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We consider a class of fourth-order nonlinear difference equations. The classification of
nonoscillatory solutions is given. Next, we divide the set of solutions of these equations
into two types: F,- and F_-solutions. Relations between these types of solutions and their
nonoscillatory behavior are obtained. Necessary and sufficient conditions are obtained
for the difference equation to admit the existence of nonoscillatory solutions with special
asymptotic properties.

1. Introduction

Consider the difference equation

AanA(bpA(cuhyn))) + f(n,y,) =0, neN, (1.1)

where N = {0,1,2,...}, A is the forward difference operator defined by Ay, = yu41 — ¥
and (a,), (by), and (c,) are sequences of positive real numbers. Function f : NXR — R.
By a solution of (1.1) we mean a sequence (y,) which satisfies (1.1) for n sufficiently large.
We consider only such solutions which are nontrivial for all large n. A solution of (1.1)
is called nonoscillatory if it is eventually positive or eventually negative. Otherwise it is
called oscillatory.

In the last few years there has been an increasing interest in the study of oscillatory
and asymptotic behavior of solutions of difference equations. Compared to second-order
difference equations, the study of higher-order equations, and in particular fourth-order
equations (see, e.g., [1, 2, 3,4, 5,6,7,8,9, 10, 11, 12, 13, 14]), has received consider-
ably less attention. An important special case of fourth-order difference equations is the
discrete version of the Schrodinger equation.

The purpose of this paper is to establish some necessary and sufficient conditions for
the existence of solutions of (1.1) with special asymptotic properties.

Throughout the rest of our investigations, one or several of the following assumptions
will be imposed:
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(HD) 32, (Vay) = 22, (1/b6;) = 332, (1/ci) = oo;
2) yf(n,y)>0forall y#0and n e N;
(H3) the function f(n, y) is continuous on R for each fixed n € N.

In [14] we can find the following existence theorem (some modification of Schauder’s
theorem) which will be used in this paper.

LemMa 1.1. Suppose Q is a Banach space and K is a closed, bounded, and convex subset.
Suppose T is a continuous mapping such that T(K) is contained in K, and suppose that
T(K) is uniformly Cauchy. Then T has a fixed point in K.

2. Main results: existence of nonoscillatory solutions

In this section, we obtain necessary and sufficient conditions for the existence of nonoscil-
latory solutions of (1.1) with certain asymptotic properties. We start with the following
Lemma.

LemMA 2.1. Assume that (H1) and (H2) hold. Let (y,) be an eventually positive solution of
(1.1). Then exactly one of the following statements holds for all sufficiently large n:

(i) y» >0, Ay, >0, A(cyAyy) >0, and A(b,A(c,Ayy,)) >0

(i) y» >0, Ay, >0, A(c,Ayn) <0, and A(b,A(chAyy)) > 0.

Proof. Let (y,) be an eventually positive solution of (1.1). Then, by assumption (H2),
(A(anA(byA(cnAyy,)))) is eventually negative. Therefore, it is easy to see that the sequences
(anA(bpA(cnAyn))), (buA(cyAyy)), and (c,Ay,) are all monotone and of one sign, say for
n=nj.

Suppose that a,, A(by, A(cy,Ayy,)) = —c1 <0 for some n, = n;. Hence,

A(byA(chAyn)) < —c; forn=ny, (2.1)
then
Awﬁkﬁmns—g. (2.2)

Summing both sides of the last inequality from 7, to n — 1, we have

buA(cnAyn) — bu, A(cn, Ayn,) < — Z i. (2.3)
Then b,A(c,Ayy) < — D00 ,,2(61/0 ), which tends to —co as n — oo,
Then there exists ¢; >0 and #n3 = n, such that
baA(cuAyy) < —c2,  forn > ns. (2.4)

So,

AcnAyy) < —;—2 (2.5)

n
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Summing both sides of the last inequality form 73 to n — 1, we obtain

n—1

CnAyn - Cn3Ayn3 = - z C_2 (26)

“ b’
1=n3

which tends to — o0, as n — 0.

Then there exists ¢3 >0 and ny > n3 such that (¢,Ay,) < —cs3, for n = ny. Hence,
Ay, < —c3/cy. A final summation yields y, — y,, < — Z?;i(l/ci) — —oo, which implies
lim, . ¥, = —oo. This contradiction implies a,A(b,A(c,Ay,)) > 0 eventually.

Next, assume that there exists ns € N such that b,A(c,Ay,) <0, for n = ns, then
(cnAy,) must be eventually positive for otherwise we are again led to conclude that ¢,Ay,
— A Yy, < — Z?;}}(cz/bi), lim,—.c ¥, = —o0. Thus, case (ii) is verified.

