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We construct invariant foliations of the extended state space for nonautonomous semilin-
ear dynamic equations on measure chains (time scales). These equations allow a specific
parameter dependence which is the key to obtain perturbation results necessary for ap-
plications to an analytical discretization theory of ODEs. Using these invariant foliations
we deduce a version of the Pliss reduction principle.
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1. Introduction

We begin with the motivation for this paper which has its origin in the classical theory
of discrete dynamical systems. For this purpose, consider a C'-mapping f : U — ¥ from
an open neighborhood U = & of 0 into a Banach space &, which leaves the origin fixed
(f(0) = 0). It is a well-established result and can be traced back to the work of Perron in
the early 1930s (to be more precise, it is due to his student Li, cf. [11]) that the origin is
an asymptotically stable solution of the autonomous difference equation

xie1 = f (k)5 (1.1)

if the spectrum 2(D f(0)) is contained in the open unit circle of the complex plane. Sim-
ilar results also hold for continuous dynamical systems (replace the open unit disc by
the negative half-plane) or nonautonomous equations (replace the assumption on the
spectrum by uniform asymptotic stability of the linearization). In a time scales setting of
dynamic equations these questions are addressed in [4] (for scalar equations), [9] (equa-
tions in Banach spaces), and easily follow from a localized version of Theorem 2.3(a)
below. Such considerations are usually summarized under the phrase principle of lin-
earized stability, since the stability properties of the linear part dominate the nonlinear
equation locally.
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2 Stability in critical cases

Significantly more interesting is the generalized situation when X(D f(0)) allows a de-
composition into disjoint spectral sets X, Z., where X; is contained in the open unit disc,
but X, lies on its boundary. Then nonlinear effects enter the game and the center manifold
theorem applies (cf., e.g., [8]): there exists a locally invariant submanifold Ry = & which
is graph of a C!-mapping ry over an open neighborhood of 0 in R (P), where P € £(X)
is the spectral projector associated with X.. Beyond that, the stability properties of the
trivial solution to (1.1) are fully determined by those of

prnt = Pf(pr+ro(pr)). (1.2)

The advantage we obtained from this is that (1.2) is an equation in the lower-dimensional
subspace R(P) c &. This is known as the reduction principle. From the immense literature
we only cite [13]—the pathbreaking paper in the framework of finite-dimensional ODEs.

The paper at hand has two primary goals.

(1) It can be considered as a continuation of our earlier works [10, 15]. In [15] we
studied the robustness of invariant fiber bundles under parameter variation and obtained
quantitative estimates. Such results were successfully applied to study the behavior of
invariant manifolds under numerical discretization using one-step schemes (cf. [10]).
Here we prepare future results in this direction on the behavior of invariant foliations
under varying parameters. As a matter of course, this gives the present paper a somehow
technical appearance, at least until Section 4.

(2) We want to derive a version of the above reduction principle for nonautonomous
dynamic equations on measure chains. To obtain this in a geometrically transparent fash-
ion, invariant foliations appear to be the appropriate vehicle.

In Section 2 we establish our general set-up and present an earlier result on the exis-
tence of invariant fiber bundles, which canonically generalize stable and unstable mani-
folds of dynamical systems to nonautonomous equations. The actual invariant foliations
are constructed in Section 3 via pseudostable and pseudounstable fibers through specific
points in the extended state space. Each such fiber contains all initial values of solutions
approaching the invariant fiber bundles exponentially; actually they are asymptotically
equivalent to a solution on the invariant fiber bundles. This behavior can be summarized
under the notion of an asymptotic phase. While the above global results are stated in a—
from an applied point of view—very restrictive setting of semilinear equations, the final
Section 4 covers a larger class of dynamic equations. For them we deduce a reduction
principle and apply this technique to a specific example.

Let us close this introductory remark by pointing out that our Proposition 3.2 is not
just a “unification” of the corresponding results obtained in, for example, [2] for ODEs
and [1] for difference equations. In fact, we had to include a particular parameter de-
pendence allowing a perturbation theory needed to study the behavior of ODEs under
numerical approximation. Beyond that, invariant foliations are the key ingredient to ob-
tain topological linearization results for dynamic equations (cf. [7]).

Throughout this paper, Banach spaces & are all real (F = R) or complex (F = C) and
their norm is denoted by || - ||. For the open ball in & with center 0 and radius r > 0 we
write B,. (%) is the Banach space of linear bounded endomorphisms, Iy the identity on
%, and R(T) := TX the range of an operator T € L(¥).
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If a mapping f : Y — % between metric spaces Y and % satisfies a Lipschitz condition,
then its smallest Lipschitz constant is denoted by Lip f. Frequently, f : ¥ x P — & also
depends on a parameter from some set %, and we write

Lip, f := sugLipf(-,p). (1.3)
ped

In case % has a metric structure, we define Lip, f accordingly, and proceed along these
lines for mappings depending on more than two variables.

To keep this work self-contained, we introduce some basic terminology from the calcu-
lus on measure chains (cf. [3, 6]). In all subsequent considerations we deal with a measure
chain (T, X,u), that is, a conditionally complete totally ordered set (T, <) (see [6, Axiom
2]) with growth calibration y: T?> — R (see [6, Axiom 3]). The most intuitive and relevant
examples of measure chains are time scales, where T is a canonically ordered closed subset
of the reals and y is given by u(t,s) = t —s. Continuing, 0 : T — T, 0(t) ;== inf{s e T:t <
s} defines the forward jump operator and p* : T — R, u*(t) := u(o(t),t) the graininess. For
7€ T weabbreviate TY :={seT:7<s}and T; :={seT:s<1}.

Since we are interested in an asymptotic theory, we impose the following standing
hypothesis.

