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This paper is devoted to proving the existence of the extremal solutions of a ¢-Laplacian
dynamic equation coupled with nonlinear boundary functional conditions that include
as a particular case the Dirichlet and multipoint ones. We assume the existence of a pair
of well-ordered lower and upper solutions.
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1. Introduction

The method of lower and upper solutions is a very well-known tool used in the theory of
ordinary and partial differential equations. It was introduced by Picard [14] and allows us
to ensure the existence of at least one solution of the considered problem lying between
a lower solution « and an upper solution f3, such that « < 8. Combining these kinds of
techniques with the monotone iterative ones (see [13] and references therein), one can
deduce the existence of extremal solutions lying between the lower and the upper ones.

In recent years these techniques have been applied to difference equations [7, 9, 15].
So, existence results of suitable boundary value problems are obtained and the differences
and the similarities between the discrete and the continuous problems are pointed out.
For instance, in second-order ordinary differential equations, the existence of & < f3, a pair
of well-ordered lower and upper solutions of the periodic problem, ensures the existence
of at least one solution remaining in [a,f]. This result is true for the periodic discrete
centered problem

Aug = f(t,ug), ke {0,1,...,N—1}, u(0) = u(N), Au(0) = Au(N),
(1.1)

but it is false for the noncentered ones [4].
It is important to consider both situations under the same formulation, that is, to
study equations on time scales. One can see in [2] that, provided that f is a continuous
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2 ¢-Laplacian problems on time scales

function, the second-order Dirichlet problem
ubh(t) = f(t,u’(t)), telabl, u(a) = A, u(o*(b)) = B, (1.2)

has at least one solution lying between a pair of well-ordered lower and upper solutions.
This study has been continued in [5] for nth-order periodic boundary value problems, in
[11] for antiperiodic dynamic equations, and in [1] for second-order dynamic equations
with dependence of the nonlinear term on the first derivative.

This paper is devoted to the study of the ¢-Laplacian problem, which arises in the
theory of radial solutions for the p-Laplacian equation (¢(x) = |x|?~2x) on an annular
domain (see [12] and references therein) and has been studied recently for differential
equations (see, e.g., [6, 10]) and also for difference equations [4, 8]. It can be treated in
the framework of second-order equations with discontinuities on the spacial variables
[10].

First we study the existence results for the following boundary value problem:

~[pr()]® = f(tLu (), teT¥ =][ab], (1.3)
Bl(u(a))u) =0, (14)
B, (u,u(a?(b))) = 0. (1.5)

We assume that the following conditions are fulfilled:

(Hy) f:IxR — Risacontinuous function;

(H2) ¢: R — R is continuous, strictly increasing, ¢(0) = 0, and ¢(R) = R;

(H3) B; : R X C(T) — R is a continuous function, nondecreasing in the second vari-
able; B, : C(T) x R — R is a continuous function, nonincreasing in the first vari-
able.

Remark 1.1. Note that the assumption ¢(0) = 0 is not a restriction. By redefining ¢(x) =
¢(x) — ¢(0), the same problem is considered.

It is clear that, by defining B;(x,%) = x — ¢y and By(&,y) = y — ¢1, these functional
conditions include as a particular case the Dirichlet conditions

u(a)=co,,  u(d*(b)) =ci. (1.6)
The multipoint boundary value conditions are given by
Bi(x,n) = —x+ > am(t),  Ba&y)=y— > bi(s)), (1.7)
i=1 j=1

withn,m €N, a;,bj =0 foralli=1,...,nand j=1,...,ma<t;, <---<t, < 0%(b), and
A<s <+ <Sy<0?(b).

