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Abstract

By applying the fixed point theorem in cones, some new and general results on the
existence of positive solution to second order generalized Sturm-Liouville dynamical
system on time scale T⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u��
1 (t) + h1(t)f1(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

u��
2 (t) + h2(t)f2(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

t ∈ [t1, t2]T,

aui(t1) − bu�
i (t1) =

∑m−2

k=1
akui(ξk),

cui(σ (t2)) + du�
i (σ (t2)) =

∑m−2

k=1
bkui(ξk),

(i = 1, 2),

are obtained. The first-order Δ-derivatives are involved in the nonlinear terms
explicitly.
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1 Introduction
Time scales theory allows us to handle systematically the continuous and discrete pro-

blems and to setup a certain structure, which is to play the role of generalizing continuous

and discrete [1,2], as well as more general systems simultaneously. The study of time

scales has led to several important applications, for example, in the study of insect popula-

tion models, phytoremediation of metals, wound healing, and epidemic models [3-5].

Dynamic systems have been the subject of numerous investigations and are also used of

various real processes and phenomena in physics, such as, dynamics of gas flow, Newto-

nian fluid mechanics, nuclear physics, boundary layer theory, and so on, which during

their evolutionary processes experience an abrupt change of state at certain moments of

time, we refer to Wang [6], Zhang [7] and the references therein. Recently, there have

seen a significant development and have made substantial progress on discussing the solu-

tions for the dynamic systems on time scales, the main research theories used is the fixed

point theorems in cones. Furthermore, noting an operation on the space of functions

from one state space to other state space has to be defined, generalizing the continuous

and discrete operations [8]. Applying the operation on the space of functions to discuss

the solutions for the dynamical systems on time scales, it can bridge the gap between the

continuous and discrete, mainly, can avoid the respective study in the solutions of
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continuous and discrete systems. That is to say, the field of dynamic systems on time

scales contains and extends the classical dynamical systems for differential and difference.

For the related results, we refer to [9-12]. Specially, the first-order derivatives are involved

in the nonlinear terms explicitly in dynamic system, which describe more complicated

phenomena and possess some value of applications. But very little work has been done on

the existence of solutions to this variety of dynamical systems on time scales. Based on the

known results of boundary value problems for the differential and difference equation, the

lower order derivatives are involved in the nonlinear terms explicitly. This study is devoted

to proving the existence of solutions for a generalized Sturm-Liouville dynamical system

on time scales T⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u��
1 (t) + h1(t)f1(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

u��
2 (t) + h2(t)f2(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

t ∈ [t1, t2]T,

aui(t1) − bu�
i (t1) =

∑m−2

k=1
akui(ξk),

cui(σ (t2)) + du�
i (σ (t2)) =

∑m−2

k=1
bkui(ξk),

(i = 1, 2),

(S)

where s(·) is the forward jump operator, a, b, c, d, ak, bk, ξk, hi and fi (i = 1, 2) satisfy

(A1) a, b, c, d Î [0, ∞), ak, bk Î (0, ∞)(k = 1, 2, ..., m-2), a >
∑m−2

k=1 ak, c >
∑m−2

k=1 bk,

t1 < ξ1 < ... <ξm-2 <t2;

(A2) hi ∈ Crd([t1, t2]T, [0,∞)) (i = 1, 2) and there exists t0 ∈ (t1, t1)T such that hi(t0) >

0, fi ∈ C([t1, t2]T × [0,∞)2 × (−∞,∞)2, [0,∞)) (i = 1, 2).

A solution u(t) := (u1(t), u2(t)) of the system (S) is positive if, for each i = 1, 2, ui(t) ≥

0 for all t ∈ [t1, t2]T, and there is at least one nontrivial component of u(t).

We would like to mention some results of Li and Sun [9], which motivated us to

consider our problem (S). In [9], the authors have studied the existence criteria of at

least triple nonnegative solutions for a dynamical system on a measure chain⎧⎪⎨
⎪⎩

u��
1 (t) + f1(t, u1(σ (t)), u2(σ (t))) = 0,

u��
2 (t) + f2(t, u1(σ (t)), u2(σ (t))) = 0,

t ∈ [a, b],

αui(a) − βu�
i (a) = 0, γ ui(σ (b)) + δu�

i (σ (b)) = 0 (i = 1, 2),

where a, b, g, δ ≥ 0, fi : [a, b] × [0, ∞) × [0, ∞) ® [0, ∞) is continuous, the main

tools used is the fixed point theorems in cones. In addition, Sun et al. [11] considered

a discrete system with parameter{
�2ui(k) + λhi(k)fi(u1(k), u2(k), ..., un(k)) = 0, k ∈ [0,T],

ui(0) = ui(T + 2) = 0 (i = 1, 2, ...,n),

where l >0 is a constant, T and n ≥ 2 are two fixed positive integers. They have

established the existence of one positive solution by using the theory of fixed point

index. Inspired by [6,7,9,13,14] et al, this study establishes some new and more general

results for the existence of multiple positive solutions to the dynamical system (S). The

results are even new for the general time scales as well as in special case of the contin-

uous and discrete dynamical systems. Our results extend the known results of Li and

Sun [9] (ak = 0, bk = 0 (k = 1, 2, ..., m - 2)) from another point of view, our Theorem

3.2 improve the main results of Shao and Zhang [12]. Specially, taking T = R, our
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Theorem 3.2 extend the main results of Zhang and Liu [7]; taking T = Z, our Theorem

3.3 improve the main results of Sun et al. [11].

