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By using the fixed-point index theory and Leggett-Williams fixed-point theorem, we study the exis-
tence of multiple solutions to the three-point boundary value problem u" (t) + a(t) f (t, u(t), u'(t)) =
0,0<t<1;u0)=1(0)=0;u(1l) —au'(n) =\, wheren € (0,1/2], &« € [1/21,1/1) are constants,
A € (0, 0) is a parameter, and a, f are given functions. New existence theorems are obtained, which
extend and complement some existing results. Examples are also given to illustrate our results.

1. Introduction

It is known that when differential equations are required to satisfy boundary conditions at
more than one value of the independent variable, the resulting problem is called a multipoint
boundary value problem, and a typical distinction between initial value problems and
multipoint boundary value problems is that in the former case one is able to obtain the
solutions depend only on the initial values, while in the latter case, the boundary conditions
at the starting point do not determine a unique solution to start with, and some random
choices among the solutions that satisfy these starting boundary conditions are normally
not to satisfy the boundary conditions at the other specified point(s). As it is noticed
elsewhere (see, e.g., Agarwal [1], Bisplinghoff and Ashley [2], and Henderson [3]), multi
point boundary value problem has deep physical and engineering background as well as
realistic mathematical model. For the development of the research of multi point boundary
value problems for differential equations in last decade, we refer the readers to, for example,
[1, 4-9] and references therein.
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In this paper, we study the existence of multiple solutions to the following three-point
boundary value problem for a class of third-order differential equations with inhomogeneous
three-point boundary values,

u"(t) +at)f(tult),u'(t))=0, 0<t<l,
(1.1)
u(0) =1/'(0) =0, u'(l)—au'(n) =4,

where 7 € (0,1/2], € [1/21,1/1), A € (0, 00), and a, f are given functions. To the authors’
knowledge, few results on third-order differential equations with inhomogeneous three-point
boundary values can be found in the literature. Our purpose is to establish new existence
theorems for (1.1) which extend and complement some existing results.

Let X be an Banach space, and let Y be a cone in X. A mapping f is said to be a
nonnegative continuous concave functional on Y'if f: ¥ — [0, +o0) is continuous and

Btx+ (1-t)y) > tp(x) + (1-Dp(y), xyeY, te[0,1]. (1.2)

Assume that

(H)
1
acC((0,1),[0,)), O0< f (1-s)sa(s)ds < oo,
0 (1.3)
f€C([0,1] x [0, ) x [0, ), [0, o0)).
Define
t/ 4
max fp = lim max su M,
v—0+t€[0,1] u€[0,4+00) (%
t/ 4
min fo = lim min inf M,
v — 0+ t€[0,1] u€[0,+o0) (%
(1.4)

t,u,
. fttwo)

max fo,, = lim max su
v

v =+ te[0,1] uel0,+00)

t,u,v
min f,, = lim min inf ftw0) ).
v —+o0 te[0,1] uel0,+0) (4

This paper is organized in the following way. In Section 2, we present some lemmas,
which will be used in Section 3. The main results and proofs are given in Section 3. Finally, in
Section 4, we give some examples to illustrate our results.
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2. Lemmas

Let E = C![0, 1] be a Banach Space with norm

ul

b

lllly = max{ ||,
where
— ! — !
llull = tgfgﬁlu(f)ll ||| = gféi,ﬁlu t)]-

It is not hard to see Lemmas 2.1 and 2.2.

Lemma 2.1. Let u € C'[0, 1] be the unique solution of (1.1). Then

1
u(t) = fo G(t,s)a(s)f (s, u(s),u'(s))ds

A2

atZ 1 ,
+ m fo Gi(n,s)a(s)f (s, u(s), u'(s))ds + e

where

1| (@t-t-5s)s, s<t,
Glt,s) =,
(1-5)t?, t<s,
(1-t)s, s<t,
Gi(ts) = 6G{(jt,s) _
t (1-s)t, t<s

Lemma 2.2. One has the following.

(i) 0<Gi(t,s) < (1-s)s, (1/2)£(1-5)s < Gt,5) < G(1,) = (1/2)(1 = s)s.

—an)’

(ii) Gi(t,8) > (1/4)G1(s,s) = (1/4)(1 - s)s, for t € [1/4,3/4], s € [0,1].

