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Abstract

By applying the fixed point theorem in cones, some new and general results on the
existence of positive solution to second order generalized Sturm-Liouville dynamical
system on time scale T
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are obtained. The first-order A-derivatives are involved in the nonlinear terms
explicitly.
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1 Introduction
Time scales theory allows us to handle systematically the continuous and discrete pro-
blems and to setup a certain structure, which is to play the role of generalizing continuous
and discrete [1,2], as well as more general systems simultaneously. The study of time
scales has led to several important applications, for example, in the study of insect popula-
tion models, phytoremediation of metals, wound healing, and epidemic models [3-5].
Dynamic systems have been the subject of numerous investigations and are also used of
various real processes and phenomena in physics, such as, dynamics of gas flow, Newto-
nian fluid mechanics, nuclear physics, boundary layer theory, and so on, which during
their evolutionary processes experience an abrupt change of state at certain moments of
time, we refer to Wang [6], Zhang [7] and the references therein. Recently, there have
seen a significant development and have made substantial progress on discussing the solu-
tions for the dynamic systems on time scales, the main research theories used is the fixed
point theorems in cones. Furthermore, noting an operation on the space of functions
from one state space to other state space has to be defined, generalizing the continuous
and discrete operations [8]. Applying the operation on the space of functions to discuss
the solutions for the dynamical systems on time scales, it can bridge the gap between the
continuous and discrete, mainly, can avoid the respective study in the solutions of
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continuous and discrete systems. That is to say, the field of dynamic systems on time
scales contains and extends the classical dynamical systems for differential and difference.
For the related results, we refer to [9-12]. Specially, the first-order derivatives are involved
in the nonlinear terms explicitly in dynamic system, which describe more complicated
phenomena and possess some value of applications. But very little work has been done on
the existence of solutions to this variety of dynamical systems on time scales. Based on the
known results of boundary value problems for the differential and difference equation, the
lower order derivatives are involved in the nonlinear terms explicitly. This study is devoted
to proving the existence of solutions for a generalized Sturm-Liouville dynamical system
on time scales T

uy (1) + h (01 (6w (6), w2 (0), up (6),uy (1)) =0
up® (1) + ha ()2 (8w (6), w2 (0), u (8), uy (1)) = 0,

au;(ty) — bu (1) = Z::z arui(&r), (i=1,2) (5)
(o (0) +dut (0 () = Y (@),

"t ety ]y,

where o(-) is the forward jump operator, a, b, ¢, d, a;, by, &, h; and f; (i = 1, 2) satisfy

(A) a, b, c,de [0, ), ag, be (0,)(k=1,2, ..., m2),a>Y 1 apc>Y 1 b
t1 < &1 < v <G <ty

(A) hi € Cr([ta, t2]1, [0, 00)) (i = 1,2) and there exists ty € (1, t1)7 such that &,(z) >
0, f; € C([t1, t2]7 x [0, 00)* x (=00, 50)?, [0,00)) (i = 1,2).

A solution u(t) := (u;(£), u,(t)) of the system (S) is positive if, for each i = 1, 2, u,(t) >
0 for all t € [ty, tz]1, and there is at least one nontrivial component of u(%).

We would like to mention some results of Li and Sun [9], which motivated us to
consider our problem (S). In [9], the authors have studied the existence criteria of at
least triple nonnegative solutions for a dynamical system on a measure chain

up 2 (0) + fi(t ur (0 (1)), u2(0 (1)) = 0,
uy (1) + 2t w1 (0 (1)), u2 (0 (1)) = 0,
aui(a) — Bui(a) =0, yui(o(b)) +dul(o(b))=0(i=1,2),

telabl

where o, 3, v, 0 2 0, f; : [a, b] x [0, ) x [0, ©) — [0, o) is continuous, the main
tools used is the fixed point theorems in cones. In addition, Sun et al. [11] considered
a discrete system with parameter