The rest of the paper is organized as follows. Section 2 provides some background

material for discussing the generalized Sturm-Liouville dynamical system (S). An

important lemma and a criterion for the existence of three positive solutions to the

dynamical system (S) are established, the results are tested on an example, and a gen-

eral result for dynamical system is considered in Section 3.

2 Preliminaries
Let g and θ be nonnegative continuous convex functionals on a cone P, a be a nonne-

gative continuous concave functional on P, b be a nonnegative continuous functional

on P, and m1, m2, m3 and m4 be positive numbers. We define the following convex

sets

P(γ ,m4) = {u ∈ P : γ (u) < m4},
P(γ ,α,m2,m4) = {u ∈ P : m2 ≤ α(u), γ (u) ≤ m4},

P(γ , θ ,α,m2,m3,m4) = {u ∈ P : m2 ≤ α(u), θ(u) ≤ m3, γ (u) ≤ m4},

and a closed set

Q(γ ,β ,m1,m4) = {u ∈ P : m1 ≤ β(u), γ (u) ≤ m4}.

To prove our main results, we state the Avery and Peterson fixed point theorem [15].

Lemma 2.1 Let P be a cone in a real Banach space B. Let g and θ be nonnegative

continuous convex functionals on P, a be a nonnegative continuous concave functional

on P, and b be a nonnegative continuous functional on P satisfying b(lu) ≤ lb(u) for 0
≤ l ≤ 1, such that for some positive numbers ε and m4,

α(u) ≤ β(u) and ||u|| ≤ εγ (u) for all u ∈ P(γ ,m4).

Suppose T : P(γ ,m4) → P(γ ,m4)is completely continuous and there are positive

numbers m1, m2 and m3 with m1 < m2 such that

(B1) {u Î P(g, θ, a, m2, m3, m4): a(u) > m2} ≠ ∅, a(Tu) >m2 for u Î P (g, θ, a, m2,

m3, m4);

(B2) a(Tu) > m2 for u Î P (g,a, m2, m4) with θ(Tu) > m3;

(B3) 0 ∉ Q(g, b, m1, m4) and b (Tu) < m1 for u Î Q(g,b, m1, m4) with b (u) = m1.

Then T has at least three fixed points u1, u2, u3 ∈ P(γ ,m4)such that

γ (uj) ≤ m4, (j = 1,2,3);

m2 < α(u1); m1 < β(u2) with α(u2) < m2; β(u3) < m1.

In order to discuss conditions for the existence of at least three positive solutions to

the generalized Sturm-Liouville dynamical system (S), we firstly define x(t) = a(t - t1) +

b, y(t) = c(s(t2) - t) + d, t ∈ [t1, σ (t2)]T. It is easy to see that x(t) and y(t) are solutions

of the problem -xΔΔ(t) = 0, x(t1) = b, xΔ(t1) = a and -yΔΔ(t) = 0, y(s(t2)) = d, yΔ(s(t2))
= -c, respectively. Let G(t, s) be Green’s function of the boundary value problem{

u��(t) = 0, t ∈ [t1, t2]T,

au(t1) − bu�(t1) = 0, cu(σ (t2)) + du�(σ (t2)) = 0.
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It is known [16] that

G(t, s) =
1
r

{
x(t)y(σ (s)), t ≤ s,
x(σ (s))y(t), σ (s) ≤ t,

(2:1)

for t ∈ [t1, σ (t2)]T and s ∈ [t1, t2]T, where r = bc + ad + ac(s(t2) - t1).
Define

η = min
{
t ∈ T : t ≥ 3t1 + σ (t2)

4

}
, ω = max

{
t ∈ T : t ≤ t1 + 3σ (t2)

4

}
.

Obviously, h and ω exist, and satisfy

3t1 + σ (t2)
4

≤ η < ω ≤ t1 + 3σ (t2)
4

.

Further,

if σ (ω) = t2 and d = 0, then t2 < σ (t2).

For the Green’s function G(t, s), we have

0 ≤ G(t, s) ≤ G(σ (s), s), (t, s) ∈ [t1, σ (t2)]T × [t1, t2]T,

since

G(t, s)
G(σ (s), s)

=

⎧⎪⎪⎨
⎪⎪⎩

x(t)
x(σ (s))

, t ≤ s,

y(t)
y(σ (s))

, σ (s) ≤ t.

Furthermore, we obtain

G(t, s) ≥ k̄G(σ (s), s),

Where k̄ = min
(s,t)∈[t1,σ (t2)]T×

[
3t1 + σ (t2)

4
,
t1 + 3σ (t2)

4

]
T

G(t, s)
G(σ (s), s)

,

G(t, s) ≥ kG(σ (s), s), (2:2)

Where k = min(s,t)∈[t1,σ (t2)]T×[η,σ (ω)]T

G(t, s)
G(σ (s), s)

. Obviously, 0 < k̄ ≤ k < 1.

