Wang et al. Advances in Difference Equations 2011, 2011:25 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2011/1/25 a SpringerOpen Journal

RESEARCH Open Access

Abstract fractional integro-differential equations
involving nonlocal initial conditions in a-norm

Rong-Nian Wang’, Jun Liu and De-Han Chen

* Correspondence: rnwang@mail.
ustcedu.cn

Department of Mathematics,
NanChang University, NanChang,
JiangXi 330031, People’s Republic
of China

@ Springer

Abstract

In the present paper, we deal with the Cauchy problems of abstract fractional
integro-differential equations involving nonlocal initial conditions in a-norm, where
the operator A in the linear part is the generator of a compact analytic semigroup.
New criterions, ensuring the existence of mild solutions, are established. The results
are obtained by using the theory of operator families associated with the function of
Wright type and the semigroup generated by A, Krasnoselkii's fixed point theorem
and Schauder’s fixed point theorem. An application to a fractional partial integro-
differential equation with nonlocal initial condition is also considered.
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1 Introduction

Let (A, D(A)) be the infinitesimal generator of a compact analytic semigroup of
bounded linear operators {T(£)},»o on a real Banach space (X, ||-||) and 0 € p(A).
Denote by X, the Banach space D(A%) endowed with the graph norm ||u||y = ||A%u||
for u € X,. The present paper concerns the study of the Cauchy problem for abstract
fractional integro-differential equation involving nonlocal initial condition

“DIu(t) = Au(t) + F(& u(0) s ()
+{K(t —5)G(s, u(s), u(ka(s)))ds, te[0,T], (L.1)
u(0) + H(u) = uo

in X, where CDf, 0 <B < 1, stands for the Caputo fractional derivative of order J3,
and K : [0, T] = R", k1, ko : [0, T] =[0, T), F, G: [0, T] x X4 x Xo = X, H : C([0, T);
Xq) = X, are given functions to be specified later. As can be seen, H constitutes a
nonlocal condition.

The fractional calculus that allows us to consider integration and differentiation of
any order, not necessarily integer, has been the object of extensive study for analyzing
not only anomalous diffusion on fractals (physical objects of fractional dimension, like
some amorphous semiconductors or strongly porous materials; see [1-3] and references
therein), but also fractional phenomena in optimal control (see, e.g., [4-6]). As indi-
cated in [2,5,7] and the related references given there, the advantages of fractional
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derivatives become apparent in modeling mechanical and electrical properties of real
materials, as well as in the description of rheological properties of rocks, and in many
other fields. One of the emerging branches of the study is the Cauchy problems of
abstract differential equations involving fractional derivatives in time. In recent dec-
ades, there has been a lot of interest in this type of problems, its applications and var-
ious generalizations (cf. e.g., [8-11] and references therein). It is significant to study
this class of problems, because, in this way, one is more realistic to describe the mem-
ory and hereditary properties of various materials and processes (cf. [4,5,12,13]).

In particular, much interest has developed regarding the abstract fractional Cau-
chy problems involving nonlocal initial conditions. For example, by using the frac-
tional power of operators and some fixed point theorems, the authors studied the
existence of mild solutions in [14] for fractional differential equations with nonlocal
initial conditions and in [15] for fractional neutral differential equations with nonlo-
cal initial conditions and time delays. The existence of mild solutions for fractional
differential equations with nonlocal initial conditions in a-norm using the contrac-
tion mapping principle and the Schauder’s fixed point theorem have been investi-
gated in [16].

We here mention that the abstract problem with nonlocal initial condition was first
considered by Byszewski [17], and the importance of nonlocal initial conditions in dif-
ferent fields has been discussed in [18,19] and the references therein. Deng [19], espe-
cially, gave the following nonlocal initial values: H(u) = 30, Ciu(t;), where C; (i = 1,
..., p) are given constants and 0 <¢; < - <t,.1 <t, < +  (p € N), which is used to
describe the diffusion phenomenon of a small amount of gas in a transparent tube. In
the past several years theorems about existence, uniqueness and stability of Cauchy
problem for abstract evolution equations with nonlocal initial conditions have been
studied by many authors, see for instance [19-28] and references therein.

In this paper, we will study the existence of mild solutions for the fractional Cauchy
problem (1.1). New criterions are established. Both Krasnoselkii’s fixed point theorem
and Schauder’s fixed point theorem, and the theory of operator families associated
with the function of Wright type and the semigroup generated by A, are employed in
our approach. The results obtained are generalizations and continuation of the recent
results on this issue.