(iii) G1(1/2,s) > (1/2)(1 -s)s, for s € [0,1].

2.1)

(2.2)

(2.3)

(2.4)

Lemma 2.3. Let u € C'[0,1] be the unique solution of (1.1). Then u(t) is nonnegative and satisfies

lluellx = [l

Proof. Let u € C'[0,1] be the unique solution of (1.1). Then it is obvious that u(t) is

nonnegative. By Lemmas 2.1 and 2.2, we have the following.
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(i) Fort <1,

u(t) = 20 } po {JZ [<2ts - sz> (1-an) +ts(a- 1)] a(s)f(s,u(s),u'(s))ds
1l
+ J. [t2(1 —an) +t*s(a— 1)]a(s)f(s,u(s),u’(s))ds
t
1
+f £ (1-s)a(s)f(s,u(s), u'(s))ds + )Ltz},
! 2.5)
¢
u'(t) = 20 —an) {fo [2s(1 - an) +2ts(a = 1)] a(s) f (s, u(s), u'(s))ds
1l
+ J. [2t(1 - an) +2ts(a —1)]a(s)f (s, u(s),u'(s))ds
t
1
+f 2t(1 = s)a(s)f (s, u(s),u'(s))ds + 2/\1‘},
1
thatis, u(t) < u'(t).
(ii) For t > 7,
1 n ,
u(t) = m {fo [<2ts - sz> (1-an) +#s(a- 1)]a(s)f(s,u(s),u (s))ds
+ t 2ts —s%) (1 - +2(an - Lu(s), ' (s))d
L[( s—s >( ar) (an s)]a(s)f(s u(s),u'(s))ds
1
+f (1 -s)a(s)f(s,u(s), u'(s))ds + )Ltz},
t
(2.6)

u'(t) = ﬁ{ J: [2s(1 - an) +2ts(a - 1)] a(s) f (s, u(s), u'(s))ds

+ ft [2s(1 - an) +2t(an —s)]a(s)f (s, u(s),u'(s))ds
U

1
+f 2t(1-s)a(s)f (s, u(s),u'(s))ds + 2/\1‘}.
t
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On the other hand, for 7 < s <t, we have

2s(1—an) +2t(an—s) - [<2ts - sz> (1-an) +#(an - s)]

—an(t—s)2+s—1t)+s(1-t)(2—t) +s(s—1) 2.7)
=aq(t—s)<2+s—t—%> +s(1-B2-1).
Since a € [1/27,1/7),
25(1 - an) +2t(an - 5) 2 (2s = %) (1 - ) + £ - s). (2.8)
So, u(t) < //(t). Therefore, u(t) < '(t), which means
lall < flll, Ml = [l2]]- (2.9)

The proof is completed. Il

Lemma 2.4. Let u € C'[0, 1] be the unique solution of (1.1). Then
. ) 1
min u'(f) > 4||u||1. (2.10)

te[1/4,3/4]

Proof. From (2.3), it follows that

1
u'(t) = fo Gi(t,s)a(s)f (s, u(s),u'(s))ds

+ al Jll Gi(n,s)a(s)f (s, u(s), u'(s))ds + At

1- an Jo 1— an
(2.11)

1

< f (1-s)sa(s)f(s,u(s),u'(s))ds
0
P 1
o | G 9)ate) (s uts) o) ds +
Hence,
1
lully = |2 Sf (1-s)sa(s) f (s, u(s), u(s))ds

0 (2.12)

1
], G () s -
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By Lemmas 2.2 and 2.3, we get, for any t € [1/4,3/4],

1
A0 i, ([ o0 rGue o

e rGl(71/S)a(s)f(s,u(s),u’(s))ds+ u

1-an), 1-an
2.13)
1/ (1
> 1 <f (1-s)sa(s)f(s,u(s),u'(s))ds
0
2 JdG (n,s)a(s)f (s, u(s),u'(s))ds + A
1-an ), i ! ! l-an )’
Thus,
min ()2, Jul 214
refijaayay = g1 :
Define a cone by
K={uecE:u>0, min w@®3> |u| 2.15
" B A Ll (2.15)
Set
Kiy={ueK:|ul,<r}, oK,={ueK:|u|,=r}, r>0,
B (2.16)
K,={ueK:|ul|,<r}, KB rs)={ueK:r<p), |lul,<s}, s>r>0.
Define an operator T by
1
Tu(t) = f G(t,s)a(s)f (s, u(s),u'(s))ds
0
1 (2.17)
at? At
— | Gi(n, , Ju s+ ————.

