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Abstract

This article studies the boundary value problems for the third-order nonlinear
singular difference equations

Adu(i—2) + ra(D)f (i, u(i)) =0, ie[2,T+2],

satisfying five kinds of different boundary value conditions. This article shows the
existence of positive solutions for positone and semi-positone type. The nonlinear
term may be singular. Two examples are also given to illustrate the main results. The
arguments are based upon fixed point theorems in a cone.
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1. Introduction
In this article, we consider the following dynamic equations:

Adu(i—2) + ra(D)f (i, u(i)) =0, ie[2,T+2], (1)

satisfying one of the following boundary value conditions:

u(0) =u(1) =u(T+3) =0, ()
u(0) = u(1) = Au(T +2) =0, 3)
u(0) = u(1) = A%u(T+1) =0, (4)
u(0) = A?u(0) = Au(T +2) = 0, (5)
Au(0) = A%u(0) = u(T +3) = 0, (6)

where a € C([2, T + 2], (0, + )).

The existence of positive solutions for nonlinear boundary value problems of differ-
ence equation have been studied by several authors. We refer the reader to [1-20] and
references therein. In [16], the authors studied the following boundary value problem:
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Au(i—2)+a(i)f(i,u(i)) =0, ie[2,T+2] (7)

satisfying one of the boundary value conditions (k) (k = 2, 3, ..., 6) with no singular-
ity. The Green functions are constructed carefully, and some verifiable criteria for the
existence of at least one positive solution and two positive solutions are obtained by
using fixed point theorem.

Recently, some authors studied semi-positone boundary value problem of difference
equations, for instance, see [17-20]

The author [17], studied the following second-order semi-positone boundary value
problems:

Au(i— 1)+ Af(u(i)) =0, ie[l, T]

u(0)=u(T+1)=0, ®)

where 4 > 0 is a parameter, with no singularity, and where f (¢, ) > -M with M
being a positive constant. They obtained nonexistence and multiplicity results on sub-
linear nonlinearities and an existence result on superlinear nonlinearities for (8),
respectively.

In [18], the authors are concerned with the discrete third-order three-point boundary
value problem:

A3u(i) = Ag(i)f (u(@), i=0,1,..,n—2,

u(0) = Au(p) = A’u(n—1) =0, ©

where f: (0, ) — (0, «) is a continuous function, and p and # are positive integers.
The existence of positive solutions corresponding to the first eigenvalue of the problem
is established, and an interval estimate for the first eigenvalue is obtained. In the non-
linear case, sufficient conditions for the existence and nonexistence of positive solu-
tions are obtained.

It is noted that the boundary value problem (1) with boundary value condition (k)
can be viewed as the discrete analogue of the following boundary value problems for
ordinary differential equation:

u® () + ra(t)f(t,u(t)) =0, te(0,1), (10)

respectively satisfying the following boundary value conditions

u(0) = /(0) = u(1) = 0, 11)
u(0) = u/(0) = /(1) = 0, (12)
u(0) = u/(0) = (1) = 0, 13)
u(0) = u"(0) =u'(1) = 0, (14)
u'(0) = u”(0) = u(1) = 0. (15)

In engineering, the equation (10) describes an elastic beam in an equilibrium state
both the ends of which are simply supported.
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Motivated by the results above mentioned, we study the boundary value problems
(1), in which nonlinear term may be singularity. In this article, we shall prove our two
existence results for the problem (1) using Krasnosel’skii’s fixed point theorem. This
article is organized as follows. In section 2, starting with some preliminary lemmas, we
state the Krasnosel’skii’s fixed point theorem. In Section 3, we give the sufficient condi-
tions which state the existence of multiple positive solutions to the positone boundary
value problem (1). In Section 4, we give the sufficient conditions which state the exis-

tence of at least one positive solutions to the semi-positone boundary value problem

(1).

2, Preliminaries
In this section, we state the preliminary information that we need to prove the main
results. From Definition 2.1 in [10], we have the following lemmas.