The paper is organized as follows. In Section 2, some required notations, definitions
and lemmas are given. In Section 3, we present our main results and their proofs.

2 Preliminaries
In this section, we introduce some notations, definitions and preliminary facts which
are used throughout this work.

We first recall some definitions of fractional calculus (see e.g., [6,13] for more
details).

Definition 2.1 The Riemann-Liouville fractional integral operator of order § > 0 of
function f is defined as

1

10 = s

[ =57t
0
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provided the right-hand side is pointwise defined on [0, «), where T'(-) is the gamma
function.

Definition 2.2 The Caputo fractional derivative of order § >0, m - 1 < <m, me N,
is defined as

‘DPf(t) = " PD"f(¢) = F(ml_ 8) f (t—s)"F=1D"f(5)ds,
0

where D} := g;and fis an abstract function with value in X. If 0 < < 1, then

v 1 [ f)
Df(t)—l.,(l_ﬂ)o (-9

Throughout this paper, we let A : D(A) — X be the infinitesimal generator of a com-
pact analytic semigroup of bounded linear operators {7(f)};»0 on X and 0 € p(A),
which allows us to define the fractional power A” for 0 < & < 1, as a closed linear
operator on its domain D(A%) with inverse A™.

Let X, denote the Banach space D(A%) endowed with the graph norm ||u||s = ||
A%|| for u e X, and let C([0, T];X,) be the Banach space of all continuous functions

from [0, 7] into X, with the uniform norm topology
[ule = sup{ll u(t)lla, t € [0, T]}.
L (X) stands for the Banach space of all linear and bounded operators on X. Let M
be a constant such that
M =sup{l| T()llz(x), t € [0, 00)}.
For k > 0, write
Or = {u € C([0, T|; Xy ); lula < k}.

The following are basic properties of A%
Theorem 2.1 ([29], pp. 69-75)).

(a) T(t) : X > X, for each t > 0, and A“T(t)x = T(t)A% for each x € X, and t > 0.
(b) A°T(¢) is bounded on X for every t > 0 and there exist My > 0 and & > 0 such
that

M
NA*T()ll ey < taae“”.

(c) A"%s a bounded linear operator in X with D(A%) = Im(A™®).
(d) If 0 <oty < 0y, then X, X X,

Lemma 2.1. [27]The restriction of T(t) to X, is exactly the part of T(t) in X, and is
an immediately compact semigroup in Xo, and hence it is immediately norm-

continuous.
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Define two families {Sg(t)}i>0 and {Ps(t)}i=0 of linear operators by
o0 o0
Sp(t)x = [ Wg(s)T(Ps)xds,  Pg(t)x = [ BsWg(s)T(Ps)x ds
0 0
forx € X, t > 0, where

Up(s)= 3 (=)

B 5 sin(nzB), se (0,00)

n—1 F(l + ﬂn)
n!

is the function of Wright type defined on (0, e) which satisfies

Wg(s) >0, se(0,00), [ Wg(s)ds =1, and
0

r+¢)
r(1+82)

00 (2.1)
[ sEWg(s)ds = ¢ €(—1,00).

0

The following lemma follows from the results in [15].
Lemma 2.2. The following properties hold:

(1) For every t > 0, Sg(t)and Pg(t)are linear and bounded operators on X, i.e.,

M
I Sp@xli=Mlxll, NI Pp(t)x =< F(f+ﬁ) x|

forallx e X and 0 < ¢t < oo.
(2) For every x € X, t — Sg(t)x, t — Pg(t)xare continuous functions from [0, )
into X.
(3) Sp(t) and Pg(t)are compact operators on X for t > 0.
(4) For all x € X and t € (0, =), |A*Pg(t)x || <C,t7% || x|, where

_ MBr(2—a)
Ca T r(1+8(1—«))’

We can also prove the following criterion.

Lemma 2.3. The functions t — A*Pg(t) and t — A*Sg(t) are continuous in the uni-
form operator topology on (0, +o°).

