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We study the existence and uniqueness of mild solution of a class of nonlinear nonautonomous
fractional integrodifferential equations with infinite delay in a Banach space X. The existence of
mild solution is obtained by using the theory of the measure of noncompactness and Sadovskii’s
fixed point theorem. An application of the abstract results is also given.

1. Introduction

The Cauchy problem for various delay equations in Banach spaces has been receiving more
and more attention during the past decades (cf., e.g., [1-15]). This paper is concerned with
existence results for nonautonomous fractional integrodifferential equations with infinite
delay in a Banach space X

dqdl:gt) =-Alul) +f<t' .[;K(t' S)u(s)dsr”t>’ te[0,T],

(1.1)
u(t) = (i)(t)/ te (—O0,0],

where T > 0,0 < g <1, {A(t) },¢[or) is a family of linear operators in X, K € C(D,R") with
D={(ts)eR*:0<s<t<T}and

t
sup | K(t,s)ds < oo, (1.2)
te[0,T] 7 0
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f[0T]xXxpPp — X, u: (-0,0] — X defined by u;(0) = u(t +0) for 6 € (-o0,0], ¢
belongs to the phase space p, and ¢(0) = 0. The fractional derivative is understood here in
the Riemann-Liouville sense.

In recent years, the fractional differential equations have been proved to be good
tools in the investigation of many phenomena in engineering, physics, economy, chemistry,
aerodynamics, electrodynamics of complex medium and they have been studied by
many researchers (cf., e.g., [13, 14, 16, 17] and references therein). Moreover, many
phenomena cannot be described through classical differential equations but the integral
and integrodifferential equations in abstract spaces in fields like electronic, fluid dynamics,
biological models, and chemical kinetics. So many significant works on this topic have been
appeared (cf., e.g., [10, 15, 18-25] and references therein).

In this paper, we study the existence of mild solution of (1.1) and obtain the
existence theorem based on the measures of noncompactness without the assumptions that
the nonlinearity f satisfies a Lipschitz type condition and the semigroup {exp(-tA(s))}
generated by —A(s) (s € [0,T]) is compact (see Theorem 3.1). An example is given to show
an application of the abstract results.

2. Preliminaries

Throughout this paper, we set | = [0,T], a compact interval in R. We denote by X a Banach
space, L(X) the Banach space of all linear and bounded operators on X, and C(J, X) the space
of all X-valued continuous functions on J. We set

t

t
Gu(t) := 4[0 K(t, s)u(s)ds, G := su}) . K(t,s)ds < co. (2.1)
te

Next, we recall the definition of the Riemann-Liouville integral.

Definition 2.1 (see [26]). The fractional (arbitrary) order integral of the function ¢ € L!(R*,R)
of order v > 0 is defined by

1 t
Iv — _ v-1 22
80 = 555 |, (=9 g0)ds, 2)
where I' is the Gamma function. Moreover, IV 12 = ["'*2  for all v, v, > 0.

Remark 2.2. (1) I” : L'[0,T] — L'[0,T] (see [26]),
(2) obviously, for g € L'(J,R), it follows from Definition 2.1 that

(" q-1 y-1 ' +y-1
[ [ =™ -9 g@dsdn=B@n | -9 geds, @3
070 0

where B(g, y) is a beta function.

See the following definition about phase space according to Hale and Kato [27].
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Definition 2.3. A linear space p consisting of functions from R™ into X, with seminorm || - ||,
is called an admissible phase space if D has the following properties.

(1) If x: (—o0, T] — X is continuous on J and x € ), then x; € D and x; is continuous

inte J,and

llx®l < Liixtll p, (2.4)

where L > 0 is a constant.

(2) There exist a continuous function C; (t) > 0 and a locally bounded function C,(t) > 0
in £ > 0, such that

Il < Cr(8) sup x()l|+ C ()|l 25)

s€[0,t]

fort € [0,T] and x asin (1).
(3) The space [ is complete.

Remark 2.4. Equation (2.4) in (1) is equivalent to [|¢(0)|| < L||}]| , for all ¢ € D.
Next, we consider the properties of Kuratowski’s measure of noncompactness.