Aui(R) + Ahi(R)fi(us (k) ua (), ..., un(k)) =0, ke|0,T],
ui(0)=u;(T+2)=0 (i=1,2,..,n),

where 4 >0 is a constant, 7 and n > 2 are two fixed positive integers. They have
established the existence of one positive solution by using the theory of fixed point
index. Inspired by [6,7,9,13,14] et al, this study establishes some new and more general
results for the existence of multiple positive solutions to the dynamical system (S). The
results are even new for the general time scales as well as in special case of the contin-
uous and discrete dynamical systems. Our results extend the known results of Li and
Sun [9] (ax =0, by =0 (k =1, 2, .., m - 2)) from another point of view, our Theorem
3.2 improve the main results of Shao and Zhang [12]. Specially, taking T = R, our
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Theorem 3.2 extend the main results of Zhang and Liu [7]; taking T = 7, our Theorem
3.3 improve the main results of Sun et al. [11].

The rest of the paper is organized as follows. Section 2 provides some background
material for discussing the generalized Sturm-Liouville dynamical system (S). An
important lemma and a criterion for the existence of three positive solutions to the
dynamical system (S) are established, the results are tested on an example, and a gen-
eral result for dynamical system is considered in Section 3.

2 Preliminaries

Let v and 6 be nonnegative continuous convex functionals on a cone P, o be a nonne-
gative continuous concave functional on P,  be a nonnegative continuous functional
on P, and m;, m,, m3 and my be positive numbers. We define the following convex
sets

P(y,my) ={ueP:y(u)<m},
P(y,a,my,my) ={ueP:my <a(u),y(u) <ms},
P(y,0,a,my,m3,my) ={u € P:my <oa(u),d(u) <ms,y(u) <m},

and a closed set
Qy,B,mi,my) ={ueP:m <B(u),y[u)<my}.

To prove our main results, we state the Avery and Peterson fixed point theorem [15].

Lemma 2.1 Let P be a cone in a real Banach space BB. Let v and 0 be nonnegative
continuous convex functionals on P, o be a nonnegative continuous concave functional
on P, and B be a nonnegative continuous functional on P satisfying f(Au) < AB(u) for 0
< A < 1, such that for some positive numbers ¢ and my,

a(u) < B(u) and |lull < ey (u) for allu € P(y, my).

Suppose T : P(y,my) — P(y, my)is completely continuous and there are positive
numbers my, my, and ms with m; < my such that

(By) {ue Py, 0, o, my, m3, my): o) > my} = &, a(Tu) >my for u e P (y, 0, o, ms,
M3, My);

(By) o(Tu) > my for u € P (0, my, my) with O(Tu) > ms;

(B3) 0 & Qy, B, my, my) and B (Tu) < my for ue QB my, my) with B (u) = m;.

Then T has at least three fixed points uy, u, uz € P(y, my)such that

y(w) <my, (j=1,23);
my <a(ug);, my < B(up) witha(uz) < my;  B(uz) < my.

In order to discuss conditions for the existence of at least three positive solutions to
the generalized Sturm-Liouville dynamical system (S), we firstly define x(¢) = a(¢ - ¢;) +
b, y(t) = c(o(ty) - ) + d, t € [t1, 0(t2)]7- It is easy to see that x(f) and y(¢) are solutions
of the problem -x*2(¢) = 0, x(t;) = b, x*(t;) = a and -yAA(t) =0, y(o(ty)) = d, yA(O'(tz))
= -¢, respectively. Let G(¢, s) be Green’s function of the boundary value problem

ut2() =0, telt, bl
au(t;) — bu®(t1) = 0, cu(o(t2)) + du (o (t2)) = 0.
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It is known [16] that

1 [x(O)(0 (), t<s,
G(t’s)‘r{x(o(s))yu), o(s) <1, @1

fort € [t1,0(t2)]r and s € [t1, 2|1, where r = be + ad + ac(o(t,) - ty).

