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We examine the conditions of asymptotic stability of second-order linear dynamic equa-
tions on time scales. To establish asymptotic stability we prove the stability estimates by
using integral representations of the solutions via asymptotic solutions, error estimates,
and calculus on time scales.
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1. Main result

In this paper, we examine asymptotic stability of second-order dynamic equation on a
time scale T,

LlyO] =y V+pt)y¥ () +q(t)y(t) =0, teT, (1.1)

where yV is nabla derivative (see [4]).

Exponential decay and stability of solutions of dynamic equations on time scales were
investigated in recent papers [1, 5-7, 11, 12] using Lyapunov’s method. We use different
approaches based on integral representations of solutions via asymptotic solutions and
error estimates developed in 2, 8—10].

A time scale T is an arbitrary nonempty closed subset of the real numbers.

For t € T we define the backward jump operator p: T — T by

p(t)=supiseT:s<t} VteT. (1.2)
The backward graininess function v: T — [0, o] is defined by

W) =t — p(b). (1.3)
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If p(t) < t or v >0, we say that ¢ is left scattered. If t > inf(T) and p(t) = ¢, then ¢ is called
left dense. If T has a right-scattered minimum m, define Ty = T — {m}.

For f: T — R and t € Ty define the nabla derivative of f at t denoted fV () to be the
number (provided it exists) with the property that, given any ¢ > 0, there is a neighbor-
hood U of t such that

| Flp(®) = f(s) = fY(t)(p—s)| <e|p(t)—s| VseU. (1.4)

We assume sup T = co. For some positive ty € T denote T, = T([£g, ).
Equation (1.1) is called asymptotically stable if every solution y(t) of (1.1) and its
nabla derivative approach zero as t approaches infinity. That is,

limy(t) =0, limy¥(¢) =0. (1.5)
We establish asymptotic stability of dynamic equations on time scales by using calculus
on time scales [3, 4] and integral representations of solutions via asymptotic solutions [8].
A function f:€ T — R is called 1d-continuous (Ci4(T)) provided it is continuous at
left-dense points in T and its right-sided limits exist (finite) at right-dense points in T.
By Lia(T) we denote a class of functions f : T — R that are ld-continuous on T and
Lebesgue nabla integrable on T. C(T) is the class of functions for which second nabla
derivatives exist and are ld-continuous on T.

Rf={K:T— R, K(t) >0, 1 —vK(t) >0, K € Cu(T)}. (1.6)

We assume that p,q € Cig(T ).
From a given function 6 € Cjj(T) we construct a function

_0v(1)
k(t) = 20(0) (1.7)
For v > 0 we choose 0, (t) as a solution of the quadratic equation
- _ ptvq+2k0
V0~ 201(1+96) +260 - = —— 2= =0, (1.8)
or
6,-6+L 4D D_92+71+vp+v2q (1.9)
Y T T (1 2kOw)n? '
If v = 0, then (1.8) turns into a linear equation and 0, (¢) is defined by the formula
_op 20 p®)

0:(t) = 6(1) W00~ 2 (1.10)

Note that (1.8) is a version of Abel’s formula for a dynamic equation (1.1), and (1.10)
is Abel’s formula for the corresponding differential equation.
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Define auxiliary functions

eo, (t,t0) e, (t,t0) )
0,(t) = 0,(t) —20(1), Y(t) = ~ N 1.11
L (t) = 0.1(t) (t) (t) (61e91(t,t0) 020, (1,10) (1.11)
Hov;(t) = —q — pb; — 07 — 07 (1 -26;), j=1.2, (1.12)
1 1
K= <|1—v01 T 1=, s)|> ) (1.13)
(91 HOVz —92 HOV1 )(S)
K = S 1.14
1) ‘ 16()0(o(5)) (114
Hov;(t)eg, (t,to)
1] — -1V Zovjiibea bho) | L
Qir(t) = |1 —»¥~ 'Y (t||‘ 60, (ht) " j.k=1,2, (1.15)
where ey(t,ty) is the nabla exponential function on a time scale, and || - || is the Euclidean

matrix norm ||Al| = m

Note that 0; and 6, can be used to form approximate solutions y; and y, of (1.1) in
the form y;(t) = Egj (t,t9),j = 1,2. Also, from the given approximate solutions y; and y,
the function 6 = (8; — 6,)/2 can be constructed.