Definition 2.5. Let B be a bounded subset of a seminormed linear space Y. The Kuratowski’s
measure of noncompactness(for brevity, a-measure) of B is defined as

a(B) =inf{d > 0: B has a finite cover by sets of diameter < d}. (2.6)

From the definition we can get some properties of a-measure immediately, see [28].

Lemma 2.6 (see [28]). Let A and B be bounded subsets of X, then
(1) a(A) < a(B), if AC B;
(2) a(A) = a(A), where A denotes the closure of A;
(3) a(A) = 0ifand only if A is precompact;
(4) a(LA) = |Ma(A),L ER;
(5) a(AUB) =max{a(A),a(B)};
(6) a(A+B) <a(A) +a(B), where A+B={x+y:x€ A,y €B};
(7) a(A+x) = a(A), forany x € X.

For H c C(J, X), we define

ft H(s)ds = {It u(s)ds:u e H}, forte], (2.7)
0

0

where H(s) = {u(s) e X:u e H}.
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The following lemma will be needed.
Lemma 2.7. If H ¢ C(J,X) is a bounded, equicontinuous set, then
(i) a(H) = supte]zx(H(t)),
(ii) a(fy H(s)ds) < [y a(H(s))ds, fort € J.
For a proof refer to [28].

Lemma 2.8 (see [29]). If {u,}2, C L1(J, X) and there exists an m € L' (], RY) such that |lu,(t)|| <
m(t), a.e. t € J, then a({u,(t)};,) is integrable and

a({ﬂ un(S)ds} > SZJ; a({un(s)}2,)ds. (2.8)

n=1

We need to use the following Sadovskii’s fixed point theorem here, see [30].

Definition 2.9. Let P be an operator in Banach space X. If P is continuous and takes bounded
sets into bounded sets, and a(P(B)) < a(B) for every bounded set B of X with a(B) > 0, then
P is said to be a condensing operator on X.

Lemma 2.10 (Sadovskii’s fixed point theorem [30]). Let P be a condensing operator on Banach
space X. If P(H) C H for a convex, closed, and bounded set H of X, then P has a fixed point in H.

In this paper, we denote that C is a positive constant, and assume that a family of
closed linear operators { A(t) }; satisfying the following.

(Al) The domain D(A) of {A(t)},; is dense in the Banach space X and independent
of t.

(A2) The operator [A(t) + A]7! exists in L(X) for any A with Rel <0 and

C

M —o . .
[taw 0| < g e (2.9)
(A3) There exist constants y € (0, 1] and C such that
1At - A@)A )| < Clt -1l b, bs€] (210)

Under condition (A2), each operator —A(s), s € J, generates an analytic semigroup
exp(—tA(s)), t > 0, and there exists a constant C such that

[| A" (s) exp(~tA(s))|| < tgn (2.11)

wheren=0,1,t>0, s € | (see [31]).
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Let € be set defined by

Q= {u : (~00,T] — X such that u|_,o € P and ul; € C(],X)}. (2.12)

According to [16], a mild solution of (1.1) can be defined as follows.

Definition 2.11. A function u € Q satisfying the equation

(), t € (-o0,0],
t
u(t) = foqv(t -n,n) f(1,Gu(n), uy)dn (2.13)

toen
+f J w(t-m,n)p(n,s)f(s,Gu(s),u)dsdn, te]
0/ 0
is called a mild solution of (1.1), where
w(t,s) = qI 01771¢,(0) exp(—t10.A(s))db, (2.14)
0

and ¢, is a probability density function defined on (0, o) such that its Laplace transform is
given by

o] 0o} ]
f e *¢,(o)do = Z (=%) 0<g<1, x>0,

0 ST(1+4qj)
(2.15)
(P(t/ T) = Z‘Pk(tr T)/
k=1
where
p1(t,T) = [A(t) - A(D)]g(t -7, 7),
(2.16)

t
pea(t7) = [ gn(s s, k=12,

To our purpose the following conclusions will be needed. For the proofs refer to [16].