Hypothesis 1.1. u(T,7) < R, 7 € T, is unbounded above, and y* is bounded.

6.4(T,%X) denotes the set of rd-continuous functions from T to & (cf. [6, Section 4.1]).
Growth rates are functions a € €,q(T,R) with —1 < inf,eru*(t)a(t), sup,cyp™()a(t) <
c0. Moreover, for a,b € 6.4(T,R) we introduce the relations | b — a] := inf,c1(b(t) —

a(t)),
a<lb:=0<|b—al, adb:=0<|b—al, (1.4)

and the set of positively regressive functions

GHR(T,R) := {a € €:q(T,R) : ais a growth rate and 1 +p*(¢)a(t) >0 fort € T}.
(1.5)

This class is technically appropriate to describe exponential growth and for a € 6, ;R (T,
R) the exponential function on T is denoted by e,(t,s) € R, s,t € T (cf. [6, Theorem 7.3]).
Measure chain integrals of mappings ¢ : T — & are always understood in Lebesgue’s
sense and denoted by th ¢(s)As for 7,t € T, provided they exist (cf. [12]).
We finally introduce the so-called quasiboundedness which is a convenient notion due
to Bernd Aulbach describing exponentially growing functions.

Definition 1.2. Forc € €5R(T,R) and7 € T, ¢ € €q(T,%) is

(a) c*-quasibounded, if |||} := SUPcs lp(t)llec(T,t) < o0,

(b) ¢™-quasibounded, if [[¢||; := SUPet- lp(t)llec(T,t) < o0,

(c) c*-quasibounded, if sup,.y l¢ (1) llec(7,t) < oo.
&5, and &7 denote the sets of ¢*- and ¢~ -quasibounded functions on T} and T7, re-
spectively.



4 Stability in critical cases

Remark 1.3. (1) In order to provide some intuition for these abstract notions, in case
€ <10 a c*-quasibounded function is exponentially decaying as t — co. Accordingly, for
0 < ¢ a ¢ -quasibounded function decays exponentially as t — —oo (suppose T is un-
bounded below). Classical boundedness corresponds to the situation of 0*- (or 0~-) qua-
siboundedness.

(2) Obviously ¥ . and &; . are nonempty and by [6, Theorem 4.1(iii)], it is immediate
that for any ¢ € € ;R(T,R), 7 € T, the sets X7, and &;_ are Banach spaces with the
norms | - [T, and || - [|7, respectively.

2. Preliminaries on semilinear equations

Given A € €.4(T,<L(X)), a linear dynamic equation is of the form
X0 = A()x; (2.1)

here the transition operator ®,(t,s) € L(X), s X t, is the solution of the operator-valued
initial value problem X* = A(£)X, X(s) = Iy in £(X).
A projection-valued mapping P: T — £(%) is called an invariant projector of (2.1) if

P(t)®a(t,s) = Da(t,s)P(s) Vs,teT,s<t (2.2)
holds, and finally an invariant projector P is denoted as regular if
L +u* (A | gy piry : R(P(1)) — R(P(0(1))) is bijective  VteT. (2.3)

Then the restriction @4(t,s) := ®a(t,s) e : R(P(s)) — R(P(t)), s < t, is a well de-
fined isomorphism, and we write @4 (s, t) for its inverse (cf. [14, Lemma 2.1.8, page 85]).
These preparations allow to include noninvertible systems (2.4) into our investigation.

For the mentioned applications in discretization theory it is crucial to deal with equa-
tions admitting a certain dependence on parameters 0 € F (see [10]). More precisely, we
consider nonlinear perturbations of (2.1) given by

X2 = A(H)x + Fi(t,x) + OF,(t,x) (2.4)

with mappings F; : T X & — & such that F; is rd-continuous (see [6, Section 5.1]) for i =
1,2. Further assumptions on Fj, F, can be found below. A solution of (2.4) is a function »
satisfying the identity v*(t) = A(t)v(t) + F1(t,%(t)) + OF,(t,%(t)) on a T-interval. Provided
it exists, ¢ denotes the general solution of (2.4), that is, ¢(-;7,x0;60) solves (2.4) on TF
and satisfies the initial condition ¢(7;7,x0;0) = x for 7 € T, xo € &. It fulfills the cocycle

property
o(55,9(51,%0;0);0) = o(t;7,%0;0) V1,5t €T, 1Xs=<t, x €X. (2.5)
We define the dynamic equation (2.4) to be regressive on a set ® < [ if

L +u*(O[AM®) + Fi(t, ) +OF(t, )] : X — & VO€© (2.6)



Christian Potzsche 5

is a homeomorphism. Then the general solution ¢(t; 7,x0;0) exists for all t,7 € T and the
cocycle property (2.5) holds for arbitrary t,s,7 € T.
From now on we assume the following hypothesis.

Hypothesis 2.1. Let K;,K; = 1 be reals and a,b € €}, R(T,R) growth rates with a <t b.
(i) Exponential dichotomy: there exists a regular invariant projector P: T — £(¥X) of
(2.1) such that the estimates

|@A(1,5)Q()| < Kiealt,s),  [[@als,)P(1)]| < Kaep(s,t) V< (2.7)
are satisfied, with the complementary projector Q(t) := Iy — P(¢).

(ii) Lipschitz perturbation: we abbreviate Hg := F) + OF,, for i = 1,2 the identities F;(t,
0) =0 on T hold and the mappings F; satisfy the global Lipschitz estimates

L;:=supLipF(t,-) < co. (2.8)
teT
Moreover, we require that
lb-al .
L < 4(K1 +K2) 5 (29)

choose a fixed § € (2(K; + K,)L1,| b — al/2) and abbreviate ® := {8 € F: L,|0| < L1},
[:={ceC R(T,R):a+8<c<b—08},T:={c€CHR(T,R):a+8dc<b— 5}

Remark 2.2. (1) The existence of suitable values for § yields from (2.9): since we have § <
[ b — al/2, there exist functions ¢ € T and, in addition, a + §, b — § are positively regressive.
Furthermore, for later use we have the inequality

_ K+ K,

L(O): 5

(L1+|9|L2) <1 VGE@, (210)
and define the constant £(0) := (K1 K»/(K; + K3))/(L(0)/(1 — L(0))).