Lemma 2.1 u(i) is a solution of equation (1) with boundary value condition (k) if

only and if
T+2
u(i) = ) Gli,)aG)f (i uG)), i€ [0,T+3]; (16)
j=2

where k = 2, ..., 6, and
iy | OO0 0z <
2(i,s) i(i—1)(T+3—j)(T+4—j)
2(T+3)(T+2) 4
i(i—1)(T+3—)) _ (i—j)(;'—j+1), 0<j<i,

i<j<T+3;

.- _ 2(T+2)
Gs(i,j) = i(i—1)(T+3) T
2(T+2) ’ <J=< ;
i(i-1) _ (i=5)(i—j+1) o
Ga(i,j) = TR osj<i
4\1] i(i—1) i<j<T+3~
2 <j< ;
Gs(irj) - i(T+3—j)— (i—j)(;'—jﬂ)l 0<j<i
5 /] 1(T+3—]), 15]5T+3/
(T+3-)(T+4—j) _ (i-)(i—j+1) .
Golird) =1 (rusiroas 2 o 0=j<i
(+_])2(+_])' i<j<T+3.

Lemma 2.2 [10] For k = 2, ..., 6, we have the conclusions:

0 < Gelirj) <), (i) €[0,T+3] x[2,T+2],

Ge(i,j) > Mrgr(G), (.j) €2, T+2] x[2,T+2],
where
20) = Ga(z()1), () = [T ) Ma = (.
80) = (T+37£)(]>1)’ M; = (T+1)2(T+2)’
8(j) = (2T+6_zj)(j_l)r My = (T+1)1(T+2)’
25(j) = (T+3—j)2(T+2+j), Ms = 2

T+2’
. T+3—j)(T+4—j
gG(]) = ( ])2( ])r MG = (TEZ)'
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From Lemma 2.2, it is easy to verify the following lemma.
Lemma 2.3 For k = 2, ..., 6, the Green’s function G(i, j) has properties

0 < Mohi(i)8(j) < Gr(i,j) < he(i), (i,j) € [0, T+3] x[2,T+2],
where Mo = 2123;16{1\4;;} and

ho(i) =i(i—1), M= ™

T (T+3)%
hs(i) = i(i—1), Mj= .,
ha() =i(i— 1), Mj= M.,
hs(i) = (T +3)i, M%=29,
he(i) = (T +4)(T+3 —i), M= .

For our constructions, we shall consider the Banach space E = C[0, T + 3] equipped

u € E e define a cone Py (k = 2, .., 6) by

with the standard normllull = omax. |”(i)
Py = {u € X|u(i) = Moh(i) lull, i€ [0,T+3]).

We note that u(i) is a solution of (1) with boundary value condition (k) (k = 2, ..., 6)
if and only if

T+2
u(i) = ) Ge(i,)aG)f G, u(j)- (17)
j=2
The following theorems will play major role in our next analysis.
Theorem 2.4 [21] Let X be a Banach space, and let P € X be a cone in X. Let Q;,
Q, be open subsets of X with 0 € Q; € Q; c Q, and let S : P — P be a completely
continuous operator such that, either

1 ||Sw]| < ||w]|, we P noQy, ||Sw|| = ||w||, we P N oQ,, or
2. [|Swl| = ||w]|, we PnaoQy, ||Sw|| < ||w]| we P n oQ,.

Then S has a fixed point in P N ,\;.

3. Singular positone problems
Theorem 3.1 Let us assume that the following conditions are satisfied,

(H1) fe C([2, T + 2] x (0, +0), [0, +0));

(H2) f (i, u) < K(i)(g(xe) + h(x)) on [2, T + 2] x (0, «) with g > 0 continuous and non-
increasing on (0, <), & > 0 continuous on [0, ~] and Z non-decreasing on (0, o), 3 Ky
with g(xy) < Kog(x)g(y) Vx > 0, y > 0;

(H3) There exists [, B] € [2, T + 2] such that lim inff(l;") =+oo for i € [a, B;

U—+00

and
(H4) There exists [o, B1] C [2, +2] such that lim inf /() = 400 for i e [ay, Bil.

Then for each r > 0, there exists a positive number A* such that the problem (1) with
boundary value condition (k) (k = 2, ..., 6) has at least two positive solutions for 0 <A

<A*.
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Proof. Now, we let k € [2,6] and define the integral operator T} : P, — E by

T+2
Tu(i) = 2 ) Gu(i,1)a()f G u(i)),
j=2
where Py = {u e X | u(i) = Mohi(i)||ul|, i € [0, T + 3]}.
It is easy to check that Ty(Py) € Pi. In fact, for each u € Py, we have by Lemma 2.2
that

T+2

Tu(i) < 2 ) ()aG)f (i, u(j))-

j=2

T+2
This implies [|Tiull < A Y g()a(i)f (u(j)). On the other hand, we have
j=2

Taui) = Mohk(i)xggkU)aU)fu, u(j)).
2

Thus we have Ty(Py) = Py. In addition, standard argument show that T} is completely
continuous.