Denote

E =

∣∣∣∣−
∑m−2

k=1 akx(ξk) r − ∑m−2
k=1 aky(ξk)

r − ∑m−2
k=1 bkx(ξk) −∑m−2

k=1 bky(ξk)

∣∣∣∣ .
Lemma 2.2 Assume (A1) holds. If E ≠ 0, then for gi ∈ Crd([t1, t2]T) (i = 1, 2), the sys-

tem ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

u��
1 (t) + g1(t) = 0,

u��
2 (t) + g2(t) = 0,

t ∈ [t1, t2]T,

aui(t1) − bu�
i (t1) =

∑m−2

k=1
akui(ξk),

cui(σ (t2)) + du�
i (σ (t2)) =

∑m−2

k=1
bkui(ξk),

(i = 1, 2)

(2:3)
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has a unique solution

u(t) = (u1(t), u2(t)) =

⎛
⎝ t2∫

t1

G(t, s)g1(s)�s + x(t)A(g1) + y(t)B(g1),

t2∫
t1

G(t, s)g2(s)�s + x(t)A(g2) + y(t)B(g2)

⎞
⎠ ,

where

A(gi) =
1
E

∣∣∣∣∣
∑m−2

k=1 ak
∫ t2
t1
G(ξk, s)gi(s)�s r − ∑m−2

k=1 aky(ξk)∑m−2
k=1 bk

∫ t2
t1
G(ξk, s)gi(s)�s −∑m−2

k=1 bky(ξk)

∣∣∣∣∣ ,
B(gi) =

1
E

∣∣∣∣∣−
∑m−2

k=1 akx(ξk)
∑m−2

k=1 ak
∫ σ (t2)
t1

G(ξk, s)gi(s)�s

r − ∑m−2
k=1 bkx(ξk)

∑m−2
k=1 bk

∫ σ (t2)
t1

G(ξk, s)gi(s)�s

∣∣∣∣∣ (i = 1, 2).

Proof. The proof is similar to Lemma 2.2 [17], we omit it. □
In addition, we give a necessary hypothesis:

(A3) E < 0, r −
∑m−2

k=1
aky(ξk) > 0, r −

∑m−2

k=1
bkx(ξk) > 0.

Lemma 2.3 If (A1) and (A3) hold, then for gi ∈ Crd([t1, t2]T)with gi ≥ 0 (i = 1, 2),

there exists τ1 Î (0, 1) such that the unique solution u = (u1, u2) of the system (2.3)

satisfies

ui(t) ≥ 0 (i = 1, 2), t ∈ [t1, σ (t2)]T
inf

t∈[η,σ (ω)]T
u1(t) + inf

t∈[η,σ (ω)]T
u2(t) ≥ τ1 ( sup

t∈[t1,σ (t2)]T
|u1(t)| + sup

t∈[t1,σ (t2)]T
|u2(t)|). (2:4)

Proof. The proof is similar to Lemma 2.2 [18], we omit it. □

3 Main results

Let E = C1
rd[t1, σ (t2)]T with the sup norm. Set

||u||0 = supt∈[t1,σ (t2)]T |u1(t)|+supt∈[t1,σ (t2)]T |u2(t)|, ||u�||0 = supt∈[t1,t2]T |u�
1 (t)|+supt∈[t1,t2]T |u�

2 (t)|, Let

B = E × E, the norm of u ∈ B is defined by

||u|| = max{||u||0, ||u�||0},
then B is a Banach space. The cone P ⊂ B is defined by

P =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u = (u1, u2 ∈ B) : ui(t) is nonnegative and concave on [t1, σ (t2)]T,

ui satisfies aui(t1) − bu�
i (t1) =

∑m−2

k=2
akui(ξk),

cui(σ (t2)) + du�
i (σ (t2)) =

∑m−2

k=2
bkui(ξk) (i = 1, 2),

inf
t∈[η,σ (ω)]T

u1(t) + inf
t∈[η,σ (ω)]T

u2(t)

≥ τ1(supt∈[t1,σ (t2)]T |u1(t)| + supt∈[t1,σ (t2)]T |u2(t)|

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
. (3:1)

Let the nonnegative continuous concave functional a, the nonnegative continuous

convex functionals b and g, and the nonnegative continuous functional θ be defined on

the cone P by

Zhang Advances in Difference Equations 2011, 2011:24
http://www.advancesindifferenceequations.com/content/2011/1/24

Page 5 of 13



α(u) = inf
t∈[ησ (ω)]T

|u1(t)| + inf
t∈[ησ (ω)]T

|u2(t)|, γ (u) = sup
t∈[t1,t2]T

|u�
1 (t)| + sup

t∈[t1,t2]T
|u�

2 (t)|,

θ(u) = β(u) = sup
t∈[t1,σ (t2)]T

|u1(t)| + sup
t∈[t1,σ (t2)]T

|u2(t)|.
(3:2)

Since the first-order Δ-derivatives are involved in the nonlinear terms explicitly to

the system (S), we give the following lemma.