Now, choosing two A-measurable sets Jy,J; C T and [, € N odd, it is possible to con-
sider nonlinear boundary conditions as

u(a) = L doat,  u(o(b) =J o (1.8)
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Alberto Cabada 3
or

u(a) = maxu(t), u(o?(b)) = minu(t). (1.9)
tey tefy
In Section 2 we prove the existence of at least one solution of problem (1.3)—(1.5) lying
between a lower solution « and an upper solution 3, such that & < 3. Section 3 is devoted
to warrant the existence of extremal solutions of problem (1.3)-(1.4) coupled in this case
with the nonfunctional boundary condition

B, (u(a),u(o*(b))) =0. (1.10)

The exposed results improve the ones given in [2] when ¢ is the identity and the Dirichlet
conditions are considered. In this case the regularity of the lower and the upper solutions
is weakened, here corners in the graphs are allowed. Moreover they cover the existence
results given in [4] for difference equations.

Before defining the concept of lower and upper solutions, we introduce the following
notations:

s—tt

limu(s) iftis right-dense,
u(th) =
u(t) if t is right-scattered,

(1.11)

- lirtr} u(s) iftis left-dense,
u(p(t)) iftis left-scattered.

Definition 1.2. Letn>0begivenandleta=1ty<t; <ty <---<t, <ty = 0(b) be fixed.
a € C(T) is said to be a lower solution of problem (1.3)-(1.4) if the following properties
hold.
(1) a? is bounded on T*\ {#,...,t.}.
(2) For all i € {1,...,n}, there are a®(t;),a®(t}) € R satisfying the following in-
equality:

ol (t7) < a®(t). (1.12)
(3) Foralli=0,1,...,n, ¢(a®) € C'(#;, t;1) and it satisfies

~[p(a®(0)]* < f(£,a°(1), tE (titinn),

(1.13)
Bi(a(a),a) =0 = By (a,a(0*(D))).

B € C(T) is an upper solution of problem (1.3)—(1.5) if the reversed inequalities hold for
suitable points a = sy < §; <s3 <+ ++ <, < Sp41 = 0(b).

We look for solutions # of problem (1.3)—(1.5) belonging to the set
{ue C(T):ue CHT*) : ¢(u®) € C'([a,b])}. (1.14)

We define [a, ] = {v € C(T) : a(t) < v(t) < f(¢t) forall t € T}.



4 ¢-Laplacian problems on time scales

2. Existence of solutions

In this section, provided that hypotheses (H;)—(Hs3) are satisfied, we prove the existence
of at least one solution in the sector [a, 3] of the problem (1.3)—(1.5). First we construct
a truncated problem as follows.

Define p(t,x) = max{a(t),min{x,5(¢)} } forall t € T and x € R. Thus, we consider the
following modified problem:

~[p(())]* = f(Lp(a(t)u’(t)), t€ [ab], (2.1)
u(a) = Bf (u) = p(a,u(a) + By (u(a),u)), (2.2)
u(o*(b)) = B (u) = p(0*(b),u(c*(b)) — By (u,u(0?(b)))). (2.3)

Now, we prove the following three results for problem (2.1)—(2.3).
LemMa 2.1. Ifuis a solution of (2.1)—(2.3), then u € [a, f].

Proof. We will only see that a(t) < u(t) for every t € T. The case u(t) < 5(t) forallt € T
follows in a similar way.

By definition of Bf and B3, using (2.2) and (2.3), we have that a(a) < u(a) < (a) and
a(o?(b)) < u(o?(b)) < B(a*(b)).

Now, let sy € (a,0%(b)) such that

«(s0) = u(s0) = max {(a« —u)(t)} >0, (2.4)
(@—u)(t) < (@—u)(s) Ve (s,0°(b)]. (2.5)

As a consequence,
(a—u)(sy) = 0= (@—w)(s5), (2.6)

which tells us that there exists iy € {0,...,n} such that sy € (£, tiy+1)-
In the case when s is a right-dense point of T, we have that « —u > 0 on [sg,$1] C
(tiy» tiy+1) for some suitable s; > s¢. So, for all t € [sy,p(s;1)], it is satisfied that