THEOREM 1.1. Assume there exists a function 0(t) € Clzd(TToo) such that Qjx € Ry, 1 —v0; #
Oforallte Tu, k,j=1,2,
}EH;Eij(t,to) < o0, (1.16)

Then (1.1) is asymptotically stable if and only if the condition

lim | 05716y, (,t0) | =0, k,j=1,2, (1.17)

t—o0

is satisfied.

We can simplify condition (1.16) under additional monotonicity condition (1.19) be-
low.

THEOREM 1.2. Assume there exists a function 0(t) € C}(Tw) such that K € R}, 1 — v0; # 0
forall t € T, the conditions

lim |eg, (t,10) [ =0, j=1,2, (1.18)
2R[6,(1)] <v(1)|6;(1)|%, tE€Tw, j=12 (1.19)
}imEK(t,to) <o, tETe, (1.20)

are satisfied.
Then every solution of (1.1) approaches zero as t — co.
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COROLLARY 1.3. Assume there exists a function 0(t) € C(T) such that K; € Ry, 1 -
v0; # 0 for all t € T, conditions (1.18), (1.19), and

}im(?K1 (t,tg) < oo, t € Tw, whereK; is defined by (1.14), (1.21)
are satisfied.
Then every solution of (1.1) approaches zero as t — co.
The next two lemmas from [1, 12] are useful tools for checking condition (1.18).

LemMa 1.4. Let M(t) be a complex-valued function such that for all t € Te, 1 — M(£)(t) #
0, then

}im?M(t)(t, t()) =0 (1.22)
if and only if
T _
lim | fim 8L PMO G (1.23)
T—o0 Jty p>u(s) —-p

The following lemma gives simpler sufficient conditions of decay of nabla exponential
function.

Lemma 1.5. Assume M € Ci4(T), and for some € >0,

t

}im R[M(s)]Vs=—-c0 ifv=0, (1.24)
- Jg
[1—My(t)]| =€ >1, LO %=oo ifv>0. (1.25)

Then (1.22) is satisfied.

Remark 1.6 [1]. The first condition (1.25), for v > 0, means that the values of M(t) are
located in the the exterior of the ball with center 1/v, and radius 1/v,

{z: ‘z— —| > i}, vy = inf [v(t)], (1.26)
V* 'V*
and it may be written in the form
2R[M(D)] < v(t) | M(1)]”. (1.27)

Remark 1.7. In view of Lemma 1.5, conditions (1.18) and (1.19) of Theorem 1.2 can be
replaced by

J ﬁzw, forv >0,
n V(s) (1.28)

2R[0;()] < (1) 6;()|>, tE€Tw, j=1,2.
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Remark 1.8. In order to apply Theorem 1.2 for the study of exponential stability of a
dynamic equation (1.1), one can replace condition (1.18) by the necessary and sufficient
condition of exponential stability of an exponential function on a time scale given in [12].

Example 1.9. Consider the Euler equation

\Y
v, Y by(t)
+——+ =0, abeR, 1.29
ORE O (1.29)

on the time scale T C (0, ). We assume that the regressivity condition
tp(t) +atv(t) + bV (t) £0, Vi€ T, (1.30)

is satisfied. Suppose A, and A, are two distinct roots of the associated characteristic equa-
tions

_ _ 2 _
Xala—DA+b=0, A= 10F (12 a)” - 4b (1.31)
If
O [T
2R[Aj] < ; [Ai]5 . ) = > ji=12, (1.32)

then from Theorem 1.2 it follows that all solutions of (1.29) approach zero as t — oo,
To check the conditions of Theorem 1.2 we set