Lemma 3.1 Assume (A1) holds. If u = (u1, u2) Î P, then

||u||0 ≤ τ2||u�||0,
where

τ2 = max

{
a(t0 − t1) + b

a − ∑m−2
k=1 ak

,
c(σ (t2) − t0) + d

c − ∑m−2
k=1 bk

}
.

Proof. In fact, it stuffices to prove that

sup
t∈[t1,σ (t2)]T

|u1(t)| + sup
t∈[t1,σ (t2)]T

|u2(t)| ≤ τ2( sup
t∈[t1,t2]T

|u�
1 (t)| + sup

t∈[t1,t2]T
|u�

2 (t)|)

holds. Suppose to contrary, there exists t0 such that

u1(t0) + u2(t0) > τ2(|u�
1 (t0)| + |u�

2 (t0)|). Since u = (u1, u2) Î P, we choose that D such

that D ⊆ [t1, t2]κT, and [t1, t2]
κ
T\D is countable and contains no right-scattered elements of

[t1, t2]T, ui(t) (i = 1, 2) is continuous on [t1, t2]T and differentiable in each t Î D, so ui(t) (i

= 1, 2) is pre-differentiable with D. Let t0 ∈ T such that t1 < t0 < t2, and the compact inter-

valsU1,U2 ⊂ [t1, t2]T such that U1 has endpoints t1, t0, U2 has endpoints t0, s(t2).
For the endpoint t1, from the mean value theorem on time scales [1, p25], one has that

sup
t∈Uκ

1∩D
|u�

i (t)| ≥ |ui(t0) − ui(t1)|
|t0 − t1| =

ui(t0) − 1
a
(bu�

i (t1) +
∑m−2

k=1 akui(ξi))

t0 − t1
(i = 1, 2),

ui(t) (i = 1, 2) is concave on Uκ
1 ∩ D, it follows that

u�
i (t1) = supt∈Uκ

1∩D|u�
i (t)| (i = 1, 2).

We have

sup
t∈Uκ

1∩D
|u�

i (t)| ≥ a − ∑m−2
k=1 ak

a(t0 − t1) + b
ui(t0) (i = 1, 2),

so we have

sup
t∈Uκ

1∩D
|u�

1 (t)| + sup
t∈Uκ

1∩D
|u�

2 (t)| ≥ a − ∑m−2
k=1 ak

a(t0 − t1) + b
(u1(t0) + u2(t0)).

For the endpoint s(t2), one has that

sup
t∈Uκ

2∩D
|u�

i (t)| ≥ |ui(σ (t2)) − ui(t0)|
|σ (t2) − t0| =

ui(t0) − ui(σ (t2))
σ (t2) − t0

=
ui(t0) − 1

c
(−du�

i (σ (t2)) +
∑m−2

k=1 bkui(ξi))

σ (t2) − t0
(i = 1, 2),

again, ui(t) (i = 1, 2) is concave on Uκ
1 ∩ D, it follows that

u�
i (σ (t2)) = −supt∈Uκ

2∩D|u�
i (t)| (i = 1, 2). We have
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sup
t∈Uκ

2∩D
|u�

i (t)| ≥ c − ∑m−2
k=1 bk

c(σ (t2) − t0) + d
ui(t0) (i = 1, 2),

we get

sup
t∈Uκ

2∩D
|u�

1 (t)| + sup
t∈Uκ

2∩D
|u�

2 (t)| ≥ c − ∑m−2
k=1 bk

c(σ (t2) − t0) + d
(u1(t0) + u2(t0)).

From the discussion results of the above cases, we can obtain that for t = t0,

|u�
1 (t0)| + |u�

2 (t0)| ≥ min

{
a − ∑m−2

k=1 ak
a(t0 − t1) + b

,
c − ∑m−2

k=1 bk
c(σ (t2) − t0) + d

}
(u1(t0) + u2(t0))

> τ2 min

{
a − ∑m−2

k=1 ak
a(t0 − t1) + b

,
c − ∑m−2

k=1 bk
c(σ (t2) − t0) + d

}
(|u�

1 (t0)| + |u�
2 (t0)|)

= |u�
1 (t0)| + |u�

2 (t0)|,

this is a contradiction. The proof is complete. □
To prove our main results, we recommend notation

λ−
1 =

(
a −

m−2∑
k=1

ak

)(
c(σ (t2))

2 + d(σ (t2) + σ 2(t2)) −
m−2∑
k=1

bkξ
2
k

)

+

(
c −

m−2∑
k=1

bk

) (
m−2∑
k=1

akξ2k + b(t1 + σ (t1)) − at21

)
,

λ−
2 =

(
m−2∑
k=1

akξ2k + b(t1 + σ (t1)) − at21

) (
m−2∑
k=1

bkξk − cσ (t2) − d

)

+

(
c(σ (t2))