Define

n:min{te?:tz

36 +40(t2)}

, w:max{te?:tf

5] +30’(t2)
)

Obviously, n and w exist, and satisfy

3t +4a(t2) <h<w< t + 1U(t2)-
Further,

ifo(w)=t;andd =0, then t; < o(t).
For the Green’s function G(t, s), we have

0 <G(t,s) <G(a(s)s), (ts) e[t o(t)]r x [t 2],

since
x(t)
69 | ol =
G(o(s).s) vt
Kol “G=*

Furthermore, we obtain

G(t,s) = kG(o (s),5),

: . 3t + O'(tz) 1 + 30’(t2) G(t, S)

Where k- (s,t)e[fﬂﬂzmx[ 4 ’ 4 ]wr G(o(s),s)

G(t,s) = kG(o (5), ), (2.2)

G(t,s)

x[n,0(w . Obviously, i .
[no( )]TG(O'(S),S) O viously, 0 <k <k < 1

Where k = min(s/t)e[tl/(,(tz)]v

Denote

po | T an(E) - X (&) |
r— 2 i) — Y biv(&)
Lemma 2.2 Assume (A1) holds. If E = 0, then for g € Cy([t1, t2]1) (i = 1, 2), the sys-

tem

up® (1) + 81(1) =0,
uy® (1) + 82(1) = 0,

aui(ty) — b (1) = 3 (&),
m—2
cui(o(82)) + du (o (12)) = Zk=1 bieui (&),

telh, by,

(2.3)
(i=1,2)

Page 4 of 13
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has a unique solution

)

u(t) = (i (1), u2(1)) = /G(tr $)81(s)As + x(6)A(g1) + y(1)B(81),

2}

/ G(t, 5)g2(5) As + x(1)A(%2) + Y(DB(s2) |

t

where
Alg) = L | 2 ax Jy e 9gi()As 7~ T3 (&)
VUE Y b, GlEn9)gi(9)As Y buy(&)
B(g:) = 1]— Z;Z’%iézlkx(&k) Z;%Ej ar ftzgzi G(&r, 5)gi(s)As (i=1,2).
Elr—2 4 bex(8)  Dpm bkftl ' G(&r 5)gi(s)As

Proof. The proof is similar to Lemma 2.2 [17], we omit it. O
In addition, we give a necessary hypothesis:

(A)E<0, =" “a(s) >0, =Y bx(&) > 0.

ke

Lemma 2.3 If (A;) and (Az) hold, then for g € Cy([t1, t2]t)with g; 2 0 (i = 1, 2),
there exists 7, € (0, 1) such that the unique solution u = (uy, uy) of the system (2.3)
satisfies

ui(t) > O(l = 1,2), te [Il,o'(tz)]‘u'

inf w0+ inf w@®zn (sup  jm(@l+ sup (). Y
telno (@)l tefno (@)l telt,o ()] telt,o ()]
Proof. The proof is similar to Lemma 2.2 [18], we omit it. O
3 Main results
Let E=ClLlt,o(t)]r with the sup norm. Set
[lullo = SUPiefyy 0 (1)1, 141 (O)+8UP e, (1)), (U2 (D) [[u®]lo = supte[tl/tzh|u1A(t)\+supt€[thtl]W|u2A(t) l Let
B =E x E, the norm of y € B is defined by
lull = max{|[ullo, |[u®llo},
then B is a Banach space. The cone P ¢ B is defined by
u = (u1, uy € B) : u;(t) is nonnegative and concave on [t1, 0 (t)]r,
. m—2
u; satisfies au;(t;) — bul*(t;) = Zk=2 arui (&),
A m—2 .
P =1 cui(o () +duf (o(2)) = )" bai(8)  (i=1,2), L (3.1)
inf u(t)+ inf  uy(t)
te[n.o(o)ly te[n,o(o)ly

= 71 (SUPyefyy o (1), 141 (D] + SUP e[, o (1)), 12 (1)

Let the nonnegative continuous concave functional ¢, the nonnegative continuous
convex functionals 8 and 7, and the nonnegative continuous functional § be defined on
the cone P by

Page 5 of 13
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a()=inf |u(t)l+ inf Jup(t)l, y(u)= sup [up(t)l+ sup [uf (1),
te[no(w)ly te[no ()ly teltita]y te[ti o)y