Lemma 2.12 (see [16]). The operator-valued functions g (t—1, 1) and A(t)y(t—1, 1) are continuous
in uniform topology in the variables t, 1, where 0 < n <t —-¢,0<t < T, for any € > 0. Clearly,

ly(t-nn)ll <C(t-n)"". (2.17)

Moreover, we have

lo(tm)|| < Ct-n)"". (2.18)
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3. Main Results

We need the hypotheses as follows:

(H1) f: ] xX x P — X satisfies f(-,v,w) : ] — X is measurable for all (v, w) € X x D
and f(t,-,-) : X x ) — X is continuous for a.e. t € J, and there exist a positive
function pu(-) € LP(J,R*)(p > 1/q > 1) and a continuous nondecreasing function
70 :[0,00) — [0, 0), such that

£t v, w)| <u®W(ll+llwlp), (tow)e]xXxp, (3.1)

and set T, , := T971/P,
(H2) for any bounded sets D1 ¢ X, D, C P, and 0<7<s<t<T,

a(p(t—s,5)f(s,D1,D2)) < pi(t, s)a(D1) + Ba(t,s) sup a(D,(6)),

—00<0<0

a(‘l’(t -5 S)‘P(S/T)f(T/ Dl/DZ)) < ﬁS(t/ S,T)d(D1) +,B4(t/ S,T) sup “(DZ(G))/

—00<0<0

(3.2)

where sup,.; jé Pi(t,s)ds := p; < 0 (i = 1,2),5up,,; fé fg Bi(t,s,T)drds =i < o0 (i=
3,4) and D,(0) = {w(B) : w € Dy},

(H3) there exists M, with 0 < M < 1 such that

* * . . ,}O(T) AT
C(1+CB(q,7))TpayMpq(G™ + C) |1l (g lim inf < M, (3.3)

) T— 0

where M, ; := ((p-1)/(pq - 1))P-1/p, C = suPOngTcl(’i) and Ty, 4, = max{T,,,

TFW*’Y } )

Theorem 3.1. Suppose that (H1)—-(H3) are satisfied, and if 4{G*(p1 + 2P3) + (B2 + 2P4)] < 1, then
for (1.1) there exists a mild solution on (—oo, T].

Proof. Consider the operator @ : Q — Q defined by
o(t), t € (-o0,0],

t
(Du)(t) = L(P(t =n,1) f(1,Gu(n), uy)dn (3.4)

ten
+J f w(t-n,1m)¢(,s)f(s,Gu(s), us)dsdn, te].
0/ 0

It is easy to see that @ is well-defined.
Let x(-) : (—oo,T] — X be the function defined by

7 _OOIO 7
. {¢<t> t € (—o0,0] 65
0, te]
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Let u(t) = x(t) + y(t), t € (—oo,T].
It is easy to see that y satisfies yy = 0 and

) = [ ple=nn)f (1 GG+ y(w). 3y + )i

t (3.6)
1
+ f f g(t-nm)e(ns)f(s,G(X(s) +y(s)), Xs +ys)dsdn, te]
0Jo
if and only if u satisfies
t
u(t) = Lw(t —1,1) f(n, Gu(n), uy)dn
(3.7)
toen
+ j f w(t-nn)e(n,s)f(s,Gu(s),us)dsdn, te]
0Jo
and u(t) = ¢(t), t € (—o0,0].
Let Yy = {y € Q:yo =0}. Forany y € Yo,
[¥lly, = suplly®I| + [|voll , = suplly®]]- (3.8)
te] te]
Thus (Yo, || - [ly,) is a Banach space.
We define the operator D:Y) — Yo by (@y)(t) =0,t € (—o0,0] and
B t
(Dy)® = L g(t=nm)f(n,G(xX(n) +y(n)), Xy + yy)dn
(3.9)

toen
o[ [ wt-nmen 9 £ 6EE) + y(6) T+ y)dsdn, te ]

Obviously, the operator @ has a fixed point if and only if ® has a fixed point. So it
turns out to prove that @ has a fixed point.