Lemma 2.1 implies that (1.1) has a solution u = u(t) if and only if u is a fixed pointof T. | |
From Lemmas 2.1 and 2.2 and the Ascoli-Arzela theorem, the following follow.

Lemma 2.5. The operator defined in (2.17) is completely continuous and satisfies T(K) C K.
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Theorem 2.6 (see [10]). Let E be a real Banach Space, let K C E be a cone, and Q, = {u € K : |Ju|| <
r}. Let operator T : KNQ, — K be completely continuous and satisfy Tx # x, for all x € 0Q,. Then

(1) if |Tx|| < |lx]|, for all x € 09, then i(T,Q,,K) =1,
(ii) if |Tx|| > ||x||, for all x € 0K, then i(T,Q,, K) = 0.
Theorem 2.7 (see [8]). Let T : P. — P. be a completely continuous operator and [ a nonnegative

continuous concave functional on P such that f(x) < ||x|| for all x € P.. Suppose that there exist
0 <dy < ag<by<csuch that

(@) {x € P(B, a0, bo) : P(x) > ao} # 0 and p(Tx) > ao for x € P(B, ao, bo),
(b) ITx|| < do for ||x|| < do,
(c) p(T'x) > ag for x € P(P, ao, c) with ||Tx|| > by.

Then, T has at least three fixed points x1, x>, and x3 in P, satisfying

||X1|| < do, ap < ﬂ(.X'z), ||.‘X'3|| > do, ﬂ(x?,) < ap. (218)

3. Main Results

In this section, we give new existence theorem about two positive solutions or three positive
solutions for (1.1).

Write

a

1-an

3/4 o 3/4 B
Ay = <f (1-s)sa(s)ds + 1-ag f1/4 G (U/S)a(s)d5> :

1/4

1 1 -1
A= <I (1-s)sa(s)ds + J. Gy (q,s)a(s)ds> ,
0 0

(3.1)

Theorem 3.1. Assume that

(H1) min fy = min f, = +oo;
(Hy) there exists a constant p1 > 0 such that f(t,u,v) < (1/2)Aip1, fort € [0,1], u € [0, p1]
and v € [0, p1].

Then, the problem (1.1) has at least two positive solutions uy and uy such that
0 <y <pr <lluzlly, (3.2)
for A small enough.
Proof. Since

t,u,v
min fo = lim min inf M = +0o0, (3.3)
v—0+t€[0,1] u€[0,+o0) (%
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there is py € (0, p1) such that
f(t,u,v) 28A0, forte[0,1], u€[0,+), v e [0,po], A2>0. (3.4)
Let
Qp = {u €K : ull, < po}. (3.5)

Then, for any u € 0€2,,, it follows from Lemmas 2.2 and 2.3 and (3.4) that

Tu'(é) = f: Gy (;, s)a(s)f(s, u(s), u'(s))ds

P JdG (m,8)a(s)f (s, u(s),u'(s))ds + .
2(1-an) Jo i e 2(1-an)

> f: G (;, s)a(s)f(s, u(s),u'(s))ds

3.6
f Gi(n,s)a(s)f (s,u(s),u'(s))ds (36)
2(1— 1)
1 3/4 3/4
> 1- 8Au' (s)ds + Gi(n, 8Au'(s)d
> sz( Sysale)Bhan (5)ds + 77 cxn)f (1, 5) a(s)8 A0 ()ds
3/4 3/4 1
> 4A 1- ds + Gi(n, d
2 2<f1/4( s)sa(s)ds 2= aq)j 1(1,5)a(s) S>4”u1”1
= [ull;.
Hence,
(T2 > Null;. (3.7)
So
ITully > [Jully, VYu € 0Qy,. (3.8)
By Theorem 2.6, we have
i(T,Q,,K) =0. (3.9)
On the other hand, since
t
min fo, = lim min inf Mzﬂm, (3.10)

v — +00 te[0,1] u€[0,+o0) (%
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there exist pg, p; > p1 such that
f(t,u,v) >8MAw, forte[0,1], u€[0,+0), v> 411'08' (3.11)
Let Qp» = {u € K : [|ull1 < pj}. Then, by a argument similar to that above, we obtain
[ Tully 2 [ully,  Vu € 0Q;. (3.12)
By Theorem 2.6,
i(T, QPS,K> =0. (3.13)