Next, suppose that b,A(c,Ay,) >0 for all n = n;. Then b,A(c,Ay,) > by Alcy, Ayn,) =
cy > 0.

Divide the above inequality by b, and sum from #; to n — 1 to get

n—1

1
C”Ay” - CmA)’m >Cy Z E — 09, (27)

i=n
as n — oo. Hence, (Ay,) is eventually positive. O

Now we introduce an operator which divides the set of solutions of a special case of
(1.1) into two disjoint subsets. We will prove that, for nonoscillatory solution, the first of
them equals type (ii) solution and the second equals type (i) solution. We assume that
Cn = ans1. Hence (1.1) takes the form

A(anA(buA(an1Byn))) = = f (1, yn). (2.8)
We introduce an operator as follows:
Fy = xu-1(anA(bnA(an18x,))) = (@nDxn-1) (bnlA(@n1A,)). (2.9)
Hence
AF, = x,A(anA (bpAdns18%,)) = brsit A(anAxn-1) A@ni2Axnsn ). (2.10)

It is clear, by (H2), that the operator F, is nonincreasing for every nonoscillatory solution
(yn) of (2.8).

If F, = 0 for all n € N, then a solution (y,) of (2.8) is called an F,-solution. If F,, < 0
for some n, then (y,) is called an F_-solution.

The operator F divides the set of solutions of (2.8) into two disjoint subsets: F,- and
F_-solutions.

THEOREM 2.2. Assume that (b,) is a bounded sequence. Let y be an F.-solution of (2.8),
then

D b1 A(an A% -1) A (aps28x11) < 00, (2.11)

n=1

’11{130 buA(ans1Ay,) = 0. (2.12)
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Proof. Let (y,) be an F,-solution of (2.8). Then, from (2.8), we obtain
AFy = = yif (k, yi) = b AlaxAyk—1) A(ar2Ayeen). (2.13)

By summation, we obtain

n—1 n—1
Fy=Fi = > yf(k,yk) = D beriAlaxAy-1) A(ars2Dyiser). (2.14)
k=1 k=1
Since F,, > 0, we have
n—1
D b A(axAyk-1) Alari2Ayii) < Fy. (2.15)
k=1

Therefore 3§~} b1 AlaxAyi—1)Alax2Ayei1) < oo.
Because (b,,) is a bounded sequence, then (1/b,) is bounded away from zero. Hence,
from (2.11) and the equality

by A(anAyn-1)Aans2Byni) = bnl,l (bu-1A(anAyn-1)) (bui1 Aani2Aynin)), (2.16)
we obtain
513)10 by_1A(anAy,—y) =0, (2.17)
then
%13)10 buA(an1Ay,) = 0. (2.18)

O

THEOREM 2.3. Assume that (b,) is a bounded sequence. Every nonoscillatory solution (y,)
of (2.8) is an Fy-solution if and only if (y,) is type (ii) solution.

Proof. We prove this theorem for an eventually positive solution.

Let (y,) be an eventually positive F,-solution. Suppose for the sake of contradiction
that it is type (i) solution.

Then from A(b,A(an+1Ay,)) >0, we get byA(an1Ay,) > byAlap+1 Aya) > 0 for suf-
ficiently large M and n > M.

This inequality contradicts condition (2.12) of Theorem 2.2. So, (y,) is type (ii)
solution.

Let (y,) be type (ii) solution. We will show the positivity of the operator F on the whole
sequence. Choose m sufficiently large. Then, from the definition of type (ii) solution,
we have F, >0 for n > m. Because the operator F is nonincreasing, hence F; > F,, >0
for all j < m. Since m was taken arbitrary, then F, >0 for all n € N. So, (y,) is an F,-
solution. O

Remark 2.4. Assume that (b,) is a bounded sequence. Then every nonoscillatory solution
of (2.8) is an F_-solution if and only if (y,) is type (i) solution.
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Now we turn our attention to (1.1). We introduce the notation
n 1 k 1 j 1 n—1 k-1 1 j-1 1
Pin= > — > — > —, QnN—Z Z—Z— (2.19)
ai . b; . i b ~ i
Note that Q,n can be written in the form
QuN = Z Z Z — (2.20)
= ] i+1 / k= ]+1

LEmMA 2.5. Assume conditions (H1) and (H2) hold. If (y,) is an eventually positive solution
of (1.1), then there exist positive constants C, and C, and integer N such that

Ci < yu = GQun, (2.21)

forn>=N+3.