(2) Under Hypothesis 2.1 the solutions ¢(-;7,x0;0) exist and are unique on T} for
arbitrary 7 € T, xo € &, 0 € F (cf. [14, Satz 1.2.17(a), page 38]) and depend continuously
on the data (¢,7,x0,0).

The next notion is helpful to understand the geometrical behavior of solutions for
(2.4): any (nonempty) subset S(0) of the extended state space T X & is called a nonau-
tonomous set with 7-fibers:

SO);:={xeX:(r,x) €SO)} VreT. (2.11)

We denote S(0) as forward invariant if for any pair (7,x9) € S(6) one has the inclusion
(t,o(t;7,%0;0)) € S(0) for all t € TE. Presuming each fiber S(0), is a submanifold of &,
we speak of a fiber bundle. Our invariant fiber bundles generalize invariant manifolds to
nonautonomous equations, and consist of all initial value pairs leading to exponentially
decaying solutions; admittedly in the generalized sense of quasiboundedness.



6  Stability in critical cases

THEOREM 2.3 (invariant fiber bundles). Assume that Hypothesis 2.1 is fulfilled. Then for

all 6 € O the following statements are true.
(a) The pseudostable fiber bundle of (2.4), given by

S(0) == {(1,x0) € TXX: @(+57,x0;0) € X, VceT},
is an invariant fiber bundle of (2.4) possessing the representation
S(0) = {(t,x0+s(1,%0;0)) ETXX:7€T, x0 € R(Q(7))}
with a continuous mapping s: T X & X @ — & satisfying
s(1,x0;0) = s(1,Q(1)x0;0) € R(P(r)) VT eET, x<X,
and the invariance equation
P()p(t;7,%0;0) = s(t,Q(t)@(t;7,x050);0) V¥V (1,x0) € S(0), T < t.
Furthermore, for all T € T, xo € X it holds that
(a1) s(7,0;0) =0,
(a2) s: T XX X O — & satisfies the Lipschitz estimates

. . 8K1K2(K1+K2)L2
Lips(t,-;0) < €(0), Lips(t,x0;-) < Xol|-
P ) @), Lips(rx) = 0 LA |

(b) For T unbounded below, the pseudounstable fiber bundle of (2.4), given by

there exists a solution v: T — & of (2.4)
withv(1) = xo andv € X forall c € F}

R(0) := {(T,xo) ceTxXX:

is an invariant fiber bundle of (2.4) possessing the representation
R(O) = {(t,y0+7(1,9050)) €X:7 €T, yo € R(P(7))}
with a continuous mapping r: T X & X @ — X satisfying
r(1,%0;0) = r(7,P(7)x0;0) € R(Q(7)) V7T, xEX,

and the invariance equation

Q) (51,x030) =r(t,P(1)p(£7,%050);0) ¥V (1,%) € R(H), T X t.
Furthermore, for all T € T, xo € & it holds that

(by) r(7,050) =0,

(by) 7: T XX X O — & satisfies the Lipschitz estimates

KKy (K1 +K3)L,
[6 — 2(K1 +K2)L1]

Lipr(z,-;60) < £(6), Lipr(z,x0;-) < 5| 1%ol -

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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(¢c) For T unbounded below, and if L, < §/2(K; + K, + max{K,,K,}), then only the zero
solution of (2.4) is contained in S(0) and R(0), that is,

S(@)NR(B) =T x {0}, (2.22)

and the zero solution is the only c¢*-quasibounded solution of (2.4) for any ¢ € T.

Proof of Theorem 2.3. See [15, Theorem 3.3]. O

3. Invariant foliations

In Section 2 and Theorem 2.3 we were able to characterize the set of solutions (or tra-
jectories) for (2.4) which approaches the zero solution at an exponential rate. Now we
drop the restriction to the trivial solution and investigate attractivity properties of ar-
bitrary solutions. For that purpose, we begin with an abstract lemma carrying most of
the technical load for the following proofs. Due to the fact that the general solution ¢ of
(2.4) exists uniquely in forward time, the mapping Gg : {(£,x,7,x0) € TXX X Tx X : 7 €
T,teT! x,xo €&} - X,

Go(t,%37,%0) := Ho(t,x + @ (t;7,x0;0) ) — H (t, 9 (£;7,%056)) (3.1)

is well defined under Hypothesis 2.1. Moreover, by Remark 2.2(2), Gy is continuous in
(1,%0), Go(t,0;7,%9) = 0, and Lip, Gg < L, + |0|L,.

LemMa 3.1. Assume that Hypothesis 2.1 is fulfilled and choose T € T fixed. Then for growth
rates ¢ € €3 R(T,R), a < ¢ < b, the operator £ : Xf X R(Q(T)) X X x O — X7,

P (3 y0,%0,0) := @a(-,7)[y0 — Q(1)x0] + J Dy (-,0(5))Q(a(s))Go(s, ¥ (s);T,x0) As

- J.oo @4 (-,0(s))P(a(s))Ga(s,w(s);7,x0)As
(3.2)

is well defined and has, for fixed yo € R(Q(7)), xo € ¥, 0 € ® the following properties.
(a) There exists a zg € & such that y := @(-57,20;0) — ¢(+;7,%0;0) € X and satisfies

Q(T)y(7) = yo — Q(1)xo (3.3)
ifand only if y € & solves the fixed point problem
v = (5 0,%0,0). (3.4)

Moreover, in case c € T,
(b) F2(+3y0,%0,0) : X . — X7 is a uniform contraction with Lipschitz constant

Lip¥:(+;3v0,%0,0) < L(0) < 1, (3.5)
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(c) the unique fixed point ;" (yo,%0,0) € X of F1(+;y0,%0,0) does not depend on the
growth rate ¢ € T and the following estimates hold:

POy (0,%0,0) (7)|| < €(0)||y0 — xo]], (3.6)

Lip P()y;" (-,x0,0) (1) < £(6), (3.7)

(d) for c € T the mapping v : R(Q(1)) X X X @ — X7 _ is continuous.