Finally, let Q, = {u € K : [[ull1 < p1}, and let A satisfy 0 < A < (1/2)(1 — an)p; for any
u € 09y, . Then, (H>) implies

1
Tu'(t) = fo Gi(t,s)a(s)f(s,u(s),u'(s))ds

1
' A
*t7 ixtaq fo Gi(n,8)a(s)f (s, u(s), u'(s))ds + : _im

a
1-an

1 1
< J. (1- s)sa(s);Alplds + f Gy (q,s)a(s);Alplds +
0 0

1-an (3.14)

! ! 1/2)(1-
< ;Al <f0 (1-s)sa(s)ds + 1 —aaq fo Gi(n, S)a(s)ds>p1 + %
1 N 1
= 2/01 2/01
= [feelly,
which means that ||Tw'|| < [Jul|1. Thus, ||Tul|; < |Jull1, for all u € 0€2,,.
Using Theorem 2.6, we get
i(T,Q,,K) =1 (3.15)

From (3.9)-(3.15) and py < p1 < py, it follows that

i(T,Qp\ @, K) =1, i(T, 2\ 2, K) =1. (3.16)
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Therefore, T has fixed point u1 € Q, \ €, and fixed point uy € Q- \ Q. Clearly, u, u, are
both positive solutions of the problem (1.1) and

0 < lually < p1 < fluzll;- (3.17)

The proof of Theorem 3.1 is completed. [l

Theorem 3.2. Assume that

(H3) max fo = max f, = 0;

(Hy) there exists a constant py > 0 such that f(t,u,v) > 2Aops, for t € [0,1],u € [0, p2] and
v E [(1/4)p2, pz]

Then, the problem (1.1) has at least two positive solutions uy and uy such that

0< flurlly < p2 < llall o
for A small enough.
Proof. By
t,u,
max fop = lim max sup ftwo) _ 0, (519)
=0+ £€[0,1] (0,1 00) v

we see that there exists p, € (0, p») such that

ft,u,0) < ;Aw, for t € [0,1], u € [0,+c0), v € [0,p.]. (3.20)
Put
Q. ={ueK:|ul, <p.}, (3.21)
and let \ satisfy
0<A< ;(1 - an)ps. (3.22)

Then Lemmas 2.2 and 2.3 and (3.20) implies that for any u € 0€,,,

1
Tu'(t) = fo Gi(t,s)a(s)f (s, u(s),u'(s))ds

1
A
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a
1-an

< Jj(l - s)sa(s) ;Alu'(S)ds + J.: Gi(1,8)a(s) ;Alu’(s)ds +

1-an

1 1 1 1- )
< M <f0(1 —s)sa(s)ds + 5 _“aﬂ fo Gi (ﬂ,s)a(s)ds> ], + —(2(1 f"zl";

1 1
<, llull + p-

= [full;-
(3.23)
So ||T'|| < |lull:. Hence, ||Tul|; < [[ulls, for all u € 0Q,, .
Applying Theorem 2.6, we have
i(T,Q,,K)=1. (3.24)
Next, by
t/ 4
max fe, = lim max sup M =0, (3.25)
vt te0l] yefo00) U
we know that there exists rg > p, such that
1
ft,u,v) < 2A17J, for t € [0,1], u € [0,+00), v > 1y. (3.26)
Case 1. maxejo] f (t, 4, v) is unbounded.
Define a function f* : [0, +o0) — [0, +o0) by
f*(p) = max{f(t,u,v): t€[0,1], u,v e [0,p]}. (3.27)
Clearly, f* is nondecreasing and lim, _. .o, f*(p)/p = 0, and
. 1
f(p) < 2A1p, for p > ry. (3.28)

Taking p* > max{2ry, 21/ (1 — an),2p,}, it follows from (3.26)—(3.28) that

ft,u,v) < f*(p*) < ;Alp*, for t € [0,1], u,v € [0,p*]. (3.29)
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By Lemmas 2.2 and 2.3 and (3.28), we have

