg t=ng

(s, e (u(ei(s), Bi(1))) +8is, )]

for all (m, n) € Iyx J, where my < M < M is a natural number chosen arbitrarily.

(2.6)

Define a function 7n(m, n) by the right-hand side of (2.6). Clearly, n(m, n) is positive
and nondecreasing in each variable, with 1n(m,, n) = a(M, n) > 0. Hence (2.6) is equiva-
lent to

u(m,n) < ¥~ (n(m, n)) (2.7)

for all (m, n) € Iyyx J. By (H4) and the monotonicity of w, ' and 7, we have, for all
(Vl’l, l’l) € IMX ]y

Aun(m, n) = b(M, n) Xk: nf{ w(u(ei(m), Bi(ONIfi(m, g (u(ei(m), Bi(1))) + &i(m, 1)]
o s (2.8)
= w(y ™ (n(m, )M, m) 7 Y [film, e (v (n(m, 1)) + gilm, 1))
i=1 t=ng
On the other hand, by the monotonicity of w and ™,
S ds Aqn(m, n)
W(n(m+1,n)) = W(n(m,n)) = < (2.9)

w(y=1(s)) ~ w(y " (n(m,n)))’

n(mn)
From (2.8) and (2.9), we have
W(n(m+1,n)) — W(n(m,n))
koot » (2.10)
<M, 1) 33 [film, 0 (v (1(m, 1)) + i (m, 1)]

i=1 t=ng

Page 4 of 11



Wang et al. Advances in Difference Equations 2011, 2011:41
http://www.advancesindifferenceequations.com/content/2011/1/41

for (m, n), (m + 1, n) € I;x J. Keeping n fixed and substituting m with s in (2.10),

and then summing up both sides over s from m to m - 1, we get

m—1n—1

k
W(n(m,n)) < W(n(mo,n)) +b(M,n) ) Z

i=1

M

[fi(s, e (v (n(s, 1)) + &ils, 1)]

%

o L

Mo

k m—1n—1
= W(a(M,n)) +b(M,n) > >3 [fi(s e (¥ (n(s,1) +&i(s: )] (2.11)
i=1 s=mgp t=ng
k m—1n—-1
< c(M,n) +b(M,n) Y D fils e (¥ (n(s 1))
i=1 s=mg t=ng
for (m, n) € Iyx J, where
k M—1n-1
c(M,n) = W(a(M, n)) +b(M,n) Y gi(s,1). (2.12)

i=1 s=mg t=ngp

Now, define a function I'(m, 1) by the right-hand side of (2.11). Clearly, I'(m, n) is
positive and nondecreasing in each variable, with I'(mo, 1) = ¢(M, n) > 0. Hence (2.11)
is equivalent to

n(m,n) < W=(I'(m,n)) (2.13)

for all (m, n) € Iy X JN, where N is defined in (2.5). By (H4) and the monotonicity
of ¢, ', W' and T, we have, for all (m, n) € Iy x Jn,

k n—1
AiT(mn) = b(M,n) Y Y film, (v (n(m, 1))
= Lo (2.14)
< b(M,mp(y (W (m,n))) DD film, ).
i=1 t=ng
On the other hand, by the monotonicity of ¢, ', and W, we have
(m+1,n)
®(C(m+1,n)) — &(C(m,n)) = ds
’ 4 - -1 -1
. (¥~ (W~1(5) 2.15)
AT (m, n)
ey~ (W=1(T(m,n))))’
From (2.14) and (2.15), we obtain
k n-1
O(I(m+1,n)) — ©(C(m,n)) <b(M,n) Y > fi(m,1) (2.16)
i=1 t=ngp

for (m,n), (m + 1,n) € Iy x Jn,. Keeping #n fixed and substituting m with s in (2.16),
and then summing up both sides over s from m1 to m - 1, we get

k. m—1n-1

®(I'(m,n)) < (I(mo,n)) +b(M,n) Y>> fi(s,1)
i=1 s=mg t=np

(2.17)

m—1 n—

k n—1
= ®(c(M,n)) +b(M,n) > YY" fi(s, 1)
i=1 t=ng

=1 s=mq t=

Page 5 of 11
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for (m,n) € Ipy X Jn,. From (2.12) and (2.17), we have

k m—1n-1
T(mn) <® ! <<I>(C(M, n)) +b(M,n) YY" > fils, t))

i=1 s=mg t=ngp

i=1 s=mg t=ng

k. M-1n-1
=o! |:<I>(W(a(M, n)+b(M,n) > >N ails, t)) (2.18)

k. m—1 n—1
+b(M,n) Y 3N fi(s, t):| :

i=1 s=mgp t=ng
From (2.7), (2.13), and (2.18), we get

u(mn) <y~ (n(m,n)) <y (W (m,n)))