=A1—/\2 (1—61)2—417

0 TR 2 . (1.33)
In view of
A=A
v _ ‘2 1
0" = 72tp(t) , (1.34)
we have
oV 1 v t
2k = — = ———, 1-2kby=1+——=—,
0 p(t) pt) p
(1.35)
,  l+wvp+rv’q  ,  1+av/p+bv¥/ip l1-a 1)\’
D=0+ =07+ = ( - )
(1 —2k0Ov)r2 tv2/p 2t
Hence from (1.9), (1.11) we get
0—60+ s Doyl LM g A (1.36)
v v 2t v t t
By direct calculations from (1.12) we get
~b—(a—1)A; —A?
Hov; = (a=DA; =4, -0, j=1.2 (1.37)

tp
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So

(91 HOV2 —92 HOV1 ) (S)
40(s)0(p(s))
and condition (1.20) is satisfied. Conditions (1.18), (1.19) follow from (1.32) and Lemma

1.5 (with M = A;/1).
If T =R, thenv=0, égj(t, to) = (t/to)Y, j = 1,2, and condition (1.32) becomes

Ki(t) = ‘ =0, K(t)=0, (1.38)

R(21;) =R (1-ax(a—1)*—4b) <0. (1.39)

If T=27,then v=1and p = t+ 1. From [4] exact solutions of (1.29) are EA]./t(t, tp) =
L(t+ DI(tg+1—A;)/T(t+1—-A;)I(tp+1), j = 1,2, and condition (1.32) becomes

2R[12(a-1)2—4b] < |lim|2.
t

(1.40)

Example 1.10. Consider the linear dynamic equation on a time scale

ayV(t) thy(t)
yVV () + G +p(t)(1+t2)_o. (1.41)

Choosing 6 again as in (1.33) we have (1.36) and

6, Hov, — 6, Hov, = 9192(1 - %) 7+ %91 g
b b b b (142)
T 1T p(1he) T pr(1e )
Thus
Ki(t) = 6] (1.43)

(1+£2) (A = 1,)*

From Theorem 1.2 it follows that all solutions of (1.41) approach zero as t — oo, provided
that conditions (1.32) and (1.21) are satisfied.

For the time scales T = R, condition (1.21) is satisfied. For the time scale T = Z with
to = 1, we have v = 1, and condition (1.21) is satisfied also since

J""’ Log (1 —:((;))KI(S)) Vs — — iLog(l —Ki(n) < - i Log (1 —Cn?) < co.
fo - n=1 n=1

(1.44)

2. Method of integral representations of solutions

LemMA 2.1 (Gronwall’s inequality). Assume y, f € Ca(T(t,b)), K€ R}y, f,K = 0. Then

b
» (1) sf(t)+L K(s)y(s)Vs VteT(\(tb) (2.1)
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implies for all t € T(\(¢,b) that

b
Y1) = f(t)+Jt e (p(s), K () £(5)

Proof. From K (t) > 0 it follows that

K(t)

Ky(t) = >0, 1 =Ky ()(t) =

and from [4, Theorem 3.22] we have

&k, (b,t) >0

Denote
M(t) = J KEy©Vs, oKzt
Then
y(8) = f(8) + M(),
or
MY = —K(t)y(t) = =K@ (f(t) + M(2)),
which implies that

MY +K(t)M(t) = —=K(t) f(t).
Multiplying the last inequality by —1/ek, (b,p(t)) < 0, and in view of
ex,(bt)  ely,(t,b)

ba(bit) et | o= KD
we have
( M(t) )V _ MY - (@ (b.0)/ex, (b,0)M _ MY +KM
e, (b,t) &k, (b,1) &, (b,t)
Hence

A

_( M(1) )V Kf(t)
ex,(b,t)) T & (b,t)
Integrating over (£,b) we have

M) (s)f(s)Vs
b by MO =], 2 (bs)

K(s)f(s)Vs
ex, (b,p(s))

M(t) < 2k, (b, t)J

L+ (K (1) — L+ K@)

b
- || (90K FOF Vs,

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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or

b
y(t) < f()+M(t) < f(1)+ L ex, (p(s),t)K(s) f(s)Vs. (2.13)
From this inequality and in view of
ex, (s,t) < ex(s,1), (2.14)