2 + d(σ (t2) + σ 2(t2)) −
m−2∑
k=1

bkξ2k

) (
m−2∑
k=1

akξk + b − at1

)
,

λ̄ =

(
a −

m−2∑
k=1

ak

)(
cσ (t2) + d −

m−2∑
k=1

bkξk

)
+

(
c −

m−2∑
k=1

bk

)(
m−2∑
k=1

akξk + b − at1

)
,

λ1 =
λ−
1

λ̄
, λ2 =

λ−
2

λ̄
,

where s2(t2) = s(s(t2)), and for i = 1, 2,

Li =max

⎧⎨
⎩

∣∣∣∣∣∣x�(t1)

t2∫
t1

1
r
y(σ (s))hi(s)�s + x�(t1)A(hi) + y�(t1)B(hi)

∣∣∣∣∣∣ ,∣∣∣∣∣∣y�(t2)
t2∫

t1

1
r
x(σ (s))hi(s)�s + x�(t2)A(hi) + y�(t2)B(hi)

∣∣∣∣∣∣
⎫⎬
⎭ ,

Mi = min

⎧⎨
⎩

t2∫
t1

G(η, s)hi(s)�s + x(η)A(hi) + y(η)B(hi),

t2∫
t1

G(σ (ω), s)hi(s)�s + x(σ (ω))A(hi) + y(σ (ω))B(hi)

⎫⎬
⎭ ,

Ni = sup
t∈[t1,σ (t2)]T

⎛
⎝ t2∫

t1

G(t, s)hi(s)�s + x(t)A(hi) + y(t)B(hi)

⎞
⎠ .
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Theorem 3.2 Suppose (A1)-(A3) hold and fi(t, 0, 0, 0, 0) ≢ 0 (i = 1, 2) for

t ∈ [t1, σ (t2)]T. Assume that there exist positive numbers m1, m2 and m4 such that m1

< m2 ≤
τ 2
1 (λ

2
1 + 4λ2)

8|σ (t2) + σ 2(t2) − λ1|m4and

(C1) if t ∈ [t1, σ (t2)]T, v1, v2 ≥ 0, v1 + v2 Î [0, τ2m4] and w1 + w2 Î [-m4, m4], then

fi(t, v1, v2,w1,w2) ≤ m4

2Li
(i = 1, 2);

(C2) there exists i0 Î {1, 2}, such that

fi0(t, v1, v2,w1,w2) >
m2

2Mi0
,

for t ∈ [η, σ (ω)]T, vl, v2 ≥ 0, v1 + v2 ∈ [m2,m2τ
−2
1 ]and w1 + w2 Î [-m4, m4];

(C3) if t ∈ [t1, σ (t2)]T, v1, v2 ≥ 0, v1 + v2 Î [0, m1] and w1 + w2 Î [-m4, m4], then

fi(t, v1, v2,w1,w2) ≤ m1

2Ni
(i = 1, 2).

Then the system (S) has at least three positive solutions u1, u2, and u3 satisfying

γ (uj) ≤ m4(j = 1,2,3);

m2 < α(u1); m1 < β(u2) with α(u2) < m2; β(u3) < m1.
(3:3)

Proof. Define the operator T by

(Tu)(t) = ((T1)(t), (T2)(t)),

where (Ti)(t) =
∫ t2

t1
G(t, s)hi(s)fi(s, u1(s), u2(s), u�

1 (s), u
�
2 (s))�s + x(t)A(hifi) + y(t)B(hifi) (i = 1, 2)

for t ∈ [t1, σ (t2)]T. For u = (u1, u2) Î P, from Lemma 2.2 we note that the system (S)

has a solution u if and only if u is the fixed point of u(t) = (Tu)(t). Hypothesis (A3)

implies that A(hifi) ≥ 0, B(hifi) ≥ 0 (i = 1, 2). By Equation 2.4, we have (Ti)(t) ≥ 0 (i =

1, 2) for t ∈ [t1, σ (t2)]T, (Ti)(t) (i = 1, 2) is concave on [t1, σ (t2)]T and satisfies

cTi(σ (t2)) + dT�
i (σ (t2)) =

∑m−2
k=1 bkTi(ξk), cTi(σ (t2)) + dT�

i (σ (t2)) =
∑m−2

k=1 bkTi(ξk), (i =

1, 2) Further we can obtain that
inft∈[η,σ (ω)]TT1(t) + inf

t∈[η,σ (ω)]T
T2(t) ≥ τ1(supt∈[t1,σ (t2)]T |T1(t)| + supt∈[t1,σ (t2)]T |T2(t)|, since for i

= 1, 2,

sup
t∈[t1,σ (t2)]T

|(Ti)(t)|

= sup
t∈[t1,σ (t2)]T

⎛
⎝ t2∫

t1

G(t, s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x(t)A(hifi) + y(t)B(hifi)

⎞
⎠

≤
t2∫

t1

G(σ (s), s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x(σ (t2))A(hifi) + y(t1)B(hifi),

on the other hand, for t ∈ [η, σ (ω)]T, Equation 2.2 implies that there exists τ1 Î (0,

1) such that
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(Ti)(t) =

t2∫
t1

G(t, s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x(t)A(hifi) + y(t)B(hifi)

≥
t2∫

t1

τ1G(σ (s), s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x

(
3t1 + σ (t2)

4

)
A(hifi)

+ y
(
t1 + 3σ (t2)

4

)
B(hifi)

≥ τ1

⎛
⎝ t2∫

t1

Gσ (s), s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x(σ (t2))A(hifi) + y(t1)B(hifi)

⎞
⎠

≥ τ1 sup
t∈[t1,σ (t2)]T

|(Ti)(t)|.

