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Our aim is twofold. First, we propose a natural definition of index for linear nonau-
tonomous implicit difference equations, which is similar to that of linear differential-
algebraic equations. Then we extend this index notion to a class of nonlinear implicit
difference equations and prove some existence theorems for their initial-value problems.

1. Introduction

Implicit difference equations (IDEs) arise in various applications, such as the Leontief
dynamic model of a multisector economy, the Leslie population growth model, and so
forth. On the other hand, IDEs may be regarded as discrete analogues of differential-
algebraic equations (DAEs) which have already attracted much attention of researchers.

Recently [1, 3], a notion of index 1 linear implicit difference equations (LIDEs) has
been introduced and the solvability of initial-value problems (IVPs), as well as multipoint
boundary-value problems (MBVPs) for index 1 LIDEs, has been studied. In this paper,
we propose a natural definition of index for LIDEs so that it can be extended to a class
of nonlinear IDEs. The paper is organized as follows. Section 2 is concerned with index
1 LIDEs and their reduction to ordinary difference equations. In Section 3, we study the
index concept and the solvability of IVPs for nonlinear IDEs. The result of this paper can
be considered as a discrete version of the corresponding result of [4].

2. Index 1 linear implicit difference equations

Let Q be an arbitrary projection onto a given subspace N of dimension m —r (1 <r <
m — 1) in R™. Further, let {v;}] and {v;}/}; be any bases of KerQ and N, respectively.
Denote by V = (v1,...,V;) a column matrix and denote Q = diag(O,I,,-,), where O,
and I,_, stand for r X r zero matrix and (m — r) X (m — r) identity matrix, respectively.
Then V is nonsingular, Q = VQV~!, and this decomposition depends on the choice of
the bases {v;}]", that is, on V.

Now, suppose N, and Ng are two subspaces of the same dimension m —r (1 < r <
m — 1) in R™. Then any projections Q, and Qg onto N, and N can be decomposed
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as Qu = V,QV;! and Qg = VﬁQVﬂ’ !, respectively. Define an operator connecting two
subspaces N, and Ny (connecting operator, for short) Qg := VaQVﬁ’ !, Clearly,

roﬁ = throﬁ = QaﬁQﬁ = QaVocV/g_l = Vth/3_1Qﬁa

(2.1)
thﬁQﬁtx = Qu Q/ithocﬁ = Qﬁ
We consider a system of LIDEs
Anxn+l +Bn-xn ={n (1’1 = 0)) (22)

where A,,B, € R"™" g, € R™ are given and rankA, =7 (1 <r<m—1) forall n > 0.
Let Q, be any projection onto KerA,,P, =1 — Q, and consider decompositions Q, =
V,QV, ' (n>0). For definiteness, we put A_; := Ag, Q_; := Qo, P_; := Py, and V_ :=
Vo. Thus, the connecting operators Q,_1,, := +-1QV, ! are determined for all n > 0.

Recall that a linear DAE A(#)x” + B(t)x = q(¢t), t € ] := [y, T], where A,B € C(J,
R™*m) g € R™, is said to be of index 1 or transferable (see [4]) if there exists a smooth
projection Q € C!(J,R™ ™) onto Ker A(¢) such that the matrix G(t) = A(t) + B(£)Q(t) is
nonsingular for all t € J. It is proved that the index 1 property (transferability) of lin-
ear DAEs does not depend on the choice of smooth projections and is equivalent to the
condition S(¢) N Ker A(t) = {0}, where S(t) := {£ e R" : B(t)é € ImA(t)}.

A similar result can be established for LIDEs, namely, the following lemma.

LemMa 2.1. The matrix G, := A, + B,Qu_1,, is nonsingular if and only if
S,NKerA,_, = {0}, (2.3)

where, as in the DAE case, S, := {£{ € R" : B,£ € ImA,}.

The proof of Lemma 2.1 repeats that of [3, Lemma 1] with some obvious changes, and
uses the fact that condition (2.3) holds if and only if V,,V,, 1| S, n Ker A, = {0}.

Since condition (2.3) does not depend on the representation of connecting operators,
we get the following corollary.

CoROLLARY 2.2. The nonsingularity of G, does not depend on the choice of connecting op-
erator, that is, if Qu_1,4 := Vae1QV, L and Q1 := V,1QV,; Y, then both matrices G, :=
Ap+BnQuo1,n and Gy, := A, + B, Q-1 are singular or nonsingular simultaneously.

Corollary 2.2 confirms that it suffices to restrict our consideration to orthogonal pro-
jections onto KerA,, as was done in [3]. However, in the mentioned paper, a singular-
value decomposition (SVD) of A, is employed for constructing an orthogonal projection
Q. onto KerA, and it seems not to be convenient for a further extension of the index
notion to nonlinear cases. Corollary 2.2 also allows us to introduce the following notion
of index 1 LIDEs, which is quite similar to that of index 1 (transferable) linear DAEs.