Proof. Let (y,) be an eventually positive solution of (1.1). Then y, > 0 for large n. From
Lemma 1.1, Ay, >0 eventually, and so y, > C; >0.

Now we prove the right-hand side of (2.21). From (1.1) and (H2), there exists N such
that

A(anA(byA(cuAyn))) <0, forn=N. (2.22)

Summing the above inequality form N to n — 1, we get
Ao
A(buA(cnAyn)) < o forn>N+1, (2.23)
n

where A is a constant.
Summing again, we have

n—1
1
baA(cahy) < Ay D — byA(enAyn), (2.24)
i=N i
and therefore,
A(caAyn) < Ao Z —+—, forn>=N+1. (2.25)
by 5@
Summing the last inequality, we obtain
n—1 n—1 1
any,,<AOZ z +Alzb—+A2, n>N+2, (2.26)
] I=N ai j=1 j

where A; and A, are constants.
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Hence,
AT 1T AT
Ayn<—°z—z— 1Z—+—. (2.27)
by e o
A final summation yields
n—1 k 1 - k-1 1 n—1 1
yn<AOZ Zb— — Z Zb— Z —+A;, n>=N+3. (228)
k=N k j=N Nk j=N k=N

It is easy to see that every term on the right-hand side of the last inequality is less than
Qun. Therefore, we obtain y, < C,Q, n for n = N + 3, where C, is a positive constant. [J

We say that a nonoscillatory solution (y,) of (1.1) is asymptotically constant if there
exist some positive constant « such that y, — a and asymptotically Q, v if there is some
positive constant  such that y,/Q,n — B.

According to Lemma 2.5, we may regard an asymptotically constant solution as a
“minimal” solution, and an asymptotically Q, n solution as a “maximal” solution.

Now, we present a necessary and sufficient condition for the existence of an asymptot-
ically Q,n solution.

THEOREM 2.6. Assume that (H1), (H2), and (H3) hold and f is a nondecreasing function
in another argument, that is, “f (n,t1) < f(n,t2) for t1 < t2 and each fixed n.” Then a nec-
essary and sufficient condition for (1.1) to have a solution (y,) satisfying

lim =——=+0 (2.29)

n—oo

is that
Z (1,CQuN) | < oo, (2.30)

for some integer N > 1 and some nonzero constant C.

Proof

Necessity. Let (y,) be a nonoscillatory solution of (1.1) which satisfies (2.29). Without
loss of generality, we may assume that > 0. Then there exist positive numbers d; and d,
such that

d\QuN < Yn <drQun, n=N+3, (2.31)
where N is a sufficiently large integer. Then

f(n,yn) = f(n,di1Qn). (2.32)
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On the other hand, summing (1.1) from N to n — 1, and from Lemma 1.1, we get

n—1

0 < apA(bud(culyn)) = anA(byA(exAy)) = ZNf (SOR (2.33)
which implies that
l%f(i’yi) <anA(bnA(enAyn)) < oo (2.34)
So, by (2.32), we have
'%f(i,dl QiN) < . (2.35)

Sufficiency. Assume that (2.30) holds with C > 0 since a similar argument holds if C < 0

Let N be large enough that

> f(i,CQuy) < éc (2.36)
i=N—

i 3

Consider the Banach space By of all real sequences y = (y,) defined for n = N + 3 such

that

Iyl = sup '”' < oo, (2.37)
n>N+3 nN

Let S be the subset of By defined by

C
S= {(yn) EBN:EQn,Nsy,,sCQn,N, n2N+3}. (2.38)
It is not difficult to see that S is a bounded, convex, and closed subset of By
We define a mapping T': S — By as follows:
n—1
(Ty)n = —QnN+QnN Z F(i)+ > F(j—1)Qjn

i=n—1 j=N

n-1 1 i-1 j-1 1 k=
+zc >, F( Z ka* (2.39)

i=N "1 j=N
n—1 1 i-1 j-1 k-1

1 ZF(k+l)Zl, forn>=N+3,

i=N ¢ j=N Y k=N s=N %

where we have used the notation F(k) for denoting f(k — 2, yx-2))-
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We first show that T(S) C S. Indeed, if y € S, it is clear from (2.39) that (Ty), >
(C/2)Qun for n > N + 3. Furthermore, for n > N + 3, we have

o0 n—1
() = SQuy+Qux 3 Fi)+Quy > FGi- 1)

i=n—1 j=N

i—1 k-1

—_

1S
— 2, F(j)
s=N % j=k+1

n—1

i

1

1
i br

' k=N

n—1 i—1 j—1 1 j-1
+D = —
i=N S

s k=sr1 (2.40)