(3.2)
O)=pm)=sup fm(@)l+ sup |ur(1)l.
te[ti,o(t2)]y telty,o(t)ly
Since the first-order A-derivatives are involved in the nonlinear terms explicitly to
the system (S), we give the following lemma.
Lemma 3.1 Assume (A,) holds. If u = (uy, uy) € P, then

A
llullo < T2llu1lo,
where

a(to — tl) +b C(O’(tz) — t()) +d

T2 = max m-2 m—2
A= A €= Dy b

Proof. In fact, it stuffices to prove that

sup  [ur(0)l+  sup  |up(t)] <o sup [up(f)l+ sup |u()])
te[ty,o(t2)]y telti,o ()] telty, by telty, )y

holds. Suppose to contrary, there exists Lo such that
uy(to) + uz(t0) > T2 (Juf (o) + lus (t0)I). Since u = (uy, uy) € P, we choose that D such
that D C [t1, ©2]%, and [t1, ©2]5\D is countable and contains no right-scattered elements of
[t1, 2] u(t) (i = 1, 2) is continuous on [t1, t; |1 and differentiable in each t € D, so u,(¢) (i
= 1, 2) is pre-differentiable with D. Let ty € T such that ¢; < £, < £, and the compact inter-

vals Uy, U, C [ty, t2]1 such that U; has endpoints ¢, ¢y, U has endpoints £, o(£).
For the endpoint ¢, from the mean value theorem on time scales [1, p25], one has that

) — ) _ 00) = 00 + A 6)

sup |ul(t)] = i=1,2),
teU’{ng (0= [to — tal fo— 1t ( )
ut) (¢ = 1, 2) is «concave on UfND, it follows that
up () = SUPteumD|“iA(t)| (i=12)
We have
m—2
A a— 2.1 Gk .
sup |u; (t)| > ui(to i=1,2),
telsND (0 a(to—t)+b i{to) )
so we have
a— m—2 a
A A k=1 Yk
sup |up(t)|+ sup |u5(t)| > (u1(to) + u2(to))-
telsND ! telsND 2 a(to—t)+b
For the endpoint o(t,), one has that
ui(o(t)) — ui(t ui(to) — ui(o (¢
sup |uiA(t)| > lui(o (t2)) i(to)| _ i(t) i(o(2))
telsnD o (t2) — tol o(t) — o
1 _
ui(to) = (—duf(0(12)) + 35" bui (1))
= ¢ (l = 1! 2)!
O’(tz) — to
again, wu;(t) (i = 1, 2) is concave on UjND, it follows that

up (0 (t2)) = —supyeysplu* (1)1 (i = 1,2). We have

Page 6 of 13
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m—2

c— by
sup |u®(0)] > k=1 il i-12),
teU;RD (0 c(o(ta) —to) +d i(to) ( )
we get
DY
sup [ut () + sup uf(1)| = O (1) + 1a (1)),
telsnD S telsnD 2() C(U(tz)—t0)+d( 1(to) + 2(10))

From the discussion results of the above cases, we can obtain that for ¢ = ¢,

m—2 m—2
— o — a bk
Afg A . Ja=2330 “k, ¢ k=1 ¢ ¢
u (o)1 + [uy (to)| = mln{a(to T h)+ b (o () — to) + d (u1(t0) +u2(to))
a-Yila =5 be

} (1uf (o)1 + lu5 (o)1)

- n mm{a(to —0)+b o(0(t2) — to) +d

= [uf (to)| + lu5 (o)1,

this is a contradiction. The proof is complete. O

To prove our main results, we recommend notation

m—2 m—2
AT = <a - ak) (c(cr(tz))2 +d(o(t) +o’ () = Y bké}f)
[

k=1
m—2 m—2
+ (c -3 bk> (Z agl +b(t + o (1)) — at2> ,
k=1 k=1
m—2 m—2
Ay = (Z @l +b( +o(n)) — atf) (Z br&r — co(t2) — d)
k=1 k=1
m—2 m—2
+ c(o(tz))l +d(o(t2) + gz(tz)) — Z bkgkz) (Z agkp +b — atl) ,
k=1 k=1
m—2 m—2 m—2 m—2
= <a — Z ak> (Ca(tz) +d— E bkf;'k) + (C — Z bk> (Z app +b — atl) ,
k=1 k=1 k=1 k=1
)\,1 = )}Ll ’ }\2 = )}f ’

where 6%(t,) = 0(0(t,)), and for i = 1, 2,

L; = max l xA(tl)/ iy(a(s))h,‘(s)As +x2(t)AR) +y* (t1)B(h) |,

Pe) [ A8+ x QAR +1 (@B }

[5]