Proof. Let 7 € T be fixed, and choose a growth rate ¢ € €4 (T,R) with a < ¢ < b. We
show the well definedness of the operator ;. Thereto, pick xo € &, yo € R(Q(7)),0 € ®
arbitrarily. For v, € & we obtain just as in the proof of [15, Lemma 3.2],

||5Pr(1l/;y0>x0a9)(t) - 91(1/_/;)’0,350, 9)(t)||€C(T,t)
<< K K ) SL(6) . (3.8)

— +
ol " boc ) K15V "Vl VEET:

Thus, to show that &, is well defined, we observe ¥y(0; yo,x0,0) = @a(-,7)[yo — Q(7)x0]
from (3.2), whence

||9>T(l//;y0)x0)9)(t)”eC(T:t)
<|[@a(t,7)[y0 — Q(T)x0]||ec(, 1) + ||F= (¥; y0,%0,0) — &PT(O;)}O)xO)e)H;C

2.7) K K OL(6
< K1||y0_x0||+<[c 1 J+ B 2cJ>K ilg lyllf, VteT!,

(3.9)

and taking the supremum over ¢ € T} implies & (y; yo,X0,0) € X7 .

(a) Let xo € &, 0 € © be arbitrary. We suppress the dependence on 6.

“If” part. Let yo € R(Q(7)) and assume there exists a zy € & such that 1// =0(37,20) —
@(+37,%0) is c*-quasibounded and Q(7)y (1) = yo — Q( )Xo. Then y is a c*-quasibounded
solution of the linear inhomogeneous equation x* = A(t)x + Go(t,y(t);7,x0) and [14,
Satz 2.2.4(a), page 103] implies that y is a fixed point of F(-; yp,Xo).

“Only if” part. Conversely, assume y € &7 satisfies (3.4) for some y, € R(Q(1)),
xg € &. Then define zg := P(7)[xo + y(7)] + yo and set v := y + ¢(+; T, %0 ). Hence,

1) =y(1)+x G P(0)y(7) + Q(7)F+ (3 y0,%0) (T) + X0 (3.10)

&) P(1)y(1) + yo — Q(1)x0 + x0 = P(7) [y (1) +x0] + yo = 20,

and the difference » also solves (2.4). Due to the uniqueness of forward solutions, this
gives us v = ¢(+;7,20), that is, v = ¢(+;7,29) — ¢(+;7,%0). Finally, one has

(3.10)

Q(n)y(7) Q(1)[20 = x0] = Q(7)[yo — x0] = yo — Q(7)x0, (3.11)

and the equivalence in assertion (a) is established.
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From now on, let ¢ € T.

(b) Passing over to the least upper bound for t € T} in (3.8) yields the estimate (3.5)
and our choice of ¢ in Hypothesis 2.1(ii) guarantees L(6) < 1 for 8 € ®. Therefore, the
contraction mapping principle implies a unique fixed point ¥, (yo, x0,0) € X7 . of ¥ (-3 yo,
Xo, 0), which moreover satisfies

K
||I//T )’Oaane)HTcS 1_£(9)||y0_x0||' (3.12)

(c) One proceeds as in [15, Lemma 3.2(c)] to show that . (yo,x0,0) € X7 is inde-
pendent of ¢ € T. To prove the Lipschitz estimate (3.7), we suppress the dependence on
the fixed parameters xo € &, 8 € ©. To this end, consider yo,yo € R(Q(7)) and corre-
sponding fixed points v, (o), ¥, (j0) € X7, of F2(-;0) and F+(+; jo), respectively. We
have

v (vo) = v (7o) Il ||9’ v (50)530) = F2 (v (70)3 0) |1
1S (w5 (o) y0) = F= (i (30)s 0) |7
35) (3.13)
- N
< LO|lv) (yo) — v (7o)l
+[|L (v (F0)30) = S (w5 (70)5 70) .0
and thus,
1 _ .
||l/,:< (y() W‘r ()’O)Hn = I—L(G) ||37T(1//‘?< (}’0)3)’0) _9)'1'(1//;)< ()’0)5}’0)”:,5
& L) P @A, 7)Q(T)[y0 = jollec(7, 1) (3.14)
L il gl
= 1o
Moreover, directly from (3.2) and (3.4) we get the identity
PO 0) 2 = | @a(-06)PEE)Galsys (o) (himm)ds,  (3.15)
and similar to the proof of (b) this yields
) " L x(- + K OL(0
||P( )[I//T ()’0) U ()’0)]||T,c = Lb | K+ K, ||l//7 1/’1' (yO)”rc’ (3‘16)
with (3.14) this implies (3.7). The same arguments give (note Gg(t,0;7,x9) = 0)
K, O0LO) , ., +
120wz o)l = 28Oy (o 1 G.17)

and together with (3.12) we get (3.6). Therefore we have established the assertion (c).
(d) This can be shown as in [15, Lemma 3.2(d)]. O
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ProposiTioN 3.2 (invariant fibers). Assume that Hypothesis 2.1 is fulfilled. Then for all

€T, x €&, 0 < 0O the following hold.
(a) The pseudostable fiber through (1,x,), given by

§*(x0,0), :=1{z0 € X : 9(-37,20;0) — 9(-;7,x050) € X} Vc €T},
is forward invariant with respect to (2.4), that is,

¢(t;7,8" (x0,0) ;30) = ST (@(£;7,%0;0),0), VteT],

T

and possesses the representation
St (x0,0) = {(7, y0 + 5 (7, 0,%0;0) ) : yo € R(Q(7))}
as graph of a continuous mapping s* : T X L X & X O — & satisfying
s (7,90, %0;0) = s (7, Q(1) yo,x0;0) € R(P(1)) Vo €X.