Thus, we can conclude that Tu Î P. Furthermore, it is easy to check that the opera-

tor T is completely continuous by using Arzela-Ascoli lemma, and so the conditions of

Lemma 2.1 hold with respect to T. a, g, θ, and b are defined by Equation 3.2, we also

note that a, g, θ, b : P ® [0, ∞) are continuous nonnegative functionals such that a(u)
≤ θ(u) = b(u) for all u Î P, b satisfies b(lu) ≤ lb(u) for 0 ≤ l ≤ 1, and |u| ≤ εg (u) for
all u ∈ P(γ ,m4), where ε = max{τ2, 1}. We now show that if assumption (C1) is satis-

fied, then

T : P(γ ,m4) → P(γ ,m4). (3:4)

In fact, for u = (u1, u2) ∈ P(γ ,m4), we have

γ (u) = supt∈[t1,t2]T |u�
1 (t)| + supt∈[t1,t2]T |u�

2 (t)| ≤ m4. By Lemma 3.1, it holds

supt∈[t1,σ (t2)]T |u1(t)|+supt∈[t1,σ (t2)]T |u2(t)| ≤ τ2(supt∈[t1,t2]T |u�
1 (t)|+supt∈[t1,t2]T |u�

2 (t)|) ≤ τ2m4, and so

assumption (C1) implies fi(t, u1(t), u2(t), u�
1 (t), u

�
1 (t)) ≤ m4

2Li
(i = 1, 2), for

t ∈ [t1, σ (t2)]T. On the other hand, for u Î P, we have proved that Tu = (T1, T2) Î P,

it follows that

sup
t∈[t1,t2]T

|(Ti)�(t)|

= sup
t∈[t1,t2]T

∣∣∣∣∣∣y�(t)
t∫

t1

1
r
x(σ (s))hi(s)fi(s, u1(s), u2(s), u�

1 (s), u
�
2 (s))�s

+x�(t)

t2∫
t

1
r
y(σ (s))hi(s)fi(s, u1(s), u2(s), u�

1 (s), u
�
2 (s)) � s + x�(t)A(hifi)

+y�(t)B(hifi)|

≤ m4

2Li
max

⎧⎨
⎩

∣∣∣∣∣∣x�(t1)

t2∫
t1

1
r
y(σ (s))hi(s) � s + x�(t1)A(hi) + y�(t1)B(hi)

∣∣∣∣∣∣ ,∣∣∣∣∣∣y�(t2)
t2∫

t1

1
r
x(σ (s))hi(s)�s + x�(t2)A(hi) + y�(t2)B(hi)

∣∣∣∣∣∣
⎫⎬
⎭ =

m4

2
(i = 1, 2).

Thus,

γ (Tu) = sup
t∈[t1,t2]T

|(T1)�(t)| + sup
t∈[t1,t2]T

|(T2)�(t)| ≤ m4.

Therefore, Equation 3.4 holds.
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To check condition (B1) in Lemma 2.1, we choose u0 = (u10, u20), taking

t ∈ [t1, σ (t2)]T, t ∈ [t1, σ (t2)]T. where m̄ =
4m2

τ 2
1 (λ

2
1 + 4λ2)

> 0. It is not difficult to verify

that ui0(t) ≥ 0 (i = 1, 2), ui0(t) (i = 1, 2) is concave on [t1, σ (t2)]T and satisfies

aui0(t1)−bu�
i0(t1) =

∑m−2

k=1
akui0(ξk), cui0(σ (t2))+du�

i0(σ (t2)) =
∑m−2

k=1
bkui0(ξk) (i = 1, 2). By the

properties of ui0(t) (i = 1, 2), we can obtain

α(u0) = inf
t∈[η,σ (ω)]T

|u10(t)| + inf
t∈[η,σ (ω)]T

|u20(t)|

= min{u10(η), u10(σ (ω))} + min{u20(η), u20(σ (ω))}

≥ τ1

(
m2

τ 2
1

+
m2

τ 2
1

)
> m2,

(3:5)

θ(u0) = sup
t∈[t1,σ (t2)]T

|u10(t)| + sup
t∈[t1,σ (t2)]T

|u20(t)| = u10

(
λ1

2

)
+ u20

(
λ1

2

)
=
m2

τ 2
1

+
m2

τ 2
1

> m2,

γ (u0) = sup
t∈[t1,t2]T

|u�
10(t)| + sup

t∈[t1,t2]T
|u�

20(t)|

= max{|u�
10(t1)|, |u�

10(σ (t2))|} + max{|u�
20(t1)|, |u�

20(σ (t2))|} ≤ m4.