M; = min /G(n,s)hi(s)As +x(m)A(h;) +y(n)B(hi),

5]
12}

/ G0 (@), hi(5)As + x(0 (0))A(h) + (o ())B(hi) |,

13}

te[ty,o(t2)]y

Ni= sup /G(t, s)hi(s)As + x(6)A(h) + y(t)B(hi)) .

Page 7 of 13



Zhang Advances in Difference Equations 2011, 2011:24
http://www.advancesindifferenceequations.com/content/2011/1/24

Theorem 3.2 Suppose (A,)-(Az) hold and f(t, 0, 0, 0, 0) ¥ 0 (i = 1, 2) for
t € [t1,0(t2)]v. Assume that there exist positive numbers my, my and my such that m,
2(A2 + 4
< my < i ( 1’; 2)
8|O’(t2) +0 (t2) — M|
(Cy) ifte [t o(t2)]m vi, va 2 0, vi + vy € [0, oyl and wy + wy € [-ma, my], then

(i=1,2)

maand

my
i(t, vy, v, wy,wy) <
fit,vi, v2, w1 2)_2Li

(Cy) there exists iy € {1, 2}, such that
my
2M

’

fio(tl V1, V2, w],Wz) > '
1o
fort € [n o (@)l v, v2 2 0, vy +v3 € [my, mat; Jand wy + wa € [-ma, ma;

(Cs) ift e [t1,0(2)]m v, v2a 2 0, vy + vy € [0, my] and wy + wy € [-my, my], then

m .
it vy, v2, w1, w2) < (i=1,2).

1
2N;
Then the system (S) has at least three positive solutions uy, u,, and us satisfying

y(u) <mu(j=1,23);

my < a(ug); mp < Buz) witha(uz) < my;  B(uz) < my. 33

Proof. Define the operator T by
(Tw)(1) = ((T1)(®), (T2)(1)),

where (Ty)(1) = /[Z G(t, s)hi(s)fi(s, ur(s), uz(s), ulA (s), uzA(s))As +x(O)A(hifi) +y(O)B(hifi) (i=1,2)

1

for t € [t1,0(t2)]v. For u = (uy, uy) € P, from Lemma 2.2 we note that the system (S)
has a solution « if and only if u is the fixed point of u(¢) = (Tu)(£). Hypothesis (A3)
implies that A(h;f;) = 0, B(hf;) 2 0 (i = 1, 2). By Equation 2.4, we have (7))(¢) = 0 (i =
1, 2) for t € [t1,0(t2)]r, (T:)(¢) (i = 1, 2) is concave on [t1,0(t2)]r and satisfies

cTi(o (12)) +dT} (o (12)) = 2oty beTi(8e), cTio (12)) + AT (o (12)) = o3t bTi(8e), (i =

1, 2) Further we can obtain that
infie[y,o (), T1(t) + te[mi&fw)hTz(f) = T (SUPefyy, 0 () 1 T1 (O] + 8UP ety 0 (0)1 1 T2(D)] since for i
=1,2,

IE[[31:82)]T (T ()]

te[to(t2)ly

= sup (/ Gt )hi(s)fi(s, ur (s), uz(S)fulA(S)fuzA(S))AS+x(t)A(hifi)+Y(I)B(hifi))

5]

= / G0 (5), ()i, ur (), ua(s), u (5), 13 (5)) As + x(0 (12))Ahifi) + y(t1)B(hify),

4

on the other hand, for t € [n, o (w)]1, Equation 2.2 implies that there exists 7; € (0,
1) such that