(2.2) follows.
The last inequality is trivial for v = 0 because

0 < Ky(s) < K(s). (2.15)

For v > 0 we also have

A~ S L l _ K v
k. (s,1) = epr og ( ;v(z)) z
t —

( ) (2.16)
*Log(1-Kv(2))Vz .
< exp J't - = ex(s,1). O
Consider the system of ordinary differential equations

av(t) =At)a(t), teTa, (2.17)

where a(t) is an n-vector function and A(t) € Ci4(T, %) is an n X n matrix function. Sup-
pose we can find the exact solutions of the system

V() = Al (Dy(t), tE Tw, (2.18)

with the matrix function A; close to the matrix function A, which means that condition
(2.21) is satisfied. Let W (¢) be the n X n fundamental matrix of the auxiliary system (2.18).
If the matrix function A, is regressive and ld-continuous, the matrix W(t) exists (see [6]).
Then solutions of (2.17) can be represented in the form

a(t) =Y (t)(C+e(t)), (2.19)

where a(t), €(t), C are the n-vector columns: a(t) = column(a,(t),...,a,(t)), &(t) =
column(g; (£),...,€4(t)), C = column(C;,...,C,); Cy are arbitrary constants. We can con-
sider (2.19) as a definition of the error vector function &(t).

Denote

Ht) = (¥ —»Y) " (AY — ¥V (b). (2.20)

THEOREM 2.2. Assume there exists a matrix function ¥ (t) € Clld(Tw) such that || H|| € R},
the matrix function ¥ — vWV is invertible, and

ey (o0, t) = exp J:o lim Log (1= mlIHI) Vs < 00, (2.21)

m—(s) —-m
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Then every solution of (2.17) can be represented in form (2.19) and the error vector function
&(t) can be estimated as

lle® < ICll (€ (oo,t) — 1), (2.22)

2

where || - || is the Euclidean vector (or matrix) norm |C|| = /C] + - - - + C2.

Remark 2.3. From (2.22) the error (t) is small when the expression

L‘” i (Log(l —m|| (¥ —»¥Y) " (A-ADYO)I) ) - (2.23)

m~(s) —-m

is small.

Proof of Theorem 2.2. Let a(t) be a solution of (2.17). The substitution a(t) = W(#)u(t)
transforms (2.17) into

uV(t)=H®Ou(t), t>T, (2.24)
where H is defined by (2.20). By integration we get
b
u()=C- | HOu@Ts, b>e>1, (2.25)
t

where the constant vector C is chosen as in (2.19).
Estimating u(t) we have

b
)| < ICll + L IH)|| - |u(s)]|Vs. (2.26)

From

(é\K(t)C))v = Ké\K(t)C))

A o 1\ k. (2.27)
(EK(C,t)) - (é\K(t,C)) - %(t,c) - _KeK(C>P(t))>
by integration we get
b
J K(5)8k(s,6)V's = 8 (b, ¢) — 8 (a,c), (2.28)
b
J K()éx (6,p(5)) Vs = ek (c,a) — 8 (6, ). (2.29)
Using Gronwall’s inequality (2.2) from (2.26) we get
b
o)l <t (1+ [ 1H1G 1 (p(5),0) V)
t
(2.30)

b
< ||C||(1+L ||H||6HHH(s,t)Vs).
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In view of (2.28),
[lu(®)|| < lIClleym) (b,1).
From representation (2.19) and expression (2.25) we have
b
e(t)=¥Yla-C=u-C= —J H(s)u(s)Vs.
t

Then using (2.31) we obtain the estimate given by (2.22):
b b
el = |, 1Eul 95 < 11 | Il (0,9)7s

b
<cl j IH$)][E1511 (bp()) Vs = I Cll (€111 (b ) — 1).