< yHw o™ (@ (W(a(M, n)) o
k M—1 n—1
(M) Y Y D sils, t))
i=1 s=mq t=ng (2.20)

k m—1 n-—1
+b(M,n) Y Y Zﬁ(s,t)>“

i=1 s=mg t=ngp
for (m,n) € Iy x JN,. Let m = M, from (2.20), we observe that

E M—1n-1
3 s r))
=1

S=mg t=ng

u(M,n) < ¢! {w1 {@1 <CI> (W(a(M, n)) + b(M, n)

1

(2.21)

k- M—1n-1
(M, 1) YN fils, t)ﬂ }

i=1 s=myq t=ng

for all (M, n) € Ip, x JN,, where M; is defined by (2.5). Since M € Iy, is arbitrary,

from (2.21), we get the required estimate

k. m—1n-1
u(m,n) < ¢! {wl [cpl (cp (W(a(m, n)) +b(m,n) Y Y "> "gils, t))
i=1 $=mg t=ng
k m—1n-1
+ b(mn) Y YD fils, t)ﬂ }

i=1 s=mq t=ngp
for all (m, n) € Iy, X Jn, Theorem 1 is proved.
Theorem 2. Suppose (H, - Hs) hold and u(m, n) is a nonnegative function on I x ]
satisfying (1.2). Then
(@) if p1(n) = Po(log u), we have
u(m,n) <y~ [W (@7 (D1(m, n)))] (2.22)

Sor all (m,n) € Iy, x I,

(i7) if p1(u) < Py(log u), we have
u(m,n) <y H[W (@5 (Da(m, n)))] (2.23)
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for all (m,n) € Iy, x Jn, where

k. m—1n-1

Dj(m,n) : = ®;(W(a(m,n))) +b(m,n) Y>> [fi(s, 1) +&i(s, 1)];

i=1 s=mg t=ngp

. (2.24)
ds . .
Oi(r): = / (U (W1(5)) forr > 0; ®;(0):= rlir(r)l+ @;(r);

1
j=1,2 (My, Ny) is arbitrarily given on the boundary of the planar region

Ry :={(m,n) eI x]:Dy(m,n) € Dom(®;"), &' (D1 (m,n)) € Dom(W~1)§2.25)
and (M3, N3) is arbitrarily given on the boundary of the planar region

Ry = {(m,n) €I x ] : Da(m,n) € Dom(®;"), ®, " (D2(m, n)) € Dom(W~1)§2.26)

Proof. (i) When ¢,(u) = ¢,(log u), from inequality (1.2), we have

k- m—1n—1

¥ (u(m,n)) < a(M,n)+b(M,n) Y>> w(u(ei(s), Bi(t))) 027
i=1 s=mg t=ng :

[fiCs, D (ulei(s), Bi(1))) + 8ils: )a (log(u(ei(s), Ai(1))))]

for all (m, n) € Iyx J, where my < M < M, is chosen arbitrarily. Let Z(m, n) denote
the right-hand side of (2.27), which is a positive and nondecreasing function in each
variable with E (mq, n) = a(M, n). Hence (2.27) is equivalent to

u(m, n) < ¥ Y(E(m,n)). (2.28)

By (H4) and the monotonicity of w, ¥, and Z, we have, for all (m, n) € Iyx J,

k n-1

AyE(m,n) =b(M,n) > > w(u(eu(m), Bi(t)))

i=1 t=np
[him, @1 (u(ei(m), Bi(1))) + &i(m, ©)pa (log(u(ei(m), Bi(1))))]
et (2.29)
< b(M,n)w (v~ (E(m, n)))
k n—1

YOS fim e (v (E(m, 1)) + &i(m, s (log(w " (E(m, 1))))]

i=1 t=ng

for all (m, n) € Iyx J. Similar to the process from (2.9) to (2.11), we obtain

k m—1 n—1
W(E(m,n)) < W(E(mo,n)) +b(M,n) > > > " [fi(s, )1 (¥ (E(s,1)))

i=1 s=my

+8i(s, )¢z (log(y 1 (E(s,1))))]
k. m—1n-1

= WM )+ (M) 303 Y[ e EE D)
i=1 $=mg t=ng :