(3:6)

Equations 3.5 and 3.6 imply that
inft∈[η,σ (ω)]Tu10(t)+inft∈[η,σ (ω)]Tu20(t) ≥ τ1(supt∈[t1,σ (t2)]T |u10(t)|+supt∈[t1,σ (t2)]T |u20(t)|, thus we

get u0 Î P and so a(u0) > m2, θ(u0) > m2, g(u0) ≤ m4 Further,

u0 ∈ P(γ , θ ,α,m2,m2τ
−2
1 ,m4) and {u0 ∈ P(γ , θ ,α,m2,m2τ

−2
1 ,m4) : α(u0) > m2} 
= ∅.

For u ∈ P(γ , θ ,α,m2,m2τ
−2
1

,m4), there is

m2 ≤ u1(t) + u2(t) ≤ m2τ
−2
1

, |u�
1 (t) + u�

2 (t)| ≤ m4 for t ∈ [η, σ (ω)]T. Hence by assump-

tion (C2), one has that fi0 (t, u1(t), u2(t), u
�
1 (t), u

�
2 (t)) >

m2

2Mi0
(i0 = 1, 2) for

t ∈ [η, σ (ω)]T. So we obtain that, for i0 = 1, 2

inf
t∈[η,σ (ω)]T

|Ti0(t)| = min{(Ti0)(η), (Ti0 )(σ (ω))}

= min

⎧⎨
⎩

t2∫
t1

G (η, s)hi0 (s)fi0(s, u1(s), u2(s), u
�
1 (s), u

�
2 (s))�s + x(η)A(hi0 fi0 )

+y(η)B(hi0 fi0 ),

t2∫
t1

G(σ (ω), s)hi0(s)fi0(s, u1(s), u2(s), u
�
1 (s), u

�
2 (s))�s

+x(σ (ω))A(hi0 fi0 ) + y(σ (ω))B(hi0fi0 )}

≥ m2

2Mi0
min

⎧⎨
⎩

t2∫
t1

G(η, s)hi0(s)�s + x(η)A(hi0) + y(η)B(hi0) ,

t2∫
t1

G(σ (ω), s)hi0(s)�s + x(σ (ω))A(hi0) + y(σ (ω))B(hi0)

⎫⎬
⎭ =

m2

2
.

Thus,

α(Tu) = inf
t∈[η,σ (ω)]T

|T1(t)| + inf
t∈[η,σ (ω)]T

|T2(t)| > m2.

Zhang Advances in Difference Equations 2011, 2011:24
http://www.advancesindifferenceequations.com/content/2011/1/24

Page 10 of 13



So we get a(Tu) > m2 for u = (u1, u2) ∈ P(γ , θ ,α,m2, m2
τ1
,m4) and condition (B1) in

Lemma 2.1 is satisfied.

We now prove that condition (B2) in Lemma 2.1 holds. In fact, if u = (u1, u2) Î P (g,

a, m2, m4) with θ(Tu) >
m2

τ1
, then

α(Tu) ≥ τ1θ(Tu) > m2.

Finally, we assert that condition (B3) in Lemma 2.1 also holds. (0, 0) ∉ Q(g, b, m1,

m4), since b((0, 0)) = 0 < m1. Assume that u = (u1, u2) Î Q(g, b, m1, m4) with b(u) =
m1, assumption (C3) implies that

sup
t∈[t1,σ (t2)]T

|Ti(t)|

= sup
t∈[t1,σ (t2)]T

t2∫
t1

G(t, s)hi(s)fi(s, u1(s), u2(s), u�
1 (s), u

�
2 (s))�s + x(t)A(hifi) + y(t)B(hifi)

≤ m1

2Ni
sup

t∈[t1,σ (t2)]T

⎛
⎝ t2∫

t1

G(t, s)hi(s)�s + x(t)A(hi) + y(t)B(hi)

⎞
⎠ =

m1

2
(i = 1, 2).

Hence,

β(Tu) = sup
t∈[t1,σ (t2)]T

|T1(t)| + sup
t∈[t1,σ (t2)]T

|T2(t)| ≤ m1.

Therefore, the conditions of Lemma 2.1 are fulfillled, thus the system (S) has at least

three positive solutions u1, u2, and u3, such that Equation 3.3 hold. □
From the above argument, we could consider naturally the general dynamic system

on time scales T.⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u��
1 (t) + h1(t)f1(t, u1(t), . . . , un(t), u�

1 (t), . . . , u
�
n (t)) = 0,

. . . ,
u��
n (t) + hn(t)fn(t, u1(t), . . . , un(t), u�

1 (t), . . . , u
�
n (t)) = 0,

t ∈ [t1, t2]T,

aui(t1) − bu�
i (t1) =

∑m−2

k=1
akui(ξk),

cui(σ (t2)) + du�
i (σ (t2)) =

∑m−2

k=1
bkui(ξk),

(i = 1, 2, . . . ,n),

(GS)

where a, b, c, d, ak, bk, ξk (k = 1, 2, ..., m - 2) satisfy (A1) and hi, fi (i = 1, 2) fulfill the

condition

(A′
2) hi ∈ Crd([t1, t2]T, [0,∞)) (i = 1, 2, ..., n) and there exists t0 ∈ (t1, t1)T such that

hi(t0) > 0, fi ∈ C([t1, t2]T × [0,∞)n × (−∞,∞)n, [0,∞)) (i = 1, 2, ..., n).