Furthermore, for all ¢ € T it holds that
(a1) sT: TX XXX X O — X is linearly bounded:

|Is* (7, yo,x0:0) || < [|P(7)x0]| +€(O)||yo — x0l] V30 €K,
(a2) s*(7,-,x0;0) is globally Lipschitzian with

Lip,s*(-,0) < K1 £(0).

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(b) For T unbounded below and if (2.4) is regressive on ©, then the pseudounstable fiber

through (7,xo), given by
R (x0,0),:={z0 € X : ¢(-;7,20;0) — 9(-;7,x0;0) € X Vc T},
is invariant with respect to (2.4), that is,

¢(7,R (x0,0) ;0) = R (9(t;7,x0;0),0), VteT,

and possesses the representation
R (x0,0) = {(7, 0 + 7~ (7, ¥0,x0:0)) : yo € R(P(7))}
as graph of a continuous mappingr~ : T X & X &L X O — & satisfying
(7, y0,%0;0) = (7,P(1) y0,x0;0) € R(Q(1)) Vyo€X.

Furthermore, for all ¢ € T it holds that
(by) r : TXE XX XO — X is linearly bounded:

17~ (7, y0,%0;0) || < [|Q(7)x0]| +€(O)[|yo — x0||  Vyo €,

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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(ba) r=(7,-,x0;0) is globally Lipschitzian with
Lip, 7~ (+,0) < K»£(0). (3.29)

Remark 3.3. Tt is not difficult to see that the pseudostable fibers S (xo,0), are the leaves
of a (forward) invariant foliation over each fiber R(60),, that is, for each 7 € T we have

X = U S*(x0,0), ST (x1,0) NSt (x2,0) = @ Vx1,x € R(0):, x1 # X3
XOER(B)T
(3.30)

Similarly, the fibers R~ (xo,8) form a foliation over S(6),.

Proof. Keep 6 € O fixed and note that we suppress the dependence on 0 to a large extent.
(a) Let xo, yo € ¥ and ¢ € T. We aim to show the invariance assertion (3.19) for S (xo).

Let X € ¢(£;7,5(x0).) for some ¢t € T¥, and by definition this is equivalent to the exis-

tence of a zyp € & such that Xy = ¢(t;7,20) and ¢(+;7,20) — @(+37,%) € %j’c. Therefore,

¢(5t.%0) —o(te(t7,%0)) = ¢(5te(67,20)) — 9(+5t,9(t57,%0))
(25

(3.31)
=) ¢(7,20) —9(+57,%),

that is, Xo € S*(¢(t;7,%))), forall t € T7.

The above Lemma 3.1 implies that (-5 yo,x0) : X7, — & . possesses a unique fixed
point y;*(y0,X0) € &7 .. Furthermore, this fixed point is of the form v (yo,x0) = ¢(-;7,
z0) — (-3 7,%0) with some zp € & (cf. Lemma 3.1(a)). We define

s*(7, 0, %05 0) := P(1) [x0 + v (Q(7) y0, %03 0) (7)] (3.32)

and evidently have s (7, yo,x0) € R(P(7)). Let us verify the representation (3.20).

(€) Let zo € S*(x0)-, that is, ¥ = ¢(+;7,20) — ¢(+;37,%0) € X .. Then Lemma 3.1 im-

plies

2= y(1)+x0 = P(0)y(1) + yo — Q0o +x0 = P(O)y(1) + 30+ P(Dxo,  (3.33)
hence Q(7)zy = ¥0, and zy = Q(7)zy + P(7) [x0 + ¥;* (0,%0)(7)]. Thus, z; is contained in
the graph of s* (7, -,x0) over R(Q(1)).

(2) On the other hand, let zp € & be of the form zy = yo + (7, y0,x0) with y, €
R(Q(7)). Then (3.2) and (3.4) imply Q(7) v (y0,%0)(T) = yo — Q(7)x0, which yields zy =
¥o + P (1) [x0 + v (y0,%0)(T)] = x0 + ¥ (y0,%0)(7), and consequently ¢(-;7,20) — ¢(+;7,
x0) € X, that is, zy € §*(x0).. We postpone the continuity proof for s* to the end, (a;)
below.

(a;) Referring to (3.32), the inequality (3.22) is an immediate consequence of
(3.6).

(a2) The estimate (3.23) is a consequence of (3.7) and (3.32). Addressing the con-
tinuity of s*, we know from Lemma 3.1(d) that y* : R(Q(7)) x X X © — &7,
is continuous, and by definition in (3.32) we get the continuity of s*(7, -). Fi-
nally, the strategy to show that st : T X ¥ X ¥ x ® — & is continuous can be
adapted from [15, proof of Theorem 3.3].
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(b) Since (2.4) is assumed to be regressive, its general solution ¢(t;7,x0;0) exists for
allt,7 €T, as well_as the mapping Gy (t,x;7,%0). Analogously to Lemma 3.1 we can show
that the operator & : X, X R(P(1)) x X x O — X, ,

P (W3 90,%0,0) := Da(-,7)[y0 — P(7)x0] — J Dy (+,0(5))P(a(s))Go(s,y(s);T,%0)As

] @4(,0(9)QU0) Gals, ¥ 7.x0) s
(3.34)

possesses a unique fixed point v (yo,x0,0) € &, .. We define ™ (7, y9,%0;0) := Q(7)[xo +
YX(P(7) y0,%050)(7)] and proceed as in (a). O

In a more geometrically descriptive way, the subsequent result states that the invariant
fiber bundles from Theorem 2.3 are exponentially attractive in a generalized sense of qua-
siboundedness. In fact, this convergence is actually “in phase” with solutions on the fiber
bundles, and for that reason we speak of an asymptotic phase: for each solution v of (2.4)
there exists a solution v in the fiber bundles from Theorem 2.3 such that the difference
v — 7 is quasibounded.