+8i(s, 2 (log(v 1 (E(s,1))))]
< W(a(M, n))

k m—1 n—1

+b(Mn) YN Y [fils )+ &ils )] er (¥ (E(s 1))

i=1 s=mg t=ng

Page 7 of 11
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for all (m, n) € Iyx J. Now, define a function ®(m, n) by the right-hand side of
(2.30). Clearly, ®(m, n) is positive and nondecreasing in each variable, with ®(m,, 1) =
W (a(M, n)) > 0. Thus, (2.30) is equivalent to

E(m,n) < W H®(m,n)) V (mn)elyx]n, (2.31)

where N, is defined by (2.25). Similar to the process from (2.14) to (2.18), we obtain

1n-1

S S 0650 16 m)

s=mg t=ng

1

k
O(mn) < d>f1 <d>1(®(mo,n))+b(M,n)
o (2.32)
- o) <q>1(w<a(M, m)) + b, m) 3 3 S If(s 1) + it t)])

i=1 s=mg t=n

—_

for all (m,n) € Iy x Jn,- From (2.28), (2.31), and (2.32), we conclude that

u(mn) < YU (E(mn)) <y~ (W(O(m,n)))
(2.33)

IA

k m—-1n—1
i=1

>3l 0 + sits r)n)}

s=mg t=ngp

Yyl [w—l <<l>1_1(<1>1(W(a(M,n))) +b(M,n)
for all (m, n) € Iy X JN,. Let m = M, from (2.33), we get

k. M—1n-1
u(M,n) <y [Wl (q’l](q’l(w(ﬂ(M:")) +b(M ) YYD Uil 1) + gils, t)l))} - (2.34)
i=1 s=mq t=ng
Since M € Iy, is arbitrary, from inequality (2.34), we obtain the required inequality in
(2.22).
(ii) When ¢1(u) < ¢o(log u), similar to the process from (2.27) to (2.30), from
inequality (1.2), we have

k. m—1n-1

W(E(m, n)) < W(a(M,n)) +b(M, 1) YY" > " [fi(s,1) + &ils, )] 02 (¥ (E(s5,1)))  (235)

i=1 s=mq t=ng

for all (m,n) € Iy x J, M € Iy, where Ms is defined in (2.26). Similar to the process
from (2.30) to (2.34), we obtain

k. M—1n-1
u(M,n) < ¢! [w—l (dDZI(dDz(W(a(M, ) +b(M,n) Y Y Y [fils £) + &ils t)])>:| . (2.36)
i=1 s=mq t=ng

Since M € Iy, is arbitrary, from inequality (2.36), we obtain the required inequality in
(2.23).
Theorem 3. Suppose (H, - Hs) hold and that L, M € C(R3, R, )satisfy

0 <L(st,u)—L(s t,v) <M(s, t,v)(u—v) (2.37)

fors, t, u, ve Rowith u > v > 0. If u(m, n) is a nonnegative function on I x ] satisfy-
ing (1.3) then we have

u(mmn) < Y [WH(®;(E(m, n)))] (2.38)

for all (m,n) € Iy, X JN, where W is defined by (2.2),

D3(r) : forr>0; ®&5(0):= Tlir{){ d5(r), (2.39)

~ / ds
T vw)

Page 8 of 11



Wang et al. Advances in Difference Equations 2011, 2011:41 Page 9 of 11
http://www.advancesindifferenceequations.com/content/2011/1/41

k. m—1n—1

E(m,n): = ®3(F(m,n))+b(mn)> > "> [fi(s,)M(s,,0) +gi(s, 1)],
i=1 s=mg t=ng
k m—1n—1

F(mn): = W(a(m,n))+b(mn)Y > Y fi(s )L(s 1,0),

i=1 $=mg t=ng
and (My, Ny) € I x ] is arbitrarily given on the boundary of the planar region
R :={(m,n) € I x ] : E(m,n) € Dom(®3"), ®;' (E(m,n)) € Dom(W™')}. (2.40)

Proof. From inequality (1.3), we have

¥ (u(m n)) < a(M,n) +b(M, n) > w(uei(s), Bi(0))) [fils OL (s, 1, u(ei(s), Bi(1)))

k m—1n-1
=1 s=myg t=ng

(2.41)