Proof. Let ¢ > 0 be given. For every r > 0, from (2.1), we may choose d;, d, > 0 such
that

M, % e My ® e
rag Of\IJﬁ(s)s“"ds = ragaflllﬁ(s)s“"ds = (2.2)
2

Then, we deduce, in view of the fact £t - A%T(¢) that is continuous in the uniform
operator topology on (0, «) (see [[30], Lemma 2.1]), that there exists a constant J >

such that
[
/ W,g(S)‘A"T(tfs) — 47T (i) Hﬁ(x)ds < ; (2.3)

81

for t1, £, = rand |t - L] <O.
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On the other hand, for any x € X, we write
Ul
Sp(t1)x — Sp(t2)x = Ws(s) (T (fs) x— T (fs) x) ds
s = Spleh= [ ﬂs()((l) (¢55) %)
2
+ [ W(s) (T (Fs) x — T (s) x) ds
J () (7 (dfs) e =7 (225) )
o0
+ [ We(s)(T(ef s)x — T(t55)x)ds.
L3
Therefore, using (2.2, 2.3) and Lemma 2.2, we get
| A% Sp(t1)x — A*Sp(12)x
1
o B o B
</ () (‘A T (s) AT (is) ”L(X) x| ds

+7\IJ (s) I A“T(tﬁs) — A*T <tﬂs) Iz | x1d
B 1 2 x) ” S
81

+ ]o W (s) (‘ AT (tfs) ”L(X)) I x|l ds

oo
£(x)

a B
AT (tl S) ”L(X) " ‘

5,
5
2M, Y
<o [ WO I ds
0
8
+/\pﬁ(s)HT<t'fs) —1(ds)| s
L(X)
o1
M o0
2 _
+ r"‘; Wg(s)s™® [l x || ds
5
<elxl,

that is,

| A%Sg(t1) —A*Sp(t2) | <&, forty, t >rand |ty —t;| <§

which together with the arbitrariness of r > 0 implies that A*Pg(t) is continuous in
the uniform operator topology for £ > 0. A similar argument enable us to give the
characterization of continuity on A*Pg(t). This completes the proof. ®

Lemma 2.4. For every t > 0, the restriction of Sg(t)to X,, and the restriction of Pg(t)to

Xo, are compact operators in X.

Proof. First consider the restriction of Sg(t) to X,. For any » > 0 and ¢ > 0, it is suffi-
cient to show that the set {Sg(t)u; u € B, lis relatively compact in X, where B, := {u

Xos ||t]]e < 13-

Since by Lemma 2.1, the restriction of 7(¢) to X, is compact for ¢ > 0 in X, for each

t>0andee (0, 1),

{}O\I’ﬁ(s)T (tﬁs) uds;u € BT}

= {T (tPe) ?Wﬁ(s)T (tPs —tPe)udsiu € BT}

Page 5 of 16



Wang et al. Advances in Difference Equations 2011, 2011:25
http://www.advancesindifferenceequations.com/content/2011/1/25

is relatively compact in X,,. Also, for every u € B,, as
o0
/\I/ﬁ(s)T (¢Ps)uds — Sg(t)u, &— 0

&

in X,, we conclude, using the total boundedness, that the set {Sg(t)u; u € B;} is
relatively compact, which implies that the restriction of Sg(t) to X, is compact.
The same idea can be used to prove that the restriction of Pg(t) to X,, is also com-
pact. ®

The following fixed point theorems play a key role in the proofs of our main results,
which can be found in many books.

Lemma 2.5 (Krasnoselskii’s Fixed Point Theorem). Let E be a Banach space and B
be a bounded closed and convex subset of E, and let F,, F, be maps of B into E such
that Fix + Fyy € B for every pair x, y € B. If F| is a contraction and F, is completely
continuous, then the equation Fix + Fox = x has a solution on B.

Lemma 2.6 (Schauder Fixed Point Theorem). If B is a closed bounded and convex
subset of a Banach space E and F : B — B is completely continuous, then F has a fixed
point in B.

3 Main results
Based on the work in [[15], Lemma 3.1 and Definition 3.1], in this paper, we adopt the
following definition of mild solution of Cauchy problem (1.1).

Definition 3.1. By a mild solution of Cauchy problem (1.1), we mean a function u €
C([0, T1; Xy) satisfying

u(t) = Sp(1)(uo — H(u)) + { (t =)' Py (t = s)(F(s, u(s), ulxi (5)))

+fSK(s —1)G(7, u(t), u(x2(r)))dr)ds
0

forte [0, T].

Let us first introduce our basic assumptions.