For any r > 0 given, and take Q, = {u € E | ||u|| <r}. Choose

AF = r

K2g(Mo) Y- 8:)a()K () (i) (8(r) + h(r)) (18)
j=2

For u € P n 0Q,. From (H2) and (18), we have

T+2
Tai) =2 Gili, NaG)fGo u())
j=2
]T+2
<2y la(K()gu)(1 + 1)
j=2
T+2

<13 &aKGS Mol (G))(1 + 1)
j=2
T+2

< AK38(Mo) D 8(1)a()K(D(h(i))(8(r) + h(r))

j=2

<T.
Thus,
| Teull < ||ullforu € P, N 9L2;. (19)

Further, choose a constant M- > 0 satisfying that

B
AM* Moo OinKaTyi3{Z Gr(i, )aG)} > 1, (20)
Sishi3

where @ = argiga{hk(i)}.

Page 5 of 12
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iu)

From lim inff(u

Jim = +ocfor i € [o, B], namely (H3), there is a constant L >r such
"

that
fl, x) >M*x, Vx>1L, iela, B
Let R=r1+ Mﬁa and Qp = {u € E | ||u|| <R}. For u € P; N 9Q, we have that
u(i) = Mohi(i)llull = MoRhi(i) > MoRo > L, i€ [a,B].
It follows that
f(i, u(i)) = M*u(i) = M*MoRo, i€ [a, B].

Then, for u € P N 0Qp, we have

T+2

Tadl] =% max (> Gili, aG)f G u()))
j=2

B
> max {3 Gi(i, )a()f (o u(i)}
j=o

0<i<T+3

B
> A Gr(i, j)a(j)M*MoR
> oé?é’is{; e(i; f)a()M"MoRo)

5
> AM*M,R Guli, (i
> 0 aog_faés{j:za v (i, j)a()}
> R.

Therefore, by the first part of the Fixed Point Theorem 2.4, T has a fixed point u,
with 7 < ||uy|] < R.

Finally, choose a constant M- > 0 satisfying that

B
AM, Mo 05%3{2 Ge(i, ja()m()} > 1. (21)

j=on
By (H4), ie., uli)r& inff(j;u) = +00 for i € [0y, B;], there is a constant 6 > 0 and J <r
such that
fli, u) > M, Yu<$,i€lay, pi].
Let 7, = 3 and @, = {u € E| ||ul| <r1y). For u € P N <, we have
u(i) = Mohg(i)llull = Morsh(i).
It follows that

£, u(i)) = Mau(i) > M;Moryhi(i), i € [o1, Bi].

Page 6 of 12
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Then, for u € P, N 3£2,, we have

T+2

Tl = Aoénifaﬁa{; Gilii 1)aG)f G u(i))

B
z % max (3 Guli, JaG)f G u(i)))

0<i<T+
J=c

B
> A max3{z Gr(i, j)aG)MMorhr(j)}

0<i<T+
J=a

B
> AM. Mot 035%3{_2 Gr(iv j)a() (7))
]

=

= Ty

Therefore, by the first part of the Fixed Point Theorem 2.4, T has a fixed point u;
with r- < ||u;]| < r. It follows from (19) that ||u;]|| = 7.

Then for each r > 0, there exists a positive number A* such that the problem (1) with
boundary value condition (k) (k = 2, ..., 6) has at least two positive solutions u,, (n = 1,
2) with 7« < [|uy|| <r < ||uz|| € R for 0 <A <A*.

This completes the proof of the theorem.

From the proof of Theorem 3.1, we have the following result.

Corollary 3.2 Assume that (C1)-(C2) hold. Further, suppose that (H1)-(H3) are
satisfied. Then for each r > 0, there exists a positive number A* such that the problem
(1) with boundary value condition (k) has at least one positive solution for 0 <A <A*.