THEOREM 3.4 (asymptotic phase). Assume T is unbounded below, that Hypothesis 2.1 is
fulfilled with

[b—al
< >
4(K1 +K +K1K2max{K1,K2})

L (3.35)

and choose a fixed § € (2(K; + K, + KKy max{K;,K,})L1,| b —al/2) and ¢ € T. Then for
allt €T, xo €%, 8 € O the following hold.

(a) The pseudounstable fiber bundle R(8) from Theorem 2.3(b) possesses an asymptotic
(forward) phase, that is, there exists a retraction w* (7, -;0) : &€ — R(0), onto R(0), with the

property

e BY — ol e ot .a). Ki  1+(Ky—1)e(0)
llo(£7,%050) — (87, 7" (1,%0;0);0) || < 100) T 20) [|x0||ec (£, 7)

(3.36)

forallt € T*. Geometrically, n* (7,x0,0) is the unique intersection
R(0); N S" (x0,0), = {n* (1,x0;0)} Vxo €, (3.37)

and one has that
(a1) *: T XX X O — & is continuous and linearly bounded:
1+£(6

I x056) | < K1 ei 9))||x0|| Vxo € %, (3.38)

(12) o(t;7,-50) o™ (7,+30) = ¥ (t,-50) 0 @(t;7,-;0) for t € T1.
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(b) In case (2.4) is regressive on ©, the pseudostable fiber bundle S(0) from Theorem
2.3(a) possesses an asymptotic (backward) phase, that is, there exists a retraction w~ (7, -;0) :
& — S(0), onto S(8), with the property

1+ (K] - 1)5(9)

It 7300) — gt (s 0)s )| < e - OO e,

(3.39)

forallt € T;. Geometrically, m~(1,x¢,0) is the unique intersection
S(6): "R (x0,6), = {1~ (1,x0;0)} Vxo €%, (3.40)

and one has that
(by) m7: T XX X O — & is continuous and linearly bounded:
1+¢

o (rxif) | < K g loll - v €, (341)

(b2) @(t;7,-30) om™(1,-30) =~ (t,-30) 0 @(t;7,-;0) fort € T;.

Remark 3.5. Note that condition (3.35) is stronger than the corresponding inequality
(2.9) necessary for Theorem 2.3 and Proposition 3.2. Consequently, all the above re-
sults remain applicable. The fact that (3.35) holds, implies max{K;,K;}£(0) < 1 and thus
£(0) < 1 for all 8 € ®. Using Theorem 2.3 and Proposition 3.2 gives us

Lip,r < 1, Lip,s* < 1,
. . (3.42)
Lip,s< 1, Lip,r~ < L

Proof. Let@ € ®,ceT,andfixt €T, x € ¥.
(a) We derive that there exists a unique zo € R(8); N S*(x0,0). For that purpose, note
that zg € R(0); N S*(x0,0), if and only if zp = P(7)zy + r(7,P(7)z0;0) and zp = Q(7)zo +
sT(7,Q(1)z0,x0; 0), which is equivalent to

Q(1)zo = r(1,P(1)20;0), P(1)zo = s" (1,Q(1)z0, %03 0). (3.43)

Due to Theorem 2.3(b,) and Proposition 3.2(a;) we know from (3.42) that Lip, r - Lip, s*

<1 and [5, (A.13), page 19] apply to (3.43). Thus, there exist two unique functions g, :
AXO —R(Q(1)), pr : & X O — R(P(7)) satisfying (3.43), that is,

gr (x0,0) = 7(7, pr (x0,0);0),  pr(x0,0) =57 (7,9r(x0,0),%0;0) on¥ xO. (3.44)

Therefore, *(7,x0;60) := p.(x050) + g:(x0;60) is the unique element in the intersection

R(0); N S*(x0,0);. As preparation for later use we deduce two estimates. From (3.44) and
Theorem 2.3(b;) one has

g (0, 0) 1| 2" £(8)|1p+ (x0,0) ] (3.45)
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and also

1192 (x0,0) [ = [[P(r)x0]] + £(0) g (x0,0) — x|

@7 (3.46)
<" K (1+€(0))|[xol +€(6)*[[ pz (x0,0) I,
which implies (note Remark 3.5)
K, Ky¢(0
el < aglinll  llacGod)ll < 1250 ol (347

Now we can show (3.36) and neglect the dependence on 6. Since by definition, 7*(7,x¢) €
S*(x0): for xg € &, it follows from Lemma 3.1(a) that ¢(-;7,x0) — ¢(-; 7,74 (7,%0)) =
v (Q(7)m* (1,%0),%0) and Lemma 3.1 together with (3.12) imply