—[p(u(1)]" = f(ta(D) = —[$(a*(1))]", (2.7)
and, integrating on [s,t] C (so,p(s1)], we arrive at
¢t (1) — p(a®(1)) < P(ut(s)) — p(a>(s)). (2.8)

So, passing to the limit in s, from the regularity of « and u on (t;,,t;,+1), we conclude
that

$(ut () = pla® () < p(u’(s7)) — pla®(s5)) <0, (2.9)

for all t € (sp,p(s1)).
From this expression we arrive at (a« — u)® > 0 on [so,p(s1)], which contradicts the
definition of s;.
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When s is right-scattered, we have, from (2.5), that
(e —u)?(sp) <O. (2.10)

If moreover s is left-dense, the continuity of (a — u)® on (#;,,t;,+1) implies that there
exists an interval Vi C (t;,,50) such that

(a—u)(t)>(a—u)(so) VteE Vo, (2.11)

which contradicts the definition of sg.
Finally, when s is isolated, we know that (&« — u)*(p(s)) = 0 > (& — u)(sp) and

~[p(u® (p(50)))]1° = Flp(so),als0)) = —[d(a® (p(s0)))]". (2.12)

Thus, we get at the following contradiction:
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|
Lemma 2.2. Ifuis a solution of problem (2.1)—(2.3), then By (u(a),u) = 0 = By(u,u(a?(b))).

Proof. Suppose that u(o?(b)) — Ba(u,u(0?(b))) < a(c?(b)). By definition of B5', we obtain
u(o*(b)) = a(a?(b)).

Thus, using the monotone properties of B, and Lemma 2.1, we conclude

a(0?(b)) > a(0?(b)) — By (u,a(c?(b))) = a(c?(b)) — By (a,a(0*(b))) = a(a?(b)),
(2.14)

reaching a contradiction.

An analogous argument proves that u(o?(b)) + By (u,u(0?(b))) < f(0%(b)). In conse-
quence, it is clear that condition (1.5) holds. In the same way we prove that (1.4) is veri-
fied. O

Now we prove the existence of at least one solution of the modified problem.

LemMa 2.3. Let o and [ be a lower solution and an upper solution, respectively, for problem
(1.3)—(1.5) such that « <  in T. If hypotheses (H,)—(H3) are satisfied, then problem (2.1)—
(2.3) has at least one solution.

Proof. Let T: C(T) — C(T) be defined forall t € T as

o(b) r
Tu(t) = B (u) - L ¢! (Tu - J f(s,p(a(s),u”(s)))As)Ar, (2.15)

with 7, the unique solution of the expression

a(b

) r
T (- [ reptoe e as)ar =B -Br . 216)
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It is not difficult to verify that u is a fixed point of T if and only if u is a solution of

(2.1)—(2.3).
First, we see that operator T is well defined.
Let u € C(T) be fixed; we define the function g, : R — R as follows:

= J:(b)¢‘1 (x— er(S,p(o(s),u"(s)))As)Ar Vx e R. (2.17)

Since u is fixed, g, is a continuous and strictly increasing function on R.
Note that the continuity of f and the definition of p imply that there exists M >0
independent of u € C(T) such that

| f(t,p(o(t),u’(t)))| <M VteT~ (2.18)

Since ¢! is increasing, we have, for each x € R, that

2.19
< (0(b) — a)¢~ (x-+ (0(b) — @) M) = g (). (219

The functions g. are continuous, strictly increasing and, since ¢(R) = R, g+ (R) = R
So, we have that g,(R) = R for all u € C(T), and then for each u € C(T) there exists a
unique 7, satisfying g,(7,) = B3 (1) — Bf (1) which is equivalent to the fact that (2.16) is
uniquely solvable for each u € C(T).

Now call ¢(u). = (g.)"1(B5 (u) — Bf (u)). From (2.19) we deduce that

c(wy <ty<clu). YueC(). (2.20)

And now, since B3 (u) — B (u) is bounded in C(T) and (g.)~! are continuous in R,
there exists L > 0 such that

|7,| <L YueC(T). (2.21)

Therefore (2.18) and (2.21) show that operator T is bounded in C(T).