1

Tu'(t) =I Gi(t,s)a(s)f (s, u(s),u'(s))ds

0

1
A
"1 ixizq fo Gi(n,s)a(s)f (s, u(s), u'(s))ds + : —ixq

a
1-an

! 1 A (3.30)
Gi(n,s)a(s) . A1p*ds + ——— ’
J.O 1(’1 ) ( )2 1p 1_‘111

1
< f 1- s)sa(s);Alp*ds +
0

*

! p
f Gl(q,s)a(s)ds>p*+ )
0

a

1
< ;Al <f0 (1 -s)sa(s)ds +

1-an

*

:p'

So ||IT'|| £ p*, and then ||Tul|; < p*.

Case 2. maxe[oa) f(t, u, v) is bounded.
In this case, there exists an M > 0 such that

max f(t,u,v) <M, forte[0,1], u, v e [0,+o0). (3.31)
te[0,1] .

Choosing p* > max{2py,2M//A\1,21/(1 — an)}, we see by Lemmas 2.2 and 2.3 and (3.31) that

1
Tu'(t) = fo Gi(t,s)a(s)f (s, u(s),u'(s))ds

1
' A
1 :Xtml fo Gi(n,s)a(s)f (s, u(s),u'(s))ds + : _ixn

a (3.32)

1 1 .
< M<J‘0 (1-s)sa(s)ds + fo Gi(n, s)a(s)ds> + Pz

1-an

*

)

<
S0 7

which implies ||Tu'|| < p*, and then ||Tu|; < p*.
Therefore, in both cases, taking

Qp ={ueK:|ull; <p*}, (3.33)
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we get
ITully < lull;, Yu € 0Q,. (3.34)
By Theorem 2.6, we have
i(T,Qp,K)=1. (3.35)

Finally, put Q,, = {u € K : |lul]1 < p2}. Then (Hy) implies that

Tu (;) = f: Gy <;, s) a(s)f (s,u(s),u'(s))ds

g [ Gitn)a s ue i e)as + g2
20 =an) Jo 1(n,s)a(s)f(s,u(s),u'(s))ds 20— an)

3/4 3/4
1 a (3.36)
> 1- 2Moprds+ —— | Gi(n, 2Aopod
> fm o (1= s)sa(s)2Mapads + 20— an) -[1/4 1(71,8)a(s)2Mapads

3/4 a 3/4

> Aopa J. (1-s)sa(s)ds + f Gi(n,s)a(s)ds

1/4 T—an )i
= p2,

that is, || Tw'|| > p2, and then [|Tu|l; > ||ul|1, for all u € 0Q,,. By virtue of Theorem 2.6, we have

i(T,Q,,, K) =0. (3.37)

From (3.24), (3.35), (3.37), and p. < p < p*, it follows that

i<T, Q, \QPZ,K> -1, i(T, Q, \Qp*,K> -1 (3.38)

Hence, T has fixed point u; € €, \ Q,, and fixed point uy € Q- \ €,,. Obviously, uy, u, are
both positive solutions of the problem (1.1) and

0 <llurlly < p2 <lually- (3.39)

The proof of Theorem 3.2 is completed. ]

Theorem 3.3. Let there exist dy, ag, by, and ¢ with

0< do <ap<32ay< bo <c, (340)



14 Advances in Difference Equations
such that
1
fltu,v) < 4A1do, te[0,1], u€[0,do], v €[0,do], (3.41)
f(t,u,v) >35Aa9, t€][0,1], u€[ag, bo], v e [ao bol, (3.42)
ftuov) < he,  tel01] ue el ve 0l (3.43)
Then problem (1.1) has at least three positive solutions uy, uy, uz satisfying
lwlly <do, a0 <p(uz), luslly >do,  P(us) < ao, (3.44)
for A < (1/2)(1 - an)d.
Proof. Let
p(u) = min Ilu(t)l, uek. (3.45)

e[1/43/4

Then, f is a nonnegative continuous concave functional on K and p(u) < |ju||; for each u € K.
Let u be in K. Equation (3.43) implies that

1

Tu/(t) = f

0

+ ol fl Gi(n,8)a(s)f (s, u(s), u'(s))ds +

1-an),

< ;Al <J.:(1 —s)sa(s)ds +

C.