San,N"'Qn,N D> F(i+2)+Qun >, F(j+2)

i=N-3 j=N-3

+Qun . F(j+2)+Qun > F(k+2)
j=N-1 k=N

C — /.
SEQn,N+4Qn,N Z F(i+2).
i=N-3
So, we have

(Ty)n— QnN+4QnN z f 1)’1 (2-41)

i=N-3

Therefore, by (2.36), we get

(Ty), < QnN+4QnN Z £(i,CQin) < CQun. (2.42)

i=N-3

Thus T maps S into itself.
Next we prove that T is continuous. Let (y™) be a sequence in S such that y™ — y
as m — 0. Because S is closed, y € S. Now, by (2.41), we get

[(Ty"™), = (Ty)a| <4Qun > | fi ™) = fliyi)|, n=N+3, (2.43)

i=N-3

and therefore,

)

(Ty"™), = (Ty)ll < (9™ = i,y . (2.44)

i=N— 3
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Since

lim [ £(,y™) = f (i) | =0,
(2.45)

| fGy™) = fliy) | <2f(i,CQin), fori=N+3,
we see from Lebesgue’s dominated convergence theorem that
lim || Ty™ —Ty|| = 0. (2.46)

This means that T is continuous.
Finally, we need to show that T(S) is uniformly Cauchy. To see this, we have to show
that, given any € > 0, there exists an integer N; such that, for m >n > Ny,

‘ TP _ Ty o (2.47)

2
m,N n,N

for any y € S. Indeed, by (2.41) and (2.36), we have

(Ty)m  (Ty)n
N

C 8 < 2C
< + i — 0. 2.48
Qn,N Qn N Z f l y Qn N ( )

i=N-3

Therefore, by Lemma 1.1, there exists y € S such that y, = (T'y),, for n = N + 3. It is easy
to see that (y,) is a solution of (1.1). Furthermore, by Stolz’s theorem, we have

. Yn yn _ yn T A(CnAyn)
31”1130 Qn,N llj‘g AQnN iaw CnAQn N AIEI; A(CHAQn,N)
_ b A(CnA}’n) T A(b, A(CnAyn)) (2.49)
=lim ——— =lim ———=
= bub(enbQun) e A1 (1/ay))
= %131; anA(buA(cnAyn)),
S0,
lim = hm <C+ Z G(s)) = hm <C+ Z f i,y ) =C. (2.50)
neee Q”’N s=n+2 s=n+2
This completes the proof. O

Theorem 2.6 extends [13, Theorem 1] and [14, Theorem 3].

Example 2.7. Consider the difference equation

A(%A((n— DA((n— I)Ayn))> +— ! Y2 =0, forn=2. (2.51)

n3(n+1)
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It is easy to calculate that Q,n = (1/8)n(n+ 1), n = 4. Hence the above equation has a
solution (y,) such that lim,—c(y,/Qux) = C # 0. In fact, y, = n? is a solution of this
equation with lim,.. (¥,/QuN) = 8.

Next we derive a necessary and sufficient condition for the existence of an asymptoti-
cally constant solution of (1.1).

THEOREM 2.8. Assume that (H1), (H2), and (H3) hold and the function f is a monotonic
function in the second argument. Then a necessary and sufficient condition for (1.1) to have
a solution (y,) which satisfies

%iﬁn;yn =a#0 (2.52)

is that
> Pin| flire)] < oo, (2.53)
i=1

for some integer N = 1 and some nonzero constant c.
Proof
Necessity. Without loss of generality, we assume that (y,) is an eventually positive solu-

tion of (1.1) such that
,l,ipoloy” =a>0. (2.54)
Then there exist positive constants ds and d, such that
ds <y, <d,, forlarge n. (2.55)

Let z, = b,A(c,Ayy,). It is clear that if condition (H1) is satisfied, then solution (y,) of
(1.1) of type (i) tends to infinity. Since (y,) satisfies condition (ii) of Lemma 2.1, hence
Yn >0, 2, <0, Ay, >0, and Az, >0 eventually. Let N be so large that (2.55) and (ii) hold
for n > N. We will use (1.1) in the following form:

A(an-20zy-2) = = f(n =2, y(n-2))- (2.56)