(Ho) K1, k3 € C([0, T]; [0, T]) and K € C([0, T1; RY).

(Hy) F, G: [0, T] x Xy x X, > X are continuous and for each positive number k €
N, there exist a constant ye [0, B(1 - &) and functions ¢(-) € LY7(0, T; R*), @x(")
e L7(0, T; R*) such that

sup || F(t,u,v) | < @e(t) and  liminf R C N
llulle, Ivlle <k k—+00 k
sup | GLuw) |l <u(t) and Timinf ! PIOD _ o o

lulle, Ivlla =<k k—+00

(Hy) F, G: [0, T] x X, x X, > X are continuous and there exist constants Lp, Lg
such that

| F(t,u1,v1) — E(t uz, v2) | < Le(ll 1 — talla+ | i — v2lla),
| G(t,ur, 1) — G(t, uz, v2) || < La(ll v1 — uzlle+ I 1 — v2lla)

Page 6 of 16
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for all (¢, uy, v1), (¢ uy, vo) € [0, T] x Xy x X,

(H3) H: C([0, T]; X,) — X, is Lipschitz continuous with Lipschitz constant L.
(Hy) H: C([0, T]; X,) — X, is continuous and there is a 1 € (0, T) such that for
any u, w e C([0, T); X,,) satisfying u(t) = w(t)(t € [n, T]), H(x) = H(w).
(Hs) There exists a nondecreasing continuous function ® : R™ — R* such that for
all u e O

| Hu)lloe < ®(k), and liminf cbl(zk) =@ < oo.

k—+00

Remark 3.1. Let us note that (Hy) is the case when the values of the solution u(t) for t
near zero do not affect H(u). We refer to [19]for a case in point.

T
In the sequel, we set k := / K(t)dt. We are now ready to state our main results in
0

this section.
Theorem 3.1. Let the assumptions (Hy), (H,) and (Hs) be satisfied. Then, for uq €
Xg the fractional Cauchy problem (1.1) has at least one mild solution provided that

1—y >1y CaoJe‘T(l’“)ﬂ (3.1)

(1-a)f—vy (1-a)p

Proof. Let v e C([0, T]; X,,) be fixed with |v|, = 0. From (3.1) and (H)), it is easy to
see that there exists a ky > 0 such that

ML + Cyo T~y (

1- =
M(ll tolle + Litko+ || H(v)lla) + Ca<(1 —a) ;’ B y) T | o [l (0,79
C kT(1-2)B
~ < kp.
+ (1—a)B | @nollLo,ry < ko

Consider a mapping I" defined on ®y, by

(Tu)(t) = Sp(1)(uo — H(u)) + ,Of (t = )P 7' Py (t = 5) (F(s, u(s), uk1 (5)))
+fs K(s — 7)G(z, u(t), u(k2(z)))dr) ds
0
— (T (D) + (Do) (1), L€ [0,T].

It is easy to verify that (Tu)(-) € C([0, T1; X,) for every u € ®y,. Moreover, for every
pair v,u € O, and ¢ € [0, T], by (H;) a direct calculation yields

I (T1w) (1) + (Fau) (1) e

< I Sp(t)(uo — H())llee + { (= 9)""" 11 A*Pp(t = 5)ll, | F(s u(s), u(k1(5)))
+fSK(s — 1) G(t,u(t), u(kz(r)))dr || ds

< M tolla + Lisko+ || H(v) )
£Co [ (=5 (1 (5) + T 1l g o))

< M1l tolla + Liskos || FH(v) )

+ 1= -
Co T(-f=7 || T
((1 —a)p - y) I 9ol oy

C, kT(1-2)B

(1—a)B I @1y llze0,1)

< k.
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That is, I'1v + T'ou € Oy, for every pair v, u € O, Therefore, the fractional Cauchy
problem (1.1) has a mild solution if and only if the operator equation I'ju + I'u = u
has a solution in O,

In what follows, we will show that I'; and I'; satisfy the conditions of Lemma 2.5.
From (H53) and (3.1), we infer that I'; is a contraction. Next, we show that I'y is com-
pletely continuous on £2g,.

We first prove that I'y is continuous on ®y,. Let {un}52; C O, be a sequence such
that u,, > u as n — o in C([0, T]; X,). Therefore, it follows from the continuity of F,
G, k1 and k4 that for each t € [0, T,

F(t, un (1), un(x1(t))) = F(t, u(t), u(x1(t))) asn— oo,
G(t, un(t), un(x1(t))) = G(t, u(t), u(ka2(t))) asn— oo.