Gi(t,s)a(s)f (s,u(s),u'(s))ds

1-an

Hence, ||Tul|; < c. This means that T : K, — K..

Take

up(t) =

Then,

(3.46)
a ! (1/2)(1-an)c
“an fo Gi(n, s)a(s)ds>c + (1- an)
;(ao + bo), te [O, ].] (347)
Uy € {u € K(ﬂ, ap, bo) : ﬁ(u) > (10} 'f‘@ (348)



Advances in Difference Equations 15

By (3.42), we have, for any u € K(f, ao, bo),

1
B(Tu) = te[mi [f G(t,s)a(s)f (s, u(s),u'(s))ds

1/43/411 )

at? ! , A2
s [ G o w1 mn]

1
> min U ;tzs(l—s)a(s)f(s,u(s),u'(s))ds

T te[1/43/41 J o

at? ! , A2
+—2(1 ~an) fo Gi(n,8)a(s)f (s, u(s), u'(s))ds + —2(1 — LUZ):I

3/4 9 /1\2 . 1\2 (3/4
> s(1 -s)a(s)35Aapds + ————— Gi1(n,s)a(s)35Aapds
_f1/42<4) ( )a(s) 240 2(1_“71)<4> f1/4 1(71 ) (s) 240

35

= 3—2[10

> ag.

(3.49)

Therefore, (a) in Theorem 2.7 holds.
By (3.41), we see that for any ||u||; < do

1
Tu'(t) = J; Gi(t,s)a(s)f (s,u(s),u'(s))ds

! 1 At
+ 1 f“’l fo Gi(n,8)a(s)f (s, u(s),u'(s))ds + o

/72)(1 ~an)do
(1-an)

1 1
< J. (1- s)sa(s)i/\ldods + f Gi(n, s)a(s)iAldods +
0 0

1-an

3
= 4d0.

(3.50)

So, ||Tu|l1 < (3/4)dy < dy. This means that (b) of Theorem 2.7 holds.

Moreover, for any u € K(, ao, ¢) with || Tu||; > by, we have

p(Tu) = min I:f G(t,s)a(s)f (s, u(s),u'(s))ds

tef1/43/41 )

at? ! , A2
+m fo Gi(n,s)a(s)f (s, u(s),u'(s))ds + M:I
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> min [I (1 -s)sa(s)f (s, u(s),u'(s))ds

te[1/4,3/4]

A2
2(1 ) f Gi(n,s)a(s)f (s, u(s),u (s))ds+ T “U):I

> ; % % [fo (1-s)sa(s)f(s,u(s),u'(s))ds

[24

1
Toay L G (1, 5)a(s)f (s, u(s),u'(s))ds + 7

%I:J‘ Gi(t,s)a(s)f (s, u(s),u'(s))ds

W

1 aquf Gi(n,s)a(s)f (s, u(s),u'(s))ds + )Laq]
iI:J‘ Gi(t,s)a(s)f(s,u(s),u'(s))ds
- 32
+ ataqf Gi(1n,8)a(s)f (s, u(s), u'(s))ds + Ai"’l:l
1
= ﬁTu ),
(3.51)
which implies
PTw) 2 o Tully > 55b0 > a0 (352)

So, (c) in Theorem 2.7 holds. Thus, by Theorem 2.7, we know that the operator T has at least
three positive fixed points ui, up, uz € K, satisfying

||u1||1 <dy, ap< ﬂ(uz), ||u3||1 > dy, ﬂ(u3) < ap. (353)
I
4. Examples
In this section, we give three examples to illustrate our results.
Example 4.1. Consider the problem
m 1 i —u(t) i 1/2 ' 21 _
W' (1) + 152 (1+2 >[(u(t)) + (1 (1)) ] =0, O<t<1,

@.1)
u(0)=4'(0)=0, u'(1)- u’(é) =1,
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where 7 =1/2, a = 1. Set
a(t) = 1% F(tu(t),u(t)) =21 (1 + 2-"“)) [(u’(t))” 24 (u'(t))z]. (4.2)
Then,
min fo = min fo, = +oco. (4.3)