Multiplying the above equation by P;_; x_», and summing both sides of it from i = N to
n — 2, we obtain

n—2

n—2
D> Pionoaf(i=2,yi-2) = — 2. Pian-2A(ai2Azios). (2.57)
i-N i=N
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Hence, by the formula Z::I? yilxi = x; il p — Z::]? xi+10y;, we get

n—2
Z Pioon—af(i—2,y6-2))
i=N

n—2
n—1
= —Pion-2ai20zia |1y + > (APiian-2)ai1Azio
i=N

n—2 i—1

j
1
= —Py3N-20n-30Z,3+ Z Z Z ﬂz 1Az
i-N %=1 iy Jk N

n-2 i—11 j 1
<Z ZI:TZ; AZ,‘71

(2.58)

n—2

(CzA)/z i= N + Z Ayz+l
i=N

1
= - z ;(Cn—lAyn—l) +AyN +Ayn—1 [ +AyN+1

<AYN+ Yn— yN+1 <AYN+ Vi

which tends to Ayy +a as n — . Therefore,

Z Pl;z,Nfzf(I. — 2,}/(1'72)) < 00, (259)

From the monotonicity of the function f, we get

Fli=2,y6-2) = f(i-2,ds) (2.60)

when f is nondecreasing and

fli=2,p6-2) = f(i-2,ds) (2.61)

when f is nonincreasing. This implies that

D> Pion-af(i—2,dk) < oo, (2.62)
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where k = 3 for f nondecreasing and k = 4 for f nonincreasing. Then the necessity of
this theorem holds.

Sufficiency. Next, let M > 1 be a large integer such that, for some nonzero constant c,
> o mPim f(i,¢) < a/4. From here,

o1
2 a1

i=M+

f(s,0) < (2.63)

MMS

l — 1
b

|||_\/_]3

¢
4

Here « = /2 if f is nondecreasing and a = S when f is nonincreasing. Let B be the linear
space of a bounded real sequences (y,)y with the usual operations and supremum norm.
Let S be the subset

S={(yn) €B; a <y, <2a, n= M+3}. (2.64)

It is easy to see that S is a bounded, convex, and closed subset of B.
We define operator T in the following way:

(Ty)n=a+ (

i

=
s
[3)

(2.65)

n-1 i j k
B0 s s )
i= j J k=M+2

=M+2 s=M+2 S

for n > M + 3. It is easy to see that T maps S into itself. Indeed, if y, € S, then (Ty), > a.
Furthermore, for n = M + 3, we have

(5 0)ZaSaSrems S L3505 S

(2.66)
( s Ly DS LS = S LS LS LS fi)
k= M+2bks M2 6/ iZn iz 7 a6 k=sbk]=naj i=j 7
n—1 ln—ll © 1 0 o
< = ;Z;ZN%RZ

It follows that (Ty), < a/4 + a/4 + /4 + /4 + o = 201
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Next we assert that T is continuous. Let ™ — y as m — co. We derive that

H[\/_|g

(3, y1) (2.67)

S |

S5y

(Ty)p<a+4 Z
s=M+2 &5 = Uk

forn>= M +3.
We obtain

|(Ty(m))n—(Ty)n| <4 Z lzbiz iZf(l)yl(m))
=M k. Ai .

DR N DI WIS (2.68)

s=Mr2 & k=5 Ok 2 9 i
Hence,
© 1 o0 1 o0 1 0 . .
Ty™ Tyl <4 > *Zb*ZfZ|f(l:yfm))—f(l,yi)|- (2.69)
s=M+2 & k=5 Ok 2 3 i)
Since

lim | f(i,3™) = f (i) | =0,

() (2.70)
| fGy™) = fliyi) | <2£G,0),
then, from Lebesgue’s dominated convergence theorem, we see that
rLiErgo||Ty<m>—Ty|| =0. (2.71)

This proves our assertion.

It is easy to see that T'(S) is uniformly Cauchy.

Thus, by Lemma 1.1, the operator T has a fixed point in S. One can see that (y,) is a
solution of (1.1) for all large n, then lim, .., ¥, € [&,2a] as required. O

Theorem 2.8 extends [13, Theorem 2] and [14, Theorem 4].

Example 2.9. Consider the difference equation

27n3

A(”A<(”_ I)A(ﬁ%») MR Ty oy oy ey e (L
(2.72)

for n = 2. All assumptions of Theorem 2.8 are satisfied. Therefore, the above equation has
solution (y,) such that lim,—« y, = & # 0. In fact, y, = 1 — 1/n is such a solution.
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In conclusion, note that Theorems 2.6 and 2.8 can be easily extended to equations of
the form

A(anA(bpA(cnAyn))) + f(n,95,) =0, neN, (2.73)
where ¢ is an integer-valued function defined on N such that lim,,_. §,, = co.
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