(2.31)

(2.32)

(2.33)

O

THEOREM 2.4. Let y1,y, € Clzd(TToo) be the complex-valued functions such that |H|| € R}j,

and
e (0o, 1) < o0,

where

yk(t)L)/](t) vV v .
Bii(t) = —F"——-, Ly= + p(t +q(t)y, =1,2,
1 (1) Wi ys) y=y tHpt)y  +q(t)y, j

1wty L [ Ba(t)  Bxn(t)
H(®) = (1 =¥ (—311(1‘) —Blz(l‘)>'

Then every solution of (1.1) can be written in the form
y(t) = [Ci+e )]y (1) +[Co+ealt)] (1),
yV () = [Cirea®]y) ()+[C+ea(®]y) (1)
where Cy, C, are arbitrary constants, and the error function satisfies the estimate
lle®)]] < IICI( =1+ ey (o0, 8)).
Proof of Theorem 2.4. We can rewrite (1.1) in the form
vY(t) = A(t)v(1),

where

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)
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Now we apply Theorem 2.2 to the system (2.41). By direct calculations from (2.20) we
get (2.37), and condition (2.21) of Theorem 2.2 follows from (2.34).
From Theorem 2.2 it follows that

v(t) =W (t)(C+e(t)). (2.43)

Representations (2.38), (2.39), and estimates (2.40) follow from Theorem 2.2. O

Proof of Theorem 1.1. We are looking for solutions of (1.1) in the form

yi(t) = Egj(t,to) = exp( t lim w

to m (1) —m

VT), =12, (2.44)

where the functions 6; are defined by (1.8) and (1.11).
From (2.44) (see [4]) we have

W) =01()yi(t),  yy(t)=6:(t)ya(t),

WiyLyal  yiyy =yt
- —6,- 0, = 20,
1)z 1)2 2 (2.45)
Ly;
i

=60;+(1-20;)07 +pbi+q, j=1.2.

By direct calculations

yiLys Hov, () y2Ly Hov, (t)
Biy(t) = = , By (t) = = ,
o) = 0 0y T 260 20 =0 ) T 2000

1Ly Hovi(¢) s (1)
Bult)= W(yny)  20(t) e, (t,10)’ (2.46)

Byy(t) = y2Ly,  Hov,(t) ég, (t,t0)

PEUT W) T 200 é, (b))

In view of (1.16) condition (2.34) of Theorem 2.4 is satisfied. From Theorem 2.4 and
(2.40) it follows that |&;(t)| < C, j = 1,2. From (1.17) we get y;(t) — 0, ij(t) —0,f— 0.
So asymptotic stability of (1.1) follows from representations (2.38) and (2.39).

Now we prove that if one of (1.17) is not satisfied, then there exists asymptotically
unstable solution y(1).

Assume for contradiction that (1.5) is satisfied and, for example, the first condition of
(1.17) is not satisfied. Then there exists the sequence ¢, — o such that

tll_l:l’l |y1 (fn) | = /\1 > 0. (247)

There exists the subsequence f,,; = t,, of the sequence t, such that

lim |y;(twm)| =1 = 0. (2.48)

tm—
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From Theorem 2.4 any solution y(t) of (1.1) can be represented in the form (2.38)
with some constants C;, C,, or

)’(tm) = [Cl té (tm)]yl (tm) + [C2 +52(tm)]y2(tm): (2.49)
where from (2.40) we have
|£j(l‘) | < ||CJ| (é\”H”(OO,t) - l) — 0, (2.50)

ast =t, — oo,

From representation (2.49) it follows that A;, A, must be finite numbers. Otherwise,
the left side of the representation vanishes and the right side approaches infinity when ¢,
approaches infinity. Choosing C, = 1, C, = 0 we obtain from (2.49), as t — oo,

0=A1+l1t1i3}o€1(fk)+Azt£i£roloez(tk) =M, (2.51)

which contradicts the assumption A; > 0. O

LEmMA 2.5. If 1 —v0;(t) # 0 forall t € Tw, and
2R[0;(0)] < (1) 6;()|°, teTw, j=12 (2.52)
then the functions | y;(t)| are nonincreasing. That is,
lyi(t)| < |yj(r)| wheneverty <t <t. (2.53)

Proof. 1f v = 0, then the functions |y;| (see (2.44)) are nonincreasing in view of (2.52)
and