Corollary 3.3 Assume that (C1)-(C2) hold. Further, suppose that (H1)-(H2) and (H4)
are satisfied. Then for each r > 0, there exists a positive number A* such that the problem
(1) with boundary value condition (k) has at least one positive solution for 0 <A <A*.
ff(zu)

Remark Condition (H3) shows that f have the property ulimm in =+o0forie [a,

Bl; condition (H4) shows that f have the property ulirgl inf/ 0" = 400 for i e [a, Byl

u

Example 3.1 Consider the boundary value problem:
—A3u(i—2) = ra(i)(c()u~® + d(i)ub(sin*u + 1)), ie[2, T+2], (22)
with boundary value condition (k), where 0 <a < 1 <b are constants, and

L [1ie[2 1) L [0ie[2, T-2]
(i) = {O,ie (r+1, T+2], 0= {1,16 [T—2, T+2].

Then for each r >, there exists a positive number A* such that the problem (22) has
at least two positive solutions for 0 <A <A*.
In fact, it is clear that

£, u) = c(i)u= +d(i)u(sin’u + 1)
and

lim J(iru)
u—0+ u

f(iu)

= +oo for [a, B] =[2, T] C[2, T+2];

lim
u—+00

=+oo for [ay, B =[T—2, T+2]C[2, T+2].

Page 7 of 12
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Let K(i) = 1, g(u) = ™ and h(u) = 2u®, we have
fGi u) = K(i)(8(u) + h(u)), K(i) =1
and g > 0 continuous and non-increasing on (0, «), # > 0 continuous on (0, «) and
;’ = 2y+b non-decreasing on (0, «); Ky = 1 with g(xy) = g(x)g(y) < Kog(x)g(y) Vx > 0, y
> 0;
Then, by Theorem 3.1, for each r > 0 given, we choose
e M?)T“a
T+2 . . —ayr: '
(1+2r%P) Z;_ 8 ()a()h, ()
]:

such that the problem (22) has at least two positive solutions for 0 <A <A*.

4. Singular semi-positone problems
Before we prove our next main result, we first state a result.

Lemma 4.1 The difference equation

—A3u(i—2) = ra(i)e(i), ie[2, T+2], (23)
with boundary value condition (k) has a solution w with w(#) < cohi(i), where
T+2
Co = Zz a(je(j).
j=

In fact, from Lemma 2.1, equation (23) has the solution:

T+2

w(t) = 22: Gr(i j)a(j)e()-
P

According to Lemma 2.3, we have

T+2

w(t) < hi(i) 22: a(j)e(j) = cohr(i)-
-

Theorem 4.2 Assume that the following conditions are satisfied:

(B1) f: [2, T + 2] x (0, ) — R is continuous and there exists a function e € C([2, T
+ 2], (0, +o0)) with f (i, u) + e(i) = 0 for (i, u) € [2, T + 2] x (0, «);

(B2) f* (4, u) = f(i, u) + e(i) < K(i)(g(u) + h(x)) on [2, T + 2] x (0, «) with g > 0 con-
tinuous and non-increasing on (0, =), # > 0 continuous on [0, «) and Z non-decreasing
on (0, «);

(B3) 3 Ko with g(xy) < Kogl(x)g(y) Vx > 0, y > 0;

(B4) There exists [e, ] € [2, T + 2] such that uLiIPoo inf/ (Z”) =+oo for i e [o, .

Then for each r > 0, there exists a positive number A* such that the problem (1) with
boundary value condition (k) has at least one positive solution for 0 <A <A*.

Proof. To show (1) with boundary value condition that (k) has a non-negative solu-

tion, we will look at the equation:
—N3y(i —2) = 2a(i)f* (i, y(i) — @(i)), i€[2, T+2], (24)

with boundary value condition (k), where ¢(i) = Aw(i); w is as in Lemma 4.1.

Page 8 of 12
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We let fixed k € [2,6]. We will show, using Theorem 2.4, that there exists a solution
y to (24) with y(i) >¢(i) for i € [2, T + 2]. If this is true, then u(i) = y(i) - ¢(i) (0 < i <
T + 4) is a non-negative solution (positive on [2, T+2]) of (1), since

—Nu(i—2) = =A(p(i-2) - ¢(i—2))
= ra(i)f*(i, y(i) — ¢(i)) — ra(i)e(i)
= xa()[f (i, y(i) — ¢(i)) + e(i)] — Aa(i)e(i)
= ra(i)f (i, y(i) — (1))
= xa(i)f(i, u(i)), ie[0, T+4].
Next let Ty : K — E be defined by

T+2
(Ter) (i) = 2 )~ Gliv ))aG)f*(s,¥(s) = ¢(s)), 0 <i<T+3.

j=2

In addition, standard argument shows that Tx(Px) € P and T is completely
continuous.