Let {y*},cn be a sequence such that y* — yin Yy as k — oo. Since f satisfies (H1),
for almost every t € |, we get

F(LGE® + ¥ (1), % +yE) — F(LGE® +y®), T +y1), ask — oo, (3.10)
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For t € (oo, T], we can prove that @ is continuous. In fact,

(@)@ - (@w) ]
< f;”w(t ~nm)|f (1 G(E) + v (1)) %y + v )
- F O GE(n) +y(n)), % + yn) || (3.11)
+ f; J:qu(t ~n,m)e(ns)[£(s G(%() + y*(5)), %o + yE)

—f(s,G(x(s) +y(s)),xs + ys)] ”ds dn.
Let C} = SupogquCZ(ﬂ)' and noting (2.4), (2.5), we have

< Ci®)sup[lx(7) | + C2(B)[[Xollp + Cl(t)gUP ly @) +C2®)|lyoll p
<T<t

0<r<t

3.12
- G209l + Cuthsup (o o
<Gll¢ll, + Ci‘ggglly(ﬂll-
Moreover,
t
”Gﬁm+yG»HSIKﬁﬁmﬂﬂ+y@HMT
’ (3.13)

t
_ J‘OK(t,T) Ny |ldr.

Noting that y* — vy in Y, we can see that there exists & > 0 such that ||y* - y|| < ¢, for
k sufficiently large. Therefore, we have

£ (6 GO +y*©), %+ yE) ~ F(L,GED +y(0), T+ w) |
< u(t) [w(”c(z(t) +y®)] + |7+ yf”p) +0(|GE® +y@®)]| + 1%+ yt”p)]

< () |wh(t) + 0],
(3.14)
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where

wh ) = 10(Ge + Gllyly, + Cilldl, + Cie + Cillyll, ),

(3.15)
W20 =10(G" Iyl + 18l + Cllylly,):

In view of (2.17) and the Lebesgue Dominated Convergence Theorem ensure that

JZ”‘W — ) [£(n G(X(n) +v* (), %y + ) = £ (0, GE () +y (1)), Ky + y) ||

<cf w7 (6w ) 7o)

- f(n,Gx(n) +y(n)), %y +yy)|ldn

— 0, ask— oo.
(3.16)
Similarly,by (2.17) and (2.18), we have
toen
Jo e naen ol (s.6(st0 o) 5:2)
—f(s,G(x(s) +y(s)),xs + ys)] ”ds dn
b (3.17)
< sz f (t=m)" (=) | £ (s, G(%(s) + ¥¥(9)), %o + ¥E)
0Jo
- f(s,G(X(s) +y(s)),Xs + ys) ||ds dn
— 0, ask— oo.
Therefore, we deduce that
. g k g _
klgr;o”(l)y - q)y”YO =0. (3.18)

This means that @ is continuous.
We show that @ maps bounded sets of Y into bounded sets in Y;. For any r > 0, we
set B, = {y € Yy : |lylly, < r}. Now, for y € B, by (3.12), (3.13), and (H1), we can see

If (£ G(x) +y(), %+ y) || € w(H (M), (3.19)

where M; := G'r + C3||¢l|, + Cir-
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Then for any y € B,, by (2.17), (2.18), (3.19), and Remark 2.2, we have
t
|(®y) o] < folqu(t =1, m) £ (0, G(E(n) +y (1)), %y + ) [l

toen

+ fo L lo(t=nm)e(n,s)f (s, G(x(s) +y(5)), Xs + ys)||ds dn
! -1 2 K -1 -1

SCf (t=m)" u(n)W0(M)dn +C ff (t-=m)" (n-5)"" u(s)¥0(M)ds dn

0 0/0

= M, [C f; (t=n)"" u(n)dn+C*B(q,y) f; (t- n)q”‘lﬂ(n)drz],

(3.20)

where M; = 1W0(My).

Noting that the Holder inequality, we have
t
fo (t- U)q_l.“(ﬂ)dn = t(pq_l)/PMPrq”.“”Lp(],m) < TPquP,q”#”U(],RW
, (3.21)
J.o (t- U)Y+q_1ﬂ(71)d7l < TP/q+YMPr‘1+Y”/’t“LP(],R*)‘
Thus

” (@y) (t) ” < MaMpgTpqy [C + CzB(ﬂer)] lell ey =7 (322)

This means &)(Br) C B;.