"yl -
@] = Ty~ ¥lod=0 (254
If v > 0, then from (2.52) it follows that
|1—w9j|=\/(1—v9<[9j])2+(vs[ej])zz1, i=1,2, (2.55)

Log |1 —»(1)8;(1)| 0
—(t) -

Hence the functions | y;(t)| = exp(fti(Log |1 —=60;(7)|/=»(7)) V1) are nonincreasing. [J

(2.56)

Proof of Theorem 1.2. In view of (1.12), (2.44) by direct calculations we have

=q(t)+ 2.57
It is easy to check that y;, y, are exact solutions of
vV, _ .VV V.VV _ V.UV
vY Y1 V2= ylyv(t)+ Y1) V2 ) (1), (2.58)

Wiy 2] Wy, ]
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or

¥4 0y (0 + (q(t)+ ‘““”22—‘992‘{"“> y(H) =0, (2.59)

in view of (1.8) and (2.57).
Indeed from

Ay gy =0, )V +py) +qy2=0 (2.60)
we have
vV, vV VY.V _ YV, V
p= Ji V2= ) )’1’ q= Y2 )1 =) (2.61)
Wiy y.] Wiy y.]
or
_(0) 2 (032) 31 _ 67 +6; 676, - 65 — 63 +6Y 6,
(6, —61) y102 6, -0, ’
_ (6292) 0131 = (131) " 6272 _ 01(67 +65 —v676,) — 02(67 +67 — 67 01) (2.62)
(62— 61) y192 6, — 6, ’
oV v oY ov
p:—91—02—?+v9§+v917, q:9192<1—ﬁ/7)+91?—91v.
Excluding 6 we have
oY oV v ov
vq+p:v6102<1—v7>+v61?—v01V—01—62—7+v92v+v61F
v v ov
=Wﬁ4yw§j+n&§~4wv—a—%—§f .63

=0, (0, —20) (1 — 2k0v) +2v0,2k0 — 2v2k6* — 20, + 20 — 2kO
=907 (1 — 2k0v) — 20, (v0 — v*2k0? + 1 — 2k0v) +260(1 — 2k6v) — 2k6.

Thus we get (1.8):
vq+p =v07 (1 —2k0v) — 260, (1+v0) (1 —2k6v) +26(1 — 2k6v) — 2k6. (2.64)
So the solutions of (1.1) or the nonhomogeneous equation

01 HOV2 —92 HOV] 01 HOVz —62 HOV]
Ghbor:—GuHon ) _ (6Hov:—0:Hon

20 20 )y“)
(2.65)

Y7 p@y (0 + (g0 +
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may be written in the form (see [3, 4])

= Ciyi = Coys = “y1(p(0) y2(t) — y2 (p(2)) 11 (2) (91 Hov, —6, Hov,

to W[)’l))’Z](P(T)) 26
7f ( ) @) ) (61 Hov, —6, Hov, ) (1) y(1) V7
y2(p(7))  y(p(7)) 40(p(1))6(7)

)(T) YV

to

(2.66)
Using Lemma 2.5 and the formula y(p(7)) = y(7) — v(7)y" (7) we get the estimate

[y(t)] < |Ciyi(t) + Caya(t) |

Jt< BRGNP ACa) )|(91H0V2—92H0V1)(7)y(1)|VT (2.67)
(e ] [y2(p(0) | 410(p(1))0(7) | ’

to

or
t
19(5)] = | Cuiy(6) + Coya(8) | +L K(2)|y(1)| v, (2.68)

where K(7) is defined in (1.13).
Further we need a different version of Gronwall’s inequality from the one in Lemma
2.1. Note that delta version of this Gronwall’s inequality was proved in [3].