K;
IIso(t;r,xo)—w(t;r,n*(r,xo))lﬁ,cs 1@ g (x0) — xol[; (3.48)

so the triangle inequality implies (3.36). Theorem 2.3(b) and Proposition 3.2(a;), to-
gether with the uniform contraction principle (cf. [5, (A.4), page 18]) easily yield that
the functions p.(xo,0), - (x0,0) are continuous in (7,xo,0); thusalso 7t : TXX x O - &
shares this property.
(a;) It remains to derive the estimate (3.38), which is an easy consequence of the
above inequalities for || p;(xo,0)[l and Ilq;(xo,60) I, respectively.
(az) The (forward) invariance of R(6) and S*(x, ), implies

oLt (1) 2 (T, R0), NS (x0).) € p(67,R0):) N p(57,8" (x0),)

CC RO), 1S (p(151.%0)), Pt (19(t7,x0))) Ve T

(3.49)

(b) Since (2.4) is supposed to be regressive on ®, we can construct pseudounstable
fibers R~ (x,0), by virtue of Proposition 3.2(b). With an analogous argumentation one
shows that the intersection of S(8), and R~ (xy,0), consists of a single point 7~ (7,x¢;0)
and proceeds as in the proof of assertion (a).

This finishes our proof. O

Before we continue to the more applied part of this work, let us conclude and give a
geometrical interpretation of the results obtained until now (we keep 0 € © fixed).

Under Hypothesis 2.1 the semilinear dynamic equation (2.4) possesses a pseudounsta-
ble fiber bundle R(8) = T X &. In case a <1 0 and for sufficiently small Lipschitz constant
of the nonlinearity Hg, we can choose ¢ <1 0 and R(6) contains all solutions to (2.4) which
exist in backward time and tend away from the origin at an exponential rate (they are
¢~ -quasibounded). The pseudounstable fiber bundle R(6) is invariant, that is, for any
solution v: T} — & of (2.4) with ¥(7) € R(0), one has »(t) € R(0), for all t € T}, conse-
quently (cf. (2.20))

v(t) = P(t)v(t) +r(t,P(£)v(t);0) on T, (3.50)
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and the projection v(t) := P(¢)¥(t) solves the reduced equation
P2 =A(t)p+P(t)Hg(t, p+r(t,p;0)). (3.51)

This is a dynamic equation evolving in the lower-dimensional set {(t,x) e Tx¥:t €T,
x € R(P(t))}, that is, any solution vy of (3.51) satisfies vo(t) € R(P(t)) forall t € T} (see
(2.2)), provided vo(1) € R(P(1)).

Conversely, the solutions of (3.51) are related to the solutions of (2.4) starting on R(60)
via the relation

o(61,90(7) +1(7,70(7);0)50) = vo(t) +r(t,7(£);0) onTF. (3.52)

Then Theorem 3.4(a) states that for every solution v: T} — & of (2.4) there exists a solu-
tion vy of (3.51) such that the difference v — ¢(-; 7, (7) + r(7,79(7); 0); 0) is exponentially
decaying as t — oo. The initial value for v, is given by vo(7) = P(7)n* (7,%(7);0).

Dual considerations also hold for the pseudostable fiber bundle S(8) and its asymp-
totic (backward) phase 7™, if (2.4) is regressive.

4. Stability in critical cases

So far the present paper had an abstract and quite technical flavor since our main con-
cern was to provide general existence results for invariant foliations. Nevertheless, the
harvest of these considerations will be a version of the Pliss reduction principle from the
introduction for a quite general class of nonautonomous dynamic equations on measure
chains. Here we can restrict to the parameter-free situation and consider (2.4) for 6 = 0,
that is, the system

X8 = A()x + F(t,x) (4.1)

to deduce the subsequent center manifold theorem.

TueOREM 4.1 (reduction principle). Let Ky, K, > 1 be reals, a,b € €5 R(T,R) growth rates
with a < b, a <0, assume T is unbounded below, and let U = & be an open neighborhood
of 0. Moreover, suppose the following.
(i) Exponential dichotomy: there exists a regular invariant projector P: T — £(%) of
(2.1) such that the estimates

[|@4(t,5)Q(s)|| < Kiea(tss), ||@als,t)P(t)]| < Kaep(s,t) Vt=<s (4.2)

are satisfied, with the complementary projector Q(t) := Iy — P(t).
(ii) o(x)-perturbation: the identity F\(t,0) = 0 on T holds and one has

Fl(tax) _Fl(t>y)

=0 uniformlyinteT. 4.3

lim
y—0

Then for all A > 0 there exist a p > 0 and a continuous mapping ro : T X B, — B,y < & with

10(7,%0) = ro(7,P(7)x0) € R(Q(7)) V7 €ET, x0 € By, (4.4)
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and the following properties:
(a) r9(7,0) =0 on T and Lip, 1o < A,
(b) the graph Ry := {(1,y0 +10(7,y0)) € TXX : y € R(P(1)) N By} is locally invariant
with respect to (4.1), that is, for all (1,x0) € Ry one has the inclusion (t,(t;7,x0)) €
R as long as ¢([7,t]1;7,%0) < By,
(¢) if the zero solution of the reduced equation

P2 =At)p+P()F (t,p+ro(t,p)) (4.5)

is stable (uniformly stable, asymptotically stable, uniformly asymptotically stable, or
unstable, resp.), then the zero solution of (4.1) is stable (uniformly stable, asymptoti-
cally stable, uniformly asymptotically stable, or unstable, resp.).