So, the condition (H) is satisfied. Observe

= 1 ds + 1G d :
— 1= ,
<J<0( S)S[I(S) S 1 o 7 fo 1(71 S)[I(S) S>

-1

. o )
- _fo (1-)sa(e)ds + = <f0 (1-1n)sa(s)ds + L n(1- s)a(s)ds>] .
- f (1- d5+ (11/2) <f1/2<1— ;>sli0ds+J.11/22(1 )10ds>]1
=24,
Taking
pr=4, forte[0,1], ue[0,pl], ve[0,p] (4.5)
we have
Ftu,v) < (1+1)2+16) =36 = 9p; < ;Aho1 = 12p1. (4.6)

Thus, condition (H) is satisfied.
Therefore, by Theorem 3.1, the problem (4.1) has at least two positive solutions #; and
1, such that

0 <y <4 <luly, (4.7)
for

1 1
0<A< 2(1—a71)p1 = 4P (4.8)
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Example 4.2. Consider the problem

W"(1) +2x 551+ ) (2 +sinu(t)) (¥ (H))°5“0 =0, 0<t<1,

1 (4.9)
u(0) = (0) =0, w(1)- u’<2) Y
where 1 =1/2, a = 1. Set
a(t) =2, f(t,u,0) =551+ 1) (2 +sinu(t)) (' (t)*5O. (4.10)
Then,
max fo = max fo, =0, (4.11)
that is, the condition (Hj3) is satisfied. Moreover,
3/4 a 3/4 -1
Ao = f (1-s)sa(s)ds + f Gi(n,s)a(s)ds
1/4 L—an )i/
3/4 1/2 3/4 -1
1 1 1 (4.12)
= (1-s)s2ds + ——— f (1 - >s2ds + f (1-s)2ds
U1/4 1-(1/2)\J1/a 2 12 2
4
- 29°
Taking
1
p2=8, forte[0,1], ue[0,p,], ve [4p2,p2], (4.13)
we get
825-8 _ 2 9
f(t, u, U) >5°857° =8 = 8p2 > 2A2p2 = EPZ (414)
Thus, condition (Hy) is satisfied.
Consequently, by Theorem 3.2, we see that for
1 1
0<A< ) (1-an)p. < AP (4.15)

the problem (4.9) has at least two positive solutions u; and u; such that

0 < [Jurlly <8 < luzlly- (4.16)



Advances in Difference Equations 19

Example 4.3. For the problem (1.1), take 7 =1/2, « = 1, and a(t) = 2. Then,

6 48
A = A= —. 4.17
1 5/ 2 29 ( )
Let
1425
d0=1, [10—2, b0:99, CZT,
(1-t fu to
— t+— + — t 1 1 ,1].
10 +10+10’ €[0,1], ue[0,1], v e [0,1]
1-t . 2 . t
10 10 10
+70(u—1) +70(v - 1), te[0,1], ue[l,2], vell,2], (4.18)
f(t/ulv):< 1_t t2 t
i+ 9
ot 10t 10t 140 te[0,1], u€[2,99], ve[2,99],
1-t > ¢t
=T +1—0+1—0+140
2 - -
| +2Jsin U(”li?z(; NN te0,1], ue99,+0), v e [99,+00).
Then,

¢ v)_l—t+t2u+tv<1+1+1 3
e R R T TR TS TR T

1
= 4A1d0, te0,1], ue[0,1], ve€[0,1],

_ 2

1-t ¢t t
f(t,u,v) = T + 1—0 + 1—0 + 140 > 140 >35A2a0

=35 x % x2, te[0,1], ue[2,9], ve299], (4.19)

1-t # ¢ . 20(u—99)(v -99)
f(t,u,v):l—0+1—0+1—0+140+2 sin 1+ 202

3 1423 1
< — = —
_10+140+2 10 <2A1c

1 142
= x g y 65, Fe[0,1], u € [99,+00), v € [99, +c0),

which implies

f(t,u,v) < ;Alc, te[0,1], u€[0,c], ve€][0,c]. (4.20)
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That is, the conditions of Theorem 3.3 are satisfied. Consequently, the problem (1.1) has at
least three positive solutions w1, uy, uz € K. for

1 1
< - = 4.21
A< ) (1-an)dy 1 (4.21)

satisfying

lwlly <1, 2<p(ua),  luslly >1,  Plus) <2. (4.22)
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