Now, we prove that it is continuous.

Suppose u, — u in C(T). Let 7, be related to u, by (2.16) and 7, associated to u. Now
we prove that lim,,—. 7, = 7.

By construction of 7, and 7, we have

B3 (un) — Bf (u,) — B3 (u) + By (u)

:LU(b) [qﬁl(rn—er(s,p(a( ()))As) ( J f(s,p(o(s),u (s)))As)Ar].

(2.22)

Thus, from the continuity of p, By, and B, we conclude that

tim [ (e[ 116 p 0@, a)ae=[ " g1 (1 [ £ pater e o as)ar
(2.23)
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From the fact that {r,} is a bounded sequence in R, we conclude that there exists a
subsequence {7, } converging to a real number y = limsup{7,}. Thus, from the continu-
ity of 71, p, and f, we have

]113)10 ¢! <T,,k — er(s,p(a(s),uzk (s)))As) =¢! (y — Kf(s,p(o(s),u"(s)))As) vreT,
(2.24)

and then

Lo(b)‘pl (TM_Lrf(s,p(a(S):u”(s)))AS)A’:Lﬂ(b)(’51 (V—Lrf(S,P(G(s),u"(s)))As>Ar.
(2.25)

Since ¢! is a strictly increasing function, we conclude that 7, = y.

Analogously, we verify that 7, = liminf {7, }.
Now, since

T Lf (5, p(0(9),u5(5))) As — 7+ J f(s,p(a(s),u%(s))) As

a(b)
<la—nl [ 1 Fap(e©u©) - Fspla6uie)) |as VEeT,
(2.26)
the convergence of the sequence
t
{ot | fsplorueas) (2.27)

is uniform on T.
Now, by using the uniform continuity of ¢! on compact intervals, we conclude that

Tu, — Tu uniformly on T. (2.28)

Now we are going to prove that T(C(T)) is a relatively compact set in C(T).
Using (2.18), (2.21), and (H;), we have that there exists Q > 0 such that

¢ 1(-Q) < (Tw™(t) <¢(Q) VteT* ueC(T). (2.29)

As a consequence, the set T(C(T)) is uniformly equicontinuous:

| Tu(t) - Tuls)| = Jt(Tu)A(r)Ar

<max{¢ ' (-Q),¢ 1 (Q}It—sl, (2.30)

foralls,t € T.

Now, since T(C(T)) is bounded, the Ascoli-Arzeld theorem [3, Theorem IV.24] ensures
that operator T is compact. Using the Tychonoff-Schauder fixed point theorem, see [2,
Theorem 6.49], we know that there is at least one fixed point of T; hence a solution of
(2.1)—(2.3). U
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Now, we are in a position to enunciate the following existence result. The proof is a
direct consequence of the three previous lemmas.

THEOREM 2.4. Let a and 3 be a lower solution and an upper solution, respectively, for prob-
lem (1.3)—(1.5) such that o« < f3 in T. Assume that hypotheses (H, )—(H3) are satisfied. Then
problem (1.3)—(1.5) has at least one solution u € [a, f3].

3. Existence of extremal solutions

In this section we prove that the problem (1.3), (1.4), (1.10) has extremal solutions on
[, 8], that is, the problem has a unique solution on [«, 8] or there is a pair of solutions
v < win [a, 3] such that any other solution u in that sector satisfies v < u < w.

TuEOREM 3.1. Let o and f3 be a lower solution and an upper solution, respectively, for prob-
lem (1.3), (1.4), (1.10) (with obvious notation) such that « < f3 in T. Assume that hypotheses
(H,)—(Hs) are satisfied. Then problem (1.3), (1.4), (1.10) has extremal solutions in [, 5].