For any r > 0 given, let

Q ={yeEl Il <1}

and choose

(25)

Mor T
A*:min{ 0 },

260" Kaao(g(r) + h(r))
where a0 = g(*4) Y- GJaIKG)g(huG)
We now show tha]{

NTeyll < llylifory € P N 0K, (26)

To see this, let y € P n 9Q,. Then ||y|| = r and y(¢) = Moh(i)r for i € [0, T + 3].
For ie [0, T + 3], the Lemma 4.1 and (25) imply that

y(i) — (i) > Morhy(i) — Acohi(i) > (Mor — Aco)hi(i) > M;rhk(i) >0,

and hence, for i € [0, T + 4], we have

T+2
(M) =2 Gl aG)f G v(G) — ¢ ()
j=2
JT+2
<2y gaG)KG)IEWG) — () +h(v() — ()]
j=2
;+2 . .
=2 > 2(a(IKGG) — e()IL + mri=eid)
j=2
]T+2
<) 8K ()11 + 1 yds
j=2
] T+2
< AK3g("0)(8(r) + h(1) Y 8(i)al)K()g(he(i))
j=2

= )»Kgao(g(r) +h(r)) <r.

This yields ||Twy|| < r = ||y||, and so (26) is satisfied.
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Further, choose a constant M* > 0 satisfying that

My
Mo max {Z Gr(i, ja()} > 1, (27)

_ min (h(i

where arglfr}g{ k(1)},

By (B4), there is a constant L > 0 such that
f (i, x) = M*x, Vx>1L,iela, B]

LetR=r+ Mz(fg and Qr = {y e E| ||y|| <R}

Next we show that

Tyl = [lyIl fory € PN 9. (28)

To verify this, let y € Pr N dQr. Then have
) ; ) LM L. M )
(i) — (i) = Mohy(D)Ilyll — Acohr (i) = 20th(1) > 20RG >L i€la Bl

It follows that, for y € Py N 0Qp, we have

0

F(010) — 90) 2 M) — 0(i)) = M* X Ro, i€ o, Bl

Then, we have

T+2

ITipll =4 max {ch(z, Na)f*G.v() — ¢ ()}

> max {Z Gr(i, )aG)f* G y() — ¢())}

0<i<T+3

> A max {ch(l, ja()M* M Ro'}

0<i<T

0<i<T+3

> AM*MURU max {Z Gr(i, j)a()}

> R.

This yields ||Tw|| = ||y]|, and so (28) holds.
Therefore, by the first part of the Fixed Point Theorem 2.4, T} has a fixed point y
with 7 < ||y|| £ R. Since

y(i) — ¢(i) = Mohy(i)r — Acohr(i) = (Mor — Aco)he(i) > 0, i€[0, T+3].
In other words, u = y - ¢ is a positive solution of the problem (1) with boundary
value condition (k).

This completes the proof of the theorem.
Example 4.1. Consider the boundary value problem:

CAR(i— 2) = Aa(i)(u + (i) — sin(iu+i2)) =0, ie[2, T+2], (29)
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with boundary value condition (k). Where 0 <a < 1 <b are constants and

N | Liel2, T]
o(i) = {0, other.

Then for each r >, there exists a positive number 1* such that the problem (29) has
at least one positive solution for 0 <A <A*.
To verify this, we will apply Theorem 4.2 (here A* > 0 as will be chosen later). Let

f(i, u) = u=+c(i)ub — sin(iu + ié),
then condition (B1) holds. Next, we let
gw)=u h(u)=u’+2, K(i)=1, e(i) =1, Ko = 1.
It is clear that 0 < f (i, u) + e(i) < K(i)(g(u) + h(u)), gxy) < Kog(x)g(y), and

lim inf/%) = 400, i e [0, B] = [2, T] € [2, T + 2] hold, i.e., conditions (B1)-(B4)

U—+00

hold. Thus, all the conditions of Theorem 4.2 are satisfied.
For each r > given, let

A*=min{ Czr, ’ },
2¢0C1 Koao(g(r) + h(r))
where
T+2 ) Mo T+2 . o
o=y a(j), ao=g( 5 ) > geiaG)h* ).
j=2 j=2

Now Theorem 4.2 guarantees that the above equation has positive solution for 0 <A

<A*.
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