Also, by (H;), we see
f( P E(s i (5), (e () — E(s u(s), uir () ] s

(t— s)ﬁ 1= “ﬂgak (s)ds

t
2/
0
1-y
) <(l—a)ﬂ y) T 0 ol oy

=

/\

and

t

J (6= P77 TR(s = 1) | Ge, wn(t), un(k2(1)))
’ —G(r,u(t)o, u(ka2(7))) |l drds
< 2k || i, llie(o,m) J (¢ —s)P 1" ds
2kT(1-)8
< (1—a)p I @o Il 0,1y

Hence, as

I (Caun)(t) — (T2u) () o
< C, [(t=35)"""" | F(s, un(s), un(x1(5))) — F(s, u(s), u(ki(s))) Il ds
0

t s
+Co [ (t=35)" 77 [K(s = 7) || G(z, tn(T), un(k2(7)))
0 0
—G(7,u(r), u(xk2(r))) Il drds,
we conclude, using the Lebesgue dominated convergence theorem, that for all £ € [0,
1],
I (T2un)(t) = (T2u) ()l — O, asn — oo,

which implies that
[Tou, —Touly — 0, asn— oo.

This proves that I'y is continuous on ®p,.
It suffice to prove that I'y is compact on €2, For the sake of brevity, we write

t

N(t,u(t)) = E(t, u(t), u(i1 (£))) +/K(t — 7)G(r, u(t), u(k2(1)))dr.

0

Page 8 of 16
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Let t € [0, T] be fixed and ¢, &, > 0 be small enough. For u € 2, we define the map
| R by

t—e o0

(Fs,slu)(t) _ / /ﬁTWﬁ(T)T((t _ 5)/3'[)/\/'(5, u(S))deS
0 &

t—e o0

:T(sﬁsl)//ﬁr\llﬁ(r)T((t—s)ﬂr—sﬂsl)N(s,u(s))drds.
0 &

Therefore, from Lemma 2.1 we see that for each ¢t € (0, T], the set

{T&*1u)(t); u € Q,} is relatively compact in X,,. Then, as

I (thu)(t) — (T u) ()l
fflﬁr(t—s)ﬁfl\ll,g(t)T((t—s)f’t)/\/'(s, u(s))dtds‘
00

<

o

+

V /,fﬁ(t—s)ﬂ—lwﬂ(r)T((t—s)ﬂr)N(s,u(s))drds

—€& &1 o

rt ~ €1
< BMq | [ (£ = 5)PU7 7 (@ (5) + & Il g llz(o,m))ds [ 7' W (x)de
LO 0

t ~ o]
+ [ (=P (g (5) + R 1| g le(o,my)ds [ rl—wﬂ(r)dr}
&1

i“e
= ﬂMaA_((l _la—);_ y)lfyT(lfa)ﬁ—y I 9t Il (o1
+ ?fi_:;; | Pr, ||L°°(O,T):| Ztl‘“\yﬁ(r)dz
ooy [(a =) it
(1 —)B Il e Nl (0,178~

— 0 ase e — 0F

in view of (2.1), we conclude, using the total boundedness, that for each ¢t € [0, T,
the set {T"ou)(¢t); u € Q4,} is relatively compact in X,
On the other hand, for 0 <#; <t, < T and ¢ > 0 small enough, we have

| (Tou)(t1) — (Tau)(2)lla < A1 +Az + A3+ Ay,

where

Ay = / (ta — )P || N(s, u(s)) |l ds,

’

t—¢
A = f (tr = )P | APyt — ) — A*Py(ts — 5)ll,y, | N5 u(s)) |l ds,
0

A= [ =9 (=9 (=9 ) I NG ) | ds

t1—¢'

An= [ = = 0 =9 (2 =9 A uts) I .