Proof. Denote
S:={v € [a,B] : v is solution of (1.3), (1.4), (1.10)}. (3.1)
As in the proof of Lemma 2.3, we can verify that the set
Shi={hives) (3.2)
is bounded in the C(T*)-norm.
So § is closed, bounded, and uniformly equicontinuous. As a consequence, see [3,
Theorem IV.24], we have that it is compact in C(T).
Therefore, defining, for ¢ € [a,b],
Vmin(t) :=1inf {v(¢) : v € S}, (3.3)
we have that, for each ty € T, there is a function v4 € S such that
Vi (t0) = Vmin (f0) (3.4)
and v, 18 continuous in T.
Now we prove that Vi, is a solution of (1.3), (1.4), (1.10), showing that vy, is a limit

of some sequence of elements of S, that is, for every & > 0, there exists v € S such that

IV = vminllcm) <e.
Fix ¢ > 0 arbitrarily. As S is an equicontinuous set and v, is a continuous function,
there exists ¢ > 0 such that for t,s € T with [f —s| < u we have

|v(t) = v(s)| < g Vv € SU {vmn}- (3.5)
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Now fix 0 < r < p and define {0y, 61,...,8,} C T such that §y = a, §,, = 0%(b), and for
i=1,....m—1,

85— 0'(61'_1) ifO’((Si_l) >8,'_1+1‘, (3 6)
" |max{re T\{8i.1}:t <81 +r} otherwise. ’
It is clear that
6i26i72+1‘ Vi=2,...,m,
(3.7)

0i=0(8i-1) or 0<8—08i1<r<u Vi=1,..,m.

Denote By(t) = v4(t), where v, is a function of S that satisfies v,(a) = Vmin(a), and for
i€ {l,...,m} define

Bi(t) = Bi—i(t)  if Bi1(8i) = Vmin (6;). (3.8)
Otherwise, consider v; € S such that
Vi (0;) = Vinin (67) (3.9)
and define

siz=inf{t € [8;i-1,8:] N T:vi(s) < Bimi(s) Vs € [,8;] n T},

siv1 s =sup {t € [8;,0%(b)] N T:vi(s) < fio1(s) Vs € [8i,t] N T}, (3.10)
and the function
e B
Since function 3, isa C ! function except, at most, at the set
Ag = {s 0 ()} 0 {o(s) )Y (3.12)
it is clear that, by construction,
Ba(s™) = Ba(s")  Vse Ay, (3.13)

and coincides with a solution in (o (s;), p(si+1)), we have that the regularity hypotheses in
Definition 1.2 hold.
Now, from the definition of 8, and (H3), we have

B, (ﬁm(a)>ﬁm) =B (Va(a)7ﬁm) <B (Va(a)’va) =0,

By (Bon(@), fn (6(5))) = B (B(a), v (62(5))) = B (vm(@)yvm (02(0))) 0. %)
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Thus, we have that f3,, is an upper solution of (1.3), (1.4), (1.10). By Theorem 2.4, there
is a solution w, of (1.3), (1.4), (1.10) such that w,, € [«,Bm]. So, by the construction of

B>
vmin(&-) < Wm (81) < /)’m(&) = vmin(&) Vie {0,...,m}. (3.15)

Now, let t € T\{dy,...,0m}. By construction, we know that there is i € {1,...,m} such
that t € (8;_1,6;) with §; — §;_1 < r (in other case §; = 0(d;_1) and so (§;_1,6;) N T is
empty).

As a consequence, by (3.5),

|Wm(t) - Vmin(t) | =< |Wm(t) - W((Sz) | + |Wm(6z) - Vmin(t) |

= | Wi (t) = Wi (8:) | + | Vinin (8:) — vimin (£) | < &. (3.16)
Then
W = Vminll oy < & (3.17)
As ¢ is arbitrary, by the compactness of S on C(T), we conclude that
Vmin € S. (3.18)
Analogous arguments show us that problem (1.3), (1.4), (1.10) has a maximal solution
Vmax € S. O
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