Proof. Let A >0 be given.
Thanks to our assumption (ii) we can choose a fixed p > 0 so small that beyond B, = &
also the Lipschitz condition

Iy (t,%) — Fy(65)]| < %le il VieT, xzeB, (4.6)

holds with Ll = min{min{[—a], |_b — aJ}/8(K1 +K2 +K1K2 max{Kl,Kz}),/l((Kl + Kz)/
KiK3)}. On the other hand, it is well known that the radial retraction y : & — By,

X for ||x]| <1,
x(x) = (4.7)

X
——  for ||x]| > 1,
llxl

is globally Lipschitz with Lipy < 2. Then the globally extended nonlinearity F; : T x % —
%, ﬁl(t,x) = Fi(t,px(x/p)) satisfies ﬁl(t,x) =Fi(t,x) on T X B, and Lipzﬁl < L;. There-
fore, due to our choice of L;, Theorem 2.3(b) guarantees that the extended system

X = AB)x+E (%) (4.8)

possesses a (global) pseudounstable fiber bundle R < T x & given as graph of a contin-
uous mapping 7: T X ¥ — & satisfying (2.19). Furthermore, the growth rate ¢ € T can
be chosen so that ¢ <1 0. We now define the continuous restriction ry := 7]y« B, and verify
that it has all the desired properties claimed in Theorem 4.1. Above all, (4.4) is a direct
consequence of (2.19).

(a) While r9(7,0) = 0 on T follows from Theorem 2.3(b; ), we get the Lipschitz estimate
from (2.21) and our choice for L;. Combining this, we also have [|ry(t,x)|| < Allx|| < Ap
forallt € T, x € B,,.

(b) The invariance of R from Theorem 2.3(b) immediately gives us local invariance
of Ro.

(¢) If the zero solution of the reduced equation (4.5) is unstable, then by invariance of
Ry, also the zero solution of (4.1) is unstable (cf. (3.52)). Now, let ¢ >0, 7 € T be given,
but without loss of generality ¢ < 2(1 + A)p. We suppose the zero solution of (4.5) is stable,
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that is, there exists a § € (0,p) so that

&
2(1+1)

[|vo()]] < VteT! (4.9)
and any solution vy : T — & of (4.5) with vo(7) € R(P(71)) N Bs. In the following, let v :
T! — & be an arbitrary solution of (4.1) with [[»(7)|| < min{d((1 — €(0))/K3), (e/2)((1 —
£(0))(1 —L(0))/K;(1+ (K, —1)£(0)))}. From Theorem 3.4(a) we know that there exists a
solution %y : TF — & of p® = A(t)p+ P(t)F\(t, p +7(t, p)) with

G636 K 1+(Ky—1)¢

1B(57,2() = FERRH@+ PO =161 —e0) O s)ect, )

(4.10)

forall t € TS, where ¢ denotes the general solution of (4.8). We have from Theorem 3.4(a)

Bl = [P@* (r)l| s bt <o, (4.11)

and consequently (4.9) gives us || ()]l < &/2(1+A) for all ¢ € T*. But this yields (note
that we have e.(t,7) < 1 for t € T}) with the triangle inequality

18T < [1§(57,9(0) = §(67,7" (1,9(0) ||+ [[§ (57,77 (7,9(1)) )

K 1+(K2—1)

< A U DO ) + oo + (0300 |

_ K 14K 1)eo)
T 1-L(0) 1-¢(0)

()| + 1+ V)[Fo(d)|| <& VieT?
(4.12)

and 0 is a stable solution of (4.8). However, since the systems (4.1) and (4.8) coincide on
T x By, and due to ¢(t;7,%(1)) € B, for all t € T}, it is v = ¢(+;7,%(7)). Thus, the zero
solution is also stable with respect to (4.1). Keeping in mind that Ry is uniformly expo-
nentially attracting (cf. (3.36)), a similar reasoning gives us the assertion on the remaining
stability properties. O

In our concluding example we make use of the “Hilger discs” given by

Hp:= {z€ C:Rz< 0}, [I-l]h:={ze<C:'z+%

< %} Vh>0, (4.13)

which are crucial for a stability analysis on general measure chains.

Example 4.2. In a population-dynamical framework, Rosenzweig (see [17]) studied an
autonomous version of the following planar ODE:

X1 =—x1(1-x1) = b(t)xa (1 —e™),
(4.14)
X =c(t)x(1—e™) —2x,
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whereas we allow an explicit time-dependence in form of the bounded continuous func-
tions b,c: R — R. In its equilibrium (0,0) the above system has the linearization (! %)
and by the principle of linearized stability the zero solution is asymptotically stable. Now
we want to study the time scale version of (4.14) on time scales T satistying 4™ (T) < [h,H]

for 0 < h < H. This system can be represented in the form (4.1) with & = R? and

_ 2 _ _ X1
A(r) = < 01 _02), Fy(t,x) = (xl c(ti))gfz)ch(—le*z) )). (4.15)

Hence, A = A(t) has the spectrum X(A) = {—2,—1} and concerning the stability proper-
ties for the trivial solution of (4.1), the following can be stated.

(i) For 2(A) < Hpy the zero solution is asymptotically stable.

(ii) For Z(A) ¢ Hj, the zero solution is unstable, since (4.1) possesses an unstable fiber

bundle consisting of solutions tending exponentially away from 0.

The interesting situation is given when, for instance, on the homogeneous time scale
T = Z the constant matrix A has eigenvalues on the boundary of H,. The principle of
linearized stability does not apply, but we can use Theorem 4.1: its assumption (i) is ful-
filled with K; = K, = 1, constant functions a(t) = a, b(t) = f with -1 <a < <0, and
an invariant projector P(t) = (§ 7). Due to lim,_q D,F;(t,x) = 0 uniformly in ¢ € T also
assumption (ii) holds. Thus, if we choose A = 1, there exists a function 1y : T X (—p,p) —
(=p,p) with ry(£,0) = 0, such that the stability of the zero solution of the planar system
(4.1) is determined by the stability of the trivial solution for the scalar equation

xZA _ —2X2 +c(t)x2<1 _ effo(t»xz)). (416)

Nevertheless, due to our limited space the stability analysis of this equation is beyond the
scope of the paper. Such methods, in particular a procedure to obtain approximations of
the mapping 7y, have been developed in [16].
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