0
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Therefore, it follows from (H;), Lemma 2.2, and Lemma 2.3 that

153 ~
A1 =C, [ (t2 =) 77 (@1, (5) + & || iy llz=(0my)dls
t

< cu( 1oy )H Il @l (0,19 (2 — 1) 7Y
1-a)p—v '

Cok |l dry ll=(o,1) (62 — 1),
(1-a)p
Ay < sup || A%Py(t2 — ) — A*Py(t1 — S)”L(X)

s€[0,t;—¢']

t—¢ ~
<[ (00 = )" (@ (5) + E Il iy Nl o,y )dis
0

_ B—y _\ =7
1-y\'7 1- by
: {(ﬂ—» I ol oy | 1" — &1
P N
. I ¢k0/2L (0,7) (hﬁ _S,f;)

X sup ” AaPa(IZ - 5) - A"‘Pa(tl - S)”C(X)r

s€[0,t;—¢’]
0
Av=Co [ (=9 (=977 + (1 —9)™")
t1—¢'

X (¢ (5) + & 1| @, lli<(0,m))ds
0 ~
<2C, [ (1= (gn, () + k|| @ry lico,my)ds

t—¢&'

1=y \"7 (-
= Ca((lN— a)p — y) I ol o’ ’

Cak ” ¢k0 ||L°°(0,T) 8,(170()[;
Y :
1
AL=<Cy f((th—5)P 1= (2 — PN (1, —5)
0

% (ko (5) + & 1| @, lli=(0,1))ds
5}

< Cq /((fl —5)1=A=1 (1 — 5)(=0B= 1) (g () + Rl Do L (0,1))ds
0

1—y 1=y
< Ca( 1 —a)f— y) Il ko L1 (0,7
(1-a)p—y (-a)p—y \ 177
x| nl=Pr | 1 —(-u)

2k
oo (=) _ (=) o (p _ ¢ )(1-0)B ,
* 1 gy I lion (b 20708 1 (13 — 1))

from which it is easy to see that A; (i = 1, 2, 3, 4) tends to zero independently of
u € Q as ty - t; > 0 and &€ — 0. Hence, we can conclude that

I (Tou)(t1) — (T2u)(t2)le — O, asta —t; — 0,

and the limit is independently of u € 2,

For the case when 0 = ¢; <t, < T, since

I (Tau)(t1) — (T2u)(2) e
[t = /PPyt — )N (s, u(s))ds
0

a

IA

b -
Co [ (t2 = )P 7 (@1, () + e || @iyl (0,17 s
0 ~
1—-y \'7 Cak || By lli(o,1)
<c, 1, (1-a)p—y ollL=©1) | (1-a)p
= <(1—a)ﬂ—y> I @rllLr 0,1y t2 Yo—ap 2

[|(Tau)(t1) - (Tau)(£5)]|o can be made small when £, is small independently of u € 2,
Consequently, the set {(I'2)(-);- € [0, T], u € €4,} is equicontinuous. Now applying the
Arzela-Ascoli theorem, it follows that I'y is compact on 2.
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Therefore, applying Lemma 2.5, we conclude that I' has a fixed point, which gives
rise to a mild solution of Cauchy problem (1.1). This completes the proof. ®

The second result of this paper is the following theorem.

Theorem 3.2. Let the assumptions (Hy), (Hs), (Hy) and (Hs) be satisfied. Then, for ug
€ Xy, the fractional Cauchy problem (1.1) has at least one mild solution provided that

2C, T8 (Ly + kLc)
My +
(1-a)

Proof. The proof is divided into the following two steps.
Step 1. Assume that w e C([n, T]; X,,) is fixed and set

~ w(t), tenT]
“’“):{w(n), te (0],

(3.2)

It is clear that w € C([0, T]; X,). We define a mapping I, on C([0, T]; X,,) by

(Tutt) (¢) = Sp()(uo — H(w)) + / (t = )P 71 Pp(t — ) (E(s, u(s), u(k1(s)))

+ /K(s —1)G(7, u(r), u(x2(7)))dr)ds, te[0,T].

0

Clearly, (I',,u)(-) € C([0, T]; Xg) for every u € C([0, T]; X,). Moreover, for u € 0y,
from (H,), it follows that

I (Twtt) ()l
= Il Sp(6)(uo — H(w)) o

+{ (t = )P~ 1 Pt —s) (F(s u(s), u(xi (5)))
+ [ K(s = 1)G(e, u(2), u(ea(1)))dr) flds
0
= M(llwolle+ | (@)
+ca2[(t——s)ﬂ“‘ﬂ)‘1[LF(n11@)na+||u(x1@))na)+||f%s,v,v)|

+Lc£K(s — )l u(t)lle+ Il u(k2(z))lla+ I| G(s, v, v) [)dr]ds

- 2kCy (Lp + RLG) (=908
< Ml ol || H(@) ) + 2o (Er + L)