1

+8i(s, Hu(ei(s), ﬂz(t))]

for all (m, n) € Iyx ], where my < M < M, is chosen arbitrarily. Let P (m, n) denote
the right-hand side of (2.41), which is a positive and nondecreasing function in each
variable, with P(my, n) = a(M, n). Similar to the process in the proof of Theorem 2
from (2.27) to (2.30), we obtain

k m—1n—1

W(P(m,n)) < W(a(M,n)) +b(M,n) > > "> [fi(s, OL (s, t, " (P(s, 1))

i=1 s=myg t=ng

(2.42)
+&i(s, )y~ (P(s, 1))]

for all (m, n) € Iyyx J. From inequality (2.37) and (2.42), we get

k' m—1n-1

W(P(m,n)) < W(a(M,n)) +bM,n) > > "> fi(s, 1)L(s, £, 0)

i=1 s=mg t=ng

+b(M, n)

DO fils OM(s, 1,0) + &is, )] ¥ (P(s, 1))

k- m—1n-1
=1 S$=mg t=ng

for all (m, n) € Ipx J. Similar to the process in the proof of Theorem 2 from (2.30)
to (2.34), we obtain

k m—1n-1
u(m,n) <y~ [w—l <<1>31 @3 <W(a(M, n) +b(M, 1) > "> " fils (s, 1, 0))
i=1 s=mg t=ng

(2.43)

k m—1 n—1
+b(m,n) Z Z[fi(s, M(s, t,0) + gi(s, t)]))} .
=

i=1 s=mg t=np

Since M € ly, is arbitrary, where M, is defined in (2.40), from inequality (2.43), we
obtain the required inequality in (2.38).

3 Applications to BVP
In this section, we use our result to study certain properties of the solutions of the fol-
lowing boundary value problem (BVP):

{ Az (A1(¥(2(m,n)))) = F (m,n,z(a1(m), Bi(n)), z(e2(m), B2(n)), - .., z(cw(m), Br(n))), (3.1)

z(m, ng) = ai(m), z(mo, n) = ax(n), z(mo, o) = ai(mo) = ax(ng) = 0
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for m € I, n € ], where my, ny, my, n; € R, are constants, I := [mg, m;] N N,, ] :=
o, m] NN,, F: Ix ] xR\ S R, p: R > Ris strictly increasing on R, with w(0) = 0,
lw(r)| = w(|r|), and w(t) — o as t — oo; functions o;: I — I and B;: ] — ] are nonde-
creasing such that o(m) < mand B(n) <m, i=1,2,...,k |a1| : I >Ry, |as| : J> R
. are both nondecreasing.

We give an upper bound estimate for solutions of BVP (3.1).

Corollary 1. Consider BVP (3.1) and suppose that F satisfies

k
|[F(m, n,u1, uy, ..., ug)| < Zw(|u,—|)[f,-(m, ne(luil) +gi(m,n)], (mn)elx], (3.2)

i=1

where f;, g: I x ] > Roand w, ¢ € C°(R,, R,) are nondecreasing with w(u) > 0, ¢(u)
> 0 for u >0. Then, all solutions z(m, n) of BVP (3.1) satisfy

lz(m,n)| < ¢y ' (W (@' (A(m, n)))), (3.3)

for all (m,n) € Iy, X N, where

k m—1n—1 k. m—1n—1
A(m,n) == ® (W(z//(lal(m)l) + ¥ (laam)+ Y Y Y ails t)) DD filst)  (3.4)
i=1 s=mg t=ng i=1 s=mg t=ng

for all (m,n) € Iy, x In, with W, W, ®, ®'and My, Nyas given in Theorem 1.
Proof. BVP (3.1) is equivalent to
¥ (z(m, n)) = ¥(a1(m)) + ¥ (a2(n))

m—1n—1 ( )

+ ) N F(s tozlen(s), A1(0), 2(ea(s), Ba(t)), - - 2(e(s), Be(1)))

s=mg t=ng
By (3.2) and (3.5), we get

¥ (Iz(m, n)[)
< ¥(lar(m)l) + ¥ (laa(n)1)

m—1n—1

e 3 SR G (e (), A1 (0 2ea(s), Ba0)). - 2lens), (1)

s=mg t=ng

< ¥(lar(m)l) + ¥ (laz(n)1)

m—1n—-1 k

333 w(lzlenls), B [fi(s e llaleils), B(0))) + &i(s )]

s=mg t=ng i=1

Clearly, inequality (3.6) is in the form of (1.1). Thus the estimate (3.3) of the solution
z(m, n) follows immediately from Theorem 1.
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