Definition 2.3. The LIDEs (2.2) are said to be of index 1 if, for all n > 0,

(i) rankA, =7r;
(1) Gy := Ap+B,Qyu-1,n is nonsingular.
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The main difference between linear index 1 DAEs and linear index 1 IDEs is the fact
that the pencil {A(t),B(#)} in the continuous case is always of index 1 for all t € J, while
forn > 1, {A,, By} is not necessarily of index 1.

Now, we describe shortly the decomposition technique for index 1 LIDEs. Performing
P,G, ! and Q,G,! on both sides of (2.2), respectively, we get

Puxni1 +PnGngnxn = PnG,;lfha (2.4)
QfnglBlen = Q;lGnqn- (2.5)
Further, denoting u, = P,_1xy, v, = Qu_1x, (n > 0) and observing that P, G;;' B,Q,—1x, =

PnG;;anQn—l,nQn,nflxn = PnQn,nflxn = PnQnQn,nflxn = 0: we find Pncngnxn =
P,G,,'B,u,. Thus, (2.4) becomes an ordinary difference equation

Un+1 + PuG, ' Byt = P,G; ' q,. (2.6)

Since QnGZIBnQn—lxn = QnGngnQn—l,nQn,n—lxn = Qn,n—l-xn =V, Vn_—ll Qu-1xX,=V, Vn_—llvnr
(2.5) is reduced to

Vn = n—an_l(QnGglqn_QnGngnun)- (2-7)
Finally,
Xn =Up+Vy = (I - anl,nGr_lan)un + anl,nGgl‘Jn- (2.8)

Thus, if (2.2) is of index 1, then, for given uy = P_1x9 = Pyxp, we can compute 1,
vn, and x, (n > 0) by (2.6), (2.7), and (2.8), respectively. As in the DAEs case, we only
need to initialize the Py-component of xy. Further, putting n = 0 in (2.8) and noting
that V_; = Vi, ug = P_1x9 = Poxo, we find that a consistent initial value x, must satisfy a
“hidden” constraint, namely, Qq(I + Gy BoPo)xo = QoGy ' qo.

3. Nonlinear implicit difference equations

We begin this section by recalling the following version of the Hadamard theorem on
homeomorphism.

TueOREM 3.1 [2, page 222]. Suppose F € CY(X,Y) is a local homeomorphism between two
Banach spaces X, Y and {(R) := inf); <g (II[F'(x)] "' 1)~". Then if [;” {(R)dR = +o0, Fisa
(global) homeomorphism of X into Y.

In particular, if |[[F'(x)]7']| < allx|| + B for all x € X, where a >0, >0, then F
is a homeomorphism of X into Y. Further, suppose F = T + H, where T € C'(X,Y),
T (x)] 7t <y, forall x € X, and [|[H(x) — H(y)|l < Lllx — y|, for all x, y € X, then if
Ly <1, F is a homeomorphism of X into Y.

Consider a system of nonlinear IDEs

Jo(Xp41,%4) =0 (n20), (3.1)

where f, : R™ — R™ are given vector functions.
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Definition 3.2. Equation (3.1) is said to be of index 1 if

(i) the function f, is continuously differentiable, moreover, Ker(0 f,/0y)(y,x) = Ny,
dimN, =m—r, foralln >0, y,x € R", where 1 <r <m—1;
(ii) the matrix G, = (9 f,/0y)(y,x) + (0 fu/0x)(y,%)Qu-1,n (n > 0) is nonsingular.

Here, we put N_; = Ny, V_1 = V4, Q-1 = Qo, and denote by Q,_1,, an operator con-
necting two subspaces N;,_1, Ny,.

In the remainder of this paper, for the sake of simplicity, the norm of R™ is assumed
to be Euclidean.

THEOREM 3.3. Let (3.1) be of index 1. Moreover, suppose that
|G, ()| < anllyll + Bullxll +yn Vy,x €R™, V>0, (3.2)

where oy, B, = 0, y, > 0 are constants. Then the problem of finding x, from (3.1) and the
initial condition

Poxy = Po (3.3)

has a unique solution.