(1-a)B
Ca F(s,v,v) || +k G(s, v, T8
) (Orgg; Il E(s,v,v) I + nax I G(s, v, v) II)
(1-a)p '

where v e C([0, T]; X,) is fixed with |v|, = 0, which implies that there exists a inte-
ger ko > 0 such that I', maps ©j, into itself. In fact, if this is not the case, then for
each k > 0, there would exist u; € O and #; € [0, T] such that ||(T,ux) (&) ||a >k.
Thus, we have

2kCy (Lg + kL) (=8
(1-a)B
C F(s, v, % G(s, v, T(1-0)p
<0ma>; I F(s,v,v) 1| 4% ma. | G5, v, v) ||)

* (1-a)B

k< I (Cuthe) (te)lle < M(ll uolla+ | Hu)lla) +

Page 11 of 16
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Dividing on both sides by k and taking the lower limit as k — +co, we get

_ 2Ca(Le + kLG)T(-)F
- (1-a)B

’

this contradicts (3.2). Also, for u, v € Oy, a direct calculation yields
I (Twu) (1) = (Tw?) () lla
t
= =9 P = 9 [Pl 1) i (1) = FGs 09, (1 (61)
0

fK (s = DGz, u(r), u(ka(7))) — G(r, 1(2), v(ka(r))))dr] s

o

-G f (6 = P19 [l E(s, u(s), u(icr (5))) — (s, v(s), (k1 () | ds
+fs K(s =) Il G(z, u(r), u(k2(7))) — G(z, v(t), v(k2(7))) Il dr]ds
0
<G, Of (t =) P [Le(ll u(s) — v(s)llat | u(r(s)) — v(k1(5)) )

+L¢ fs K(s =) u(r) — v(x) la+ | u(k2(t)) — v(k2(7))lla)dr] ds
0
_ 2C, TP (Lg +kLc)
- (1-a)B

[t — Vg,

which together with (3.2) implies that I',, is a contraction mapping on ®p,. Thus, by
the Banach contraction mapping principle, I',, has a unique fixed point u,, € O, ie.,

wy = Sp(t)(uo — H(W)) + / (t = )77 Pp(t — ) (s, o (5), (1 (5)))
0

s

+/K(s— )G, u(7), uw(k2(1)))dr)ds

0

for te [0, T).
Step 2. Write

O = {u e C([n, TLXe); lu()le <ko forallte[n,T).

It is clear that @ZO is a bounded closed convex subset of C([n, T1; X).

Based on the argument in Step 1, we consider a mapping F on 820 defined by

(Fw)(t) = uw, ten Tl

It follows from (H;) and (3.2) that F maps @ZO into itself. Moreover, for w1, w> € @Zo,

from Step 1, we have

( 2C, T8 (Ly + kLG)

(1 _ (X)ﬂ ) |uw1 - uWQlol E M || H(wl) - H(w2)||l)[/
that is,

sup || Fuwi(t) — Fwa(t)le — 0 aswi — wy in Oy,
te[n,T]

Page 12 of 16
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which vyields that F is continuous. Next, we prove that F has a fixed point in @Zn. It

will suffice to prove that F is a compact operator. Then, the result follows from
Lemma 2.6.
Let’s decompose the mapping F = F; + F; as

(Fw)(t) = fﬁ(t)(“o — H(w)),
(Faw)(t) = .Of (¢ = )" Pyt — ) (s, (), thu (i1 (5)))

+fSK(s — 7)G(7, uw(t), uw(k2(7)))dr)ds.
0

Since assumption (Hs) implies that the set {H (w);w e @ZO} is bounded in X,, it fol-

lows from Lemma 2.4 that for each t € [n, T, {(.Flw)(t);w € @ZO} is relatively com-

pact in X,. Also, for n <t; <, < T,

|(Sp(t2) — Sp(1)) (o — H(@))|, > 0 astr —t — 0

independently of w € @ZO. This proves that the set {(flw)(.) RS @ZU} is equicontin-

uous. Thus, an application of Arzela-Ascoli’s theorem yields that F7 is compact.
Observe that the set

t
{F(t,u(t),u(fcl ) + fK(t — 1)G(z, u(t), u(k2(r)))dz; t € [0,T], we O
0

is bounded in X. Therefore, using Lemma 2.1, Lemma 2.2 and Lemma 2.3, it is not
difficult to prove, similar to the argument with I'; in Theorem 3.1, that F, is compact.
Hence, making use of Lemma 2.6 we conclude that F has a fixed point w* € @ZO. Put
q = Uy~ Then,

q(t) = Sp(1) (o — H (w")) + / (t = )P 7' Pp(t = 5) (F(s,4(s), q(x1(5)))

N

+/K (s — 1)G(1,4(1), q(x2(7)))d)) ds, te€[0,T].