We obtain a result, the proof of the result is omitted.

Theorem 3.3 Suppose (A1), (A′
2)and (A3) hold, and fi(t, 0, ..., 0) ≢ 0 (i = 1, 2,...,n) for

t ∈ [t1, σ (t2)]T. Assume that there exist positive numbers m′
1,m

′
2,m

′
4, τ

′
1, τ

′
2such that

m′
1 < m′

2 ≤ (τ ′
1)

2(λ2
1 + 4λ2)

4n|σ (t2) + σ 2(t2) − λ1|m
′
4, 0 < τ ′

1, τ
′
2 < 1and

(C4) if t ∈ [t1, σ (t2)]T, v1, v2, ..., vn ≥ 0, v1 + v2 + · · · + vn ∈ [−τ ′
2,m

′
4]and

w1 + w2 + · · ·wn ∈ [−m′
4,m

′
4], then

fi(t, v1, . . . , vn,w1, . . . ,wn) ≤ m′
4

nL′
i

(i = 1, 2, . . . ,n);
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(C5) there exists i0 Î {1, 2, ..., n}, such that

fi0(t, v1, . . . , vn,w1, . . . ,wn) >
m′

2

nM′
i0

,

for t ∈ [η, σ (ω)]T, v1, v2, ..., vn ≥ 0, v1 + v2 + · · · + vn ∈ [m′
2,m

′
2(τ

′
1)

−2]and

w1 + w2 + · · ·wn ∈ [−m′
4,m

′
4];

(C6) if t ∈ [t1, σ (t2)]T, v1, v2, ..., vn ≥ 0, v1 + v2 + · · · + vn ∈ [0,m′
1] and

w1 + w2 + · · ·wn ∈ [−m′
4,m

′
4], then

fi(t, v1, . . . , vn,w1, . . . ,wn) ≤ m′
1

nN′
i

(i = 1, 2, . . . ,n),

where L′
1,M

′
i0 ,N

′
i (i, i0 = 1, 2, ...,n)are positive constants and are similar to Li, Mi0, Ni

(i, i0 = 1, 2, ..., n), respectively.

Then the system (GS) has at least three positive solutions u1, u2, and u3satisfying

γ (uj) ≤ m4(j = 1,2,3);

m2 < α(u1); m1 < β(u2) with α(u2) < m2; β(u3) < m1.

Let T = {0} ∪ { 1
2n+1

} ∪ [
1
2
, 1] (n = 1, 2, ...), hi(t) = 1, (i = 1, 2), m = 4. Consider the

system⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u��
1 (t) + f1(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

u��
2 (t) + f2(t, u1(t), u2(t), u�

1 (t), u
�
2 (t)) = 0,

t ∈ [0, 1]T

4ui(0) − 2u�
i (0) = ui

(
1
4

)
+ ui

(
1
2

)
,

4ui(σ (1)) + 2u�
i (σ (1)) = ui

(
1
4

)
+ ui

(
1
2

)
,
(i = 1, 2 ),

(3:7)

where

fi(t, v1, v2,w1,w2) =

⎧⎨
⎩
10−4t + 5(v1 + v2)

8 + 10−3
(

w1+w2

2.5×105

)3
, v1 + v2 < 4,

10−4t + 327680 + 10−3
(

w1+w2

2.5×105

)3
, v1 + v2 ≥ 4,

(i = 1, 2).

It is easy to check that hypotheses (A1)-(A3) hold and f(t, 0, 0, 0, 0) ≢ 0 on [0, 1]T. By

some calculations, we have τ1 =
1
2
, τ2 =

3
2
, l1 = 1, λ2 =

37
32

L1 + L2 =
25
48

, M1 +M2 ≈ 31
3
,

N1 +N2 =
104
7

. If we choose m1 =
1
2
, m2 = 1, m4 = 2.5 × 105, then

fi(t, v1, v2,w1,w2) ≤ m4

2Li
= 4.8 × 102 (i = 1, 2) for t ∈ [0, 1]T, v1 + v2 ∈= [0,

75
2
], w1 +

w2 Î [-2.5 × 105, 2.5 × 105]; fi0 (t, v1, v2,w1,w2) > m2
Mi0

≈ 0.09 (i0 ∈ {1, 2}) for

t ∈ [
1
4
,
3
4
]Tv1 + v2 Î[1, 4], w1 + w2 Î[-2.5 × 105, 2.5 × 105];

fi(t, v1, v2,w1,w2) ≤ m1
2Ni

≈ 0.03 (i = 1, 2) for t ∈ [0, 1]T, v1 + v2 ∈ [0,
1
2
], w1 + w2 Î

[-2.5 × 105, 2.5 × 105]. Thus all hypotheses of Theorem 3.2 hold. So the system (3.7)

has at least three positive solutions u1(t), u2(t) and u3(t) such that
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max0≤t≤1u3(t) <
1
2
with min1

4≤t≤ 3
4
u2(t) < 1, max0≤t≤1u3(t) <

1
2
hold.
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