LEmMA 2.6. Assume y, f € Ca(T), f,y 20, K € Rf. Then

y(1) < f(t)+ t:K(s)y(s)Vs VteTo, (2.69)
implies
y(1) < f(t)+£; ek (£,p(5))K(s) f(5)Vs  VtE T (2.70)
Proof. Denote
2(t) = L:K@)y(sws, (2.71)

then
y(t) < f(t)+2z(1), zZV(t) —K(H)z(t) = K(t)y(t) — K(t)z(t) < Kf(t). (2.72)

From K € R} follows ex > 0 (see [4, Theorem 3.22]), and

2\ ¥-Kz Kf
(@) T2 5g= (2.73)
by integration
O N 4 SOVIONE
ex (1) =(to) = ex (t,t0) L) ex (p(s),to) (2.74)
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or
z(t) < t:K(S)EK(trtO)EK(tOJP(S))f(S)VS_ ;K(S)EK(trP(S))f(S)VS- (2.75)

Thus
y<ft+z<f+ J: K(s)e (t,p(s)) f(s)Vs. (2.76)
O

Using Gronwall’s inequality (2.70) in (2.68) we get the stability estimate

Ly | < [Ciy(t) + Copa(t) | + Jt: ek (£,p(9)) [Ciy1(s) + Coya(9) [K(s) Vs, (2.77)
From (1.18) it follows that
}1}2 |Cry1 () + Caya(t)| = 0. (2.78)
Or for any € > 0 there exists f; such that for ¢ > f, we have
|Ciyi (1) + Coya ()] <. (2.79)

Hence it follows from (2.77) that

t
ly()| < e(l +J EK(t,p(s))K(s)Vs>. (2.80)
to
From (2.29)
t
| K@a(tp(59) s = (1) ~ 0, (2.81)
and so
[ y(t)| < eex(t,to) < Ce, (2.82)
from which it follows that y(t) — 0 ast — co. O

Corollary 1.3 follows from Theorem 1.2 because of inequality K(s) < K; (s) which fol-
lows from (2.55).

Proof of Lemma 1.4. Proof follows from the Hilger’s representation of exponential func-
tion on a time scale (see [6, Theorem 7.4(iii)])

. T Log|1- pM
lem (Tto) | =exp | lim MV& (2.83)
ty p(s) —-p

O
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Proof of Lemma 1.5. From (1.25) it follows that 1 — Mv # 0 and ey exists. For v > 0 from
(1.25) we have

~ "L 1-M !
leme (tt0) | = expj MVS <exp evVs 0, t— co. (2.84)
to —(s) ty —(s)
(I
For t € T we define the forward jump operator ¢ : T — T by
o(t)=inf{s€T:s>t}. (2.85)
The graininess function g : T — [0, c0] is defined by
u(t) =o(t) —t. (2.86)

A function f:€ T — R is called rd-continuous (Cq(T)) provided it is continuous at
right-dense points in T and its left-sided limits exist (finite) at left-dense points in T.

By L,4(T) we denote a class of functions f : T — R that are rd-continuous on T and
Lebesgue integrable on T.

Assume y* is a delta (Hilger) derivative, and e) (t,ty) is a delta exponential function.

LemMma 2.7 (see [1, 12]). Assume K € Ciq(T), and for some e >0

0<|1+KuD)] <1-¢e<1, J B ifuso, (2.87)
to [’l(s)
R[K(s)]Vs=—00 ifu=0. (2.88)
to
Then
}imeK(t, to) = 0. (2.89)

Remark 2.8. The first condition (2.87) means (see [1]) that the values of K(t) are located
in the interior of the annulus with center —1/p* and radius 1/uy*,

Sur = SLZ:O< z+ [% < %}, p =suplu(t)], (2.90)
and it may be written in the form
2R[K(1)] < —u(t) |K(1)]°. (2.91)

Proof. Tt is enough to prove the lemma for the case y > 0.
From |1+ Ku(t)] > 0 it follows that ex exists. From Log|l —¢| < —e for 0 < e < 1 and
from (2.87) for p > 0 we have

"Log |1+ Ku(s)|
to .U(S)

t —
| ek (t.t0) | = exp As < expj eAs 0, t— oo. (2.92)

to #(5) 0
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Remark 2.9. Comparing Lemmas 2.7 and 1.5 we see that nabla exponential functions ap-
proach zero in the larger region (see (1.25)) in the complex plane than delta exponential
functions (see (2.87)). Thus asymptotic stability conditions for nabla dynamic equations
should be less restrictive than for delta dynamic equations.
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