0

Since uy = Fw* =w* (t € [n,T]), H(w*) = H(q) and hence ¢ is a mild solution of
the fractional Cauchy problem (1.1). This completes the proof. ®

4 Example
In this section, we present an example to our abstract results, which do not aim at
generality but indicate how our theorem can be applied to concrete problem.

We consider the partial differential equation with Dirichlet boundary condition and
nonlocal initial condition in the form

Page 13 of 16
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o _%u(tx)  qi(1)lu(sin(t), x)|
o u(t,x) = a2 1+ fu(sin(t), x)|
+f[ 92(s) lu(s, x)|
0 1+ (t—s)1+u(s )]
u(t,0)=u(t,r)=0, 0<t<l1,
1

ds, 0<t<1, 0<x<m,
(4.1)

u(0,x) = [In[e“CA(Ju(s, x)| + 1)]ds + uo(x), 0<x<m,
n

where the functions ¢, ¢, are continuous on [0, 1] and 0 <7} < 1.

Let X = L*[0, 7] and the operators A = 33;2 :D(A) C X — X be defined by

D(A) = {u € X; u,u’ are absolutely continuous, u” € X, and
u(0) = u(w) = 0}.

Then, A has a discrete spectrum and the eigenvalues are -n%, n e N, with the corre-

sponding normalized eigenvectors y,(x) = \/ i sin(nx). Moreover, A generates a com-

pact, analytic semigroup {7(t)};s0. The following results are well also known (see [29]
for more details):

(M) T(u =32, e, y)yn | T(O)lley <e* forallt>0.

1
A2 =1

1
(2) A"2u=3"7, 1 (tt, yu)yn for each u € X. In particular,
n L(X)

(3) A; u=3"" n(yn)yn with the domain

D (A;> = {u eX; Z:l n(u, yn)yn eX} .

Denote by E; g, the generalized Mittag-Leffler special function (cf, e.g., [4]) defined

by
oo k
E¢p(t) = ng Fck+ B) >0, teR.

Therefore, we have

Sp()u =Y Eg(—n?*P)(u,y)yn, ueX; [Ss()llexy <1,
n=1
o B
= - 2 ﬂ ;
Palu= S ep(=m )i weXs IPyOleey = 1), g

for all ¢ = 0, where Eg(t) := Eg;(t) and eg(t) := Eg, g(t).

The consideration of this section also needs the following result.

Lemma 4.1. [31]If ,, ¢ D(A;)’ then w is absolutely continuous, w € X, and

1
lw |l = ‘AZW‘-
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Define

K(t) = tzl , k1(t) =sin(t), «o(t) =t

+1

H(u)(x) = flln[e“(s'x)ﬂu(s, x)| + 1)]ds.

Therefore, it is not difficult to verify that F, G:[0,1] XX; XX; = X and

H: C([o, 1]; X;) - Xé are continuous,

Il E(t, u(t), u(1 (1)) — F(t, v(t), v(x1 (1))
Juicr (8) = w1 ()] 1,

L(X) 2

I G(t, u(t), u(xk1 (1)) — G(t, v(t), v(k1 (1)) |

Il u(t) — 1/(t)llé,

1
< M1HA2

1
o]

L(X)

where y; := supe. [0, 1)|4:()|, and for any u satisfying |”|§ = k,

MHWME=wﬁHwnw=nHWHJH5%1—mk

in view of Lemma 4.1.
Now, we note that the problem (4.1) can be reformulated as the abstract problem
(1.1) and the assumptions (Hy), (H>), (H4) and (Hs) hold with

a=_, T=1, Lp=p1, Lec=pa2 Pk)=2(1—n)k wn=2(1-n).

Thus, when 1 =7 + 4M;(Ml +12) < é such that condition (3.2) is verified, (4.1)

has at least one mild solution due to Theorem 3.2.
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