Page 8 of 13
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15}

(T)(0) = /C(t: SYRi(s)fiCs, w1 (5), 12 (s), ' (5), 5 (5)) As + x(DA(hify) + y(0)B(hify)

3]

> [ 06O O 616wt eas (77 ) agus)

ty

+y<t1 +34U(t2)>B(hiﬁ-)

zn (/ Go (s), )hi()fi(s ua(s), ua(s), ug (5), u (5)) As + x(0 (12))A(hify) +V(t1)B(hz'fi))

>zn sup (T
te[tr,o(t2)ly

Thus, we can conclude that Tu € P. Furthermore, it is easy to check that the opera-
tor T is completely continuous by using Arzela-Ascoli lemma, and so the conditions of
Lemma 2.1 hold with respect to 7. o, 7, 6, and 3 are defined by Equation 3.2, we also
note that &, %, 6, B: P — [0, =) are continuous nonnegative functionals such that o(u)
< O(u) = B(u) for all u € P, (B satisfies f(Au) < AB(u) for 0 < A < 1, and |u| < &y (u) for
all u € P(y, my), where &€ = max{z,, 1}. We now show that if assumption (C,) is satis-
fied, then

T :P(y,mq) — P(y, mq). (3.4)

In fact, for u = (uy,up) € P(y, my), we have
y(u) = supte[tlllzlrluf(tﬂ + suple[llltzhluzA(tﬂ <my. By Lemma 3.1, it holds
SUPeft, 0 ()], 141 (D) 1+SUP e[, (1)), 1H2(D)] < TZ(SUPze[rl,zz]W|“1A(t)|+SUPre|;,,r2]T|“§(t)|) <nms, and so
assumption  (C;)  implies  fi(t, u1(£), ua (1), u (t), ud (1)) < Tﬁ (i=1,2), for
t € [t1,0(t2)]r. On the other hand, for u € P, we have proved that Tu = (T}, T,) € P,
it follows that

sup |(T:)* ()|
te[ti,t ]y

t

sup |y2(¢) iX(G(S))hi(S)ﬁ(SI w1 (s), u2(s), ug (), up (s)) As

te[ti,t ]y

5]

+xA(t)/ :V(G(S))hi(S)fi(Sful(S)fuz(S)fulA(S)fuzA(S)) o s +x® (DA (hif;)

+2(0)B(hif)|
= ;n;l max xA(tl)/ i)’(o(s))hi(s) A s +x2(t)A(h) +y* (t1)B(hi)|
}’A(tz)/ ix(o(s))h,—(s)As+xA(t2)A(h,-)+yA(t2)B(h,-) - ”;4 (i=1,2).
Thus,

y(Tu) = sup |(T)*(0)+ sup [(T2)*(0)] < ma.

te[ti,t ]y te[ti,t ]y

Therefore, Equation 3.4 holds.
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To check condition (B;) in Lemma 2.1, we choose uy = (uyg, Uzg), taking
4m,
t2(A2 +42,)
that u;o(¢) > 0 (i = 1, 2), u;0(t) (i = 1, 2) is concave on [t1,o(tz)]r and satisfies

(1) ~bufy (1) = Y0 awtio (86, uio (o (2)) (o (2)) = 3

k=1

te[ti,o(t2)]r t € [t1,0(t2)]r. where m = > 0. It is not difficult to verify

*baiio(&) (i=1,2). By the

properties of u;y(f) (i = 1, 2), we can obtain

a(ug) = inf |u |+ inf  |upo(t)|
(o) = oy, ol + it 1o (8]

= min{u10(n), u10(o (@))} + min{uyp(n), uzo (o (w))} (3.5)
my my
=7 (le + _L_12> > my,

A A my  my
O(uo) = sup |u(t)l+ sup  |ux(t)l = uw ( 21) +u20< 1) = S+ 5, >my

telto(e)ly teltro(i)ly 2 LI

y(uo) = sup IulAO(t)|+ sup |u2A0(t)| (3.6)

teft o]y el o]y
= max{|uio (t1)|, luyo (o (12)) 1} + max{fugy (1)1, |ugo (0 (12))1} < ma.