Proof. Since

of

1
fn (xnﬂ’xn) - fn (annJrl’xn) = —[0 a_; (annﬂ + thanrl)xn)anant =0, (3.4)
equation (3.1) becomes

fn(annH)Pnflxn'f'anlxn) =0 (n>0). (3.5)

Suppose u, = P,_1x, (n > 0) is found (for n = 0, uy = P_1x9 = Poxo = po is given). We
have to find u = P;x,+1 € ImP, CR" and v = Q,—1x, € ImQ,—; C R™"". Define an op-
erator F: R™ — R™ by F:z:= (ul,v")T — fy(u,u, +v). Let w = (AuT,AvT)T, where
AuelImP,, Av € ImQ,_1, then F'(z2)w = (9f,/0y)(u, uy + v)Au+ (0 fu/0x) (u, uy, + v) Av.
Consider the linearized equation

F(z)w=q, (3.6)

where g € R™ is an arbitrary fixed vector. First, observe that G,P, = (9f,/0y)P, + (0 fa/
0x)Qn-1,,QnPy = (0f,/0y)P, = dfu/dy, hence G,'(0f,/dy) = P, and G,Q, = (df,/
0x)Qu-1,1Qn = (0f,/0x)Qyu—1,n, therefore G,'(3fu/0x)Qu-1,, = Qu, where G,, dfu/0y,
0 fu/0x are valued at (u,u, +v). Further, since P,Au=Au, Av=Q,_1Av=Qy-1,,Quu-1Av,
then by the action of G,;! on both sides of (3.6) and using the last observations, we get

Au+Quu1Av =G, (u,uy +v)g. (3.7)
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Now, applying P, and Q, to both sides of (3.7), respectively, we find Au = P, G, 'q and
Qun-1Av = Q,G,;'q. The last equality leads to Av = V,,_; V,'Q, G, 'q. Thus, (3.6) has a
unique solution w = (AuT,AvT)T. Moreover, [|Aull < [IP,|IIIG, lligll and [|Av] <
Vo1 Vi, ' Qulll G, I, that is, F’(z) has a bounded inverse. A simple calculation shows
that [[[F'(2)] 7'l < wallzll + 8,, where w, = 2p, max{es, But, 8n = pu(yn + Bullunll), and
pn = (IIP41I> + | Vo1V, 1Qn %) /2. By the Hadamard theorem on homeomorphism, (3.1)
has a unique solution P,x,+1 and Q,_1x, for all n > 0. This completes the proof of
Theorem 3.3. O

In the next theorem, without loss of generality, we will use orthogonal projections
onto Ny, that is, Q, = V,QV[ and V,,VI = VIV, = I. In this case, Q, 1, = V,_1QV/[
and [|Qull = [[Pyll = |Vl = 1.

THEOREM 3.4. Suppose f,(y,x) = gu(y,x) + h,(y,x), where

(1) gn(y,x) is continuously differentiable, moreover

Keraa;g;(y,x) =N,, dimN,=m-r, Vn>0, Vx,y e R"; (3.8)
(i) Gu(y,x) = (9gn/0y) (¥, %) + (0gn/0x)(¥,%) Qu=1,» (n > 0) has uniformly bounded in-
verses, that is, |G, (y,x) | <y, foralln >0, y,x € R™;
(iii) hy(y,x) = hy(Ppy,x) foralln >0, y,x € R™;
(i) 1hu(ysx) = ha(7,2)11 < La(lly = 7112 + llx = 2[1)"2 for all n > 0, y,x, 7, % € R™
Then, if y,L, < l/ﬁfor all n > 0, the IVP (3.1), (3.3) has a unique solution.

Proof. Using the notations of Theorem 3.3, we define two operators T(z) = g,(u,u, +v)
and H(z) = h,(u,u, +v), where, as before, z := (u”,v])7T, u:= Ppxps1, v := Qu_1X4, and
Uy = Py_1x,. From the proof of Theorem 3.3, it follows that || [T’(z)] 7|l < v/2y,. On the
other hand, H(z) is Lipschitz continuous with a Lipschitz constant L, and +/2y,L, < 1.
Thus, the mapping F(z) = T'(z) + H(z) is a homeomorphism of X onto Y, therefore the
IVP (3.1), (3.3) has a unique solution. a

CoROLLARY 3.5. Suppose f,(y,x) = A,y +Bux + h,(y,x), where A,,B,, € R™™, and h,, :
R™ x R™ — R™ satisfy the following conditions:
(i) rank A, = r and the matrix G, = A, + ByQyu-1,, is nonsingular for all n > 0, where
Qu-1,1 is a connecting operator of Ker A,—; and Ker A, , A_; := Ay;
(ii) h,(y,x) is continuously differentiable, moreover

KerA, C Ker?;:'(y,x) Vn>z0, Vy,xeR",

(3.9)

172
)

hn(y,x) = ha( 7| < La(lly = 712+ Ix = %I1) ", Vn >0, Vy,x, 7,5 € R™

Then, if L,||G, || < 1/+/2, the IVP (3.1), (3.3) is uniquely solvable.

It can be shown that the explicit Euler method applied to nonlinear transferable DAEs
[4] leads to nonlinear index 1 IDEs. This and other problems related to connections be-
tween DAEs and IDEs will be discussed in our forthcoming paper.
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