Equations 3.5 and 3.6 imply that
infefy,o (w)l; W10 (D) +infe o ()] 420 (1) = T1(SUP;efy; 0 (1)), 110 () +SUP ey, 0 (1)), [U20(8)l,  thus we
get uy € P and so a(ug) > my O(ug) > my, Yug) < my Further,
up € P(y,0,a,my, myty 2,my) and {ug € P(y,0,q, my, MaT; 2,my) :a(up) > ma} # 0.
For ueP(y,0,a m,mt =2, my), there is

my < uy(t) +up(t) < mot 2, [uf (t) + ub (1) < my for t € [n,0(w)]r. Hence by assump-
m .
tion (C,), one has that fi,(t;u1(t), ua(z) ut(r), ud(t)) > 2le (io=1,2) for
1o
t € [n,0(w)]r. So we obtain that, for iy = 1, 2

Ti, (0)1 = min{(T;, ) (n), (Tiy) (o (@)}

teln, 0( )]v
%)

= min f G (0, )hiy (5)fio (5, w1 (5), ta (5), u (s), ub (s)) As + x(n)A(hi,fiy)

+Y(n)B(hiofiu)//G(U(w),S)hiu(S)flu(S ur (s), ua(s), up (s), uy (s)) As

+x(0 ())A(hipfiy) + y(0 (@))B(hinfiy )}

[5)

z 2’;\20 min /G(n,s)hio(s)As+x(n)A(hiU) +y(n)B(hi,) ,
/‘G(a(a)),s)hiU (s)As + x(o (@))A(hi,) + y(o(w))B(hi,) t = ";2.

t
Thus,

a(Tu) = inf |Ty(¢)|+ inf |T2(t)] > my.
telno(@)ly te[n.o(@)ly
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"2, m4) and condition (B,) in

So we get o(Tu) > m, for u = (u1,uz) € P(y,0,a,my,
Lemma 2.1 is satisfied.

We now prove that condition (B,) in Lemma 2.1 holds. In fact, if u = (uy, uy) € P (¥,

m
o, my, my) with 0(Tu) > . then
1
a(Tu) > 110(Tu) > my.

Finally, we assert that condition (Bs) in Lemma 2.1 also holds. (0, 0) ¢ Q(y, 8, m;,
my), since B((0, 0)) = 0 < m;. Assume that u = (uy, u,) € Q(y, B, my, my) with B(u) =
m, assumption (C3) implies that

sup  |Ti(¢)l

te[tr,o(0)ly

5]

sup / G(t, Yhi(s)fi(s u (), u2(s), uy (5), u3 (5)) As + x()A(hify) + y(£) B(hifi)

te[ty,o(t2)ly .

mq

< my sup (/ G(t,s)hi(s)As + x(t)A(h;) + y(t)B(hf)) =, (i=1,2).

2N; tefti,o(t2)]y

Hence,

B(Tu)= sup |Ti(0)|+ sup |Ta(0)] < my.
te[t,o(t2)lr te[to(6)]y
Therefore, the conditions of Lemma 2.1 are fulfillled, thus the system (S) has at least
three positive solutions u1, u,, and u3, such that Equation 3.3 hold. O
From the above argument, we could consider naturally the general dynamic system
on time scales T.

A () + hi(Ofi (L ur (t), - un (), ud (1), ..., u>(t)) = 0,
te [t bty
U2 () + hy (Ofu(tur (8, ... un(£), ud (t), ..., u (1)) = 0,

aui(t;) — bu* (t1) = Z::z arui (&),
m—2
cui(o (1)) +duf(0(12)) = Y, bii(&),

(GS)

(i=1,2...,n),

where a, b, ¢, d, ay, by, & (k =1, 2, ..., m - 2) satisfy (A1) and 4;, f; (i = 1, 2) fulfill the
condition

(AY) hi € Cu([t1, t2]1,[0,00)) (i=1,2,...,n) and there exists ty € (t1,t1)7 such that
hi(to) > 0, f; € C([t1, t2]T x [0, 00)" x (—00, 0)",[0,00)) (i=1,2,...,n).

We obtain a result, the proof of the result is omitted.

Theorem 3.3 Suppose (A,), (A )and (Az) hold, and f(t, 0, .., 0) KO (i = 1, 2,...,n) for
t € [t1,0(t2)|v. Assume that there exist positive numbers m’y, my, my, Ty, Tysuch that
(1)’ (A +422)
o(t2) +o2(t2) — A1l
(Cq) if telti,o®)]r, v, Ve o Ve =2 0, Vi+V2+ -+, € =75, myland

/ / / / ’
my < m) < anl my, 0 < 1, 7) < land

Wy + Wy + - Wy € [—my, my], then
7

m .

filt,vi, ..., vp wr, ..., wy) < 4, (i=12,...,n);
L
nL;

Page 11 of 13
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(Cs) there exists iy € {1, 2, ..., n}, such that
m

,fio(tll/1/~-~/Un/w1/-..,wn)> ,
nM;

for teno(@)]r, vi, Vo o Vi, = 0, vi+vy+---+v, € [my,mh(t]) land
Wy + Wy + -+ Wy € [—my, my}

(Co) if teltio()]r, v, vay o VvV, = 0, Vi+2+---+v, €[0,m)] and
W1 + Wy + -+ - Wy € [—my, m}y|, then

m/
fittbv, ..o, vpwy, . w) < Y (i=1,2,...,n),

nN;
where Ly, M; ,Nj (i,io = 1,2, ..., n)are positive constants and are similar to L;, Mi, N;
(i, ip = 1, 2, ..., n), respectively.
Then the system (GS) has at least three positive solutions U1, Uz, and Ussatisfying

v(u) <mu(j=1,23);
my; < a(ug), my < B(uz) witha(uz) < my;  B(ug) < my.

1

Let T={0}U{,,,

JU [; 11 (n=1,2,..) h(t) =1, (i = 1, 2), m = 4. Consider the

system

up ™ (6) + fi (6, ua (1), ua (£), uf (1), u (1)) = 0,
us 2 (6) + fo(t ur (1), ua (1), us (1), ud (1)) = 0,

4u(0) ~ 262 (0) =i () ) +ui( ). , (3.7)
4ui(0(1))+2uiA(o(1)§4_)ui (igi>ui (;) (i=1,2)

te [0, 1]y

where

3
1074t + 5(u1 +v2)* + 10*3( w2 ) vt < 4,
filt v, vy, w1, wy) = i 2510 (i=1,2).

3
10740 +327680 + 103 (J4 ) vy 4y 2 4,

It is easy to check that hypotheses (4;)-(A3) hold and f(t, 0, 0, 0, 0) X 0 on [0, 1]y. By

. 1 3 37 25 31
some calculations, we have 7, = , 1, = , A1 =1, A= Li1+Ly= , M +My~ ,
2 2 32 48 3

104
N1 +N; = - If we choose m1=2, m, = 1, my = 2.5 x 10°, then

My . 75
filt, v, v2, wy, wy) < o, = 48X 10% (i=1,2) for t € [0, 1]y, vy +v; €= [0, ) L wi +

1
wo € [-2.5 x 10°, 2.5 x 10°]; fi(t,v1,v2, w1, wp) > KZ; ~ 0.09 (ip € {1,2}) for
3

4,4]1rv1 + vy e[l, 4], w, + wy, e[-25 x 10° 25 x 10°];

te|

. 1
fit, v, vo, wy, W) < Z’ji ~0.03 (i=1,2) for t€[0,1]y, vy +v; €0, 2], Wi + Wy €

[-2.5 x 10°, 2.5 x 10°]. Thus all hypotheses of Theorem 3.2 hold. So the system (3.7)
has at least three positive solutions ug(t), uz(t) and wug(t) such that
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1 omi 1
maxo<i=1ti3(t) <, with mint_, 342(0) <1 maxoz<yug(f) < , hold.
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