Next, we show that there exists k € N such that ®(By) C Bx. Suppose contrary that for
every k € N there exist y* € By and t; € J such that ||((5yk)(tk)|| > k. However, on the other
hand, similar to the deduction of (3.20) and noting

|17 (£ 6 (x® + v ®). %+ vF) | < nty10(Gke + G311, + CiK), (3.23)
we have
k| (@) ool <38 e [ e o) [} - ]

S EMP’QTP/W [C +C?B(q, Y)] ”‘u”U’(],R*)’
(3.24)

where M, = 10(G*k + 3|1l , + C}k).
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Dividing both sides of (3.24) by k, and taking k — oo, we have

C(1+CB(q,Y))TpqyMpq(G +C7) lim infw_f_T) > 1. (3.25)

T—

P‘”Lv(],m)

This contradicts (3.3). Hence for some positive number k, &)(Bk) C Bx.
Let0 <t <t; <T and y € B, then

(@) t) - (By) @) < B+ B+ B+, (3.26)
where

= [l - - 9 =) (1 GE) + ¥ (). Ty + w)ln

b= Lt llgs(t2 = 7m) £ (1, G(X () +y (1)), %y + ) ||,

t (3.27)
2 (1
I; = L fo Iy (tr=n.1) - ¢ (ta=n,m)]@(n,5) f (s, G(X(5) + y(5)), %5 + ys) | ds dn,
t] n - _
Iy = L fo llor(tr =mm)p(n,5) £ (s, G(X(5) + y(s)), %5 + ys) || ds d.
It follows from Lemma 2.12, (H1) and (3.23) that I, I — 0,ast, — #;.
For I, from (2.17), (3.23), and (H1), we have
t _ _
b= [l = £ (1 GED +y () Fy + )l
’ t (3.28)
= CEJ (h=n)" u(n)dn —0, ast; —t.
t
Similarly, by (2.17), (2.18), (H1), and Remark 2.2, we have
t n
= [ ot 01,9 £ (5 GEEO) + y(6) %+ o) sy
’ (3.29)

__(h n
< Czsz (th - 11)'7_1[ (n- s)Y_ly(s)ds dn—0, ast,—t.
ty 0

So, the set {((i)y)(-) : y € By} is equicontinuous.
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For every bounded set H C By and any ¢ > 0, we can take a sequence {h,},.; C H

such that a(H) < 2a({h,}) + £ (see [32]), thus from Lemmas 2.6-2.8, and 2.12 and (H2), we
have

a(&)H) < 2a({&>hn}> te= 2supa({&>hn(t)}) te

te]

- 2supa({ [ =000, GE0) + 10,51+ i

te] 0

toen
+ {JO fo w(t=m,1)9(n,8) f(s,G(X(S) + hn(s)), Xs + hus)ds dq}) .

<4sup
te]

t
+ 85up<fo fo a({g(t-n,1)p(n,s)f(s,G(X(S) + hu(S)),Xs + hns) } ) ds dq> +e€

te]

<4sup
te]

t
+8sup<f0I:[ﬁ3(t,n,s)G*a({hn})+ﬁ4(t,11,s) sup a({hn(9+s)})]dsdq> +e

te] —00<0<0

<4sup
te]

t e
+ 85up<f0 fo I:ﬁg(t,q, s)G a({hy}) + Pa(t, 1, 9) supa({hn(T)})]ds dq) +e

te] 0<7<s

J =10 G ) 51+ e

0

Jt [ﬂ1 (t, )G a({ha}) + Ba(t, 1) sup Oa({hn(e +17) })]d11>

0 —o0<O<l

f [ﬁl (t, )G a({hn}) + P2 (t, 1) sup a({hu(7) })] d’l)

0 0<7<n

<4[G*(B1+2B3) + (Bo+2Ps) | a({hn)) + € <A[G*(B1 +2p3) + (B2 + 2ps) |a(H) + ¢,
(3.30)

since ¢ is arbitrary, we can obtain
a(H) < 4[G" (B1 +2s) + (B + 2B1) | a(H) < a(H). (331)

In view of the Sadovskii’s fixed point theorem, we conclude that @ has at least one
fixed point iy in By. Let u(t) = x(t) + y(t), t € (oo, T], then u(t) is a fixed point of the operator
® which is a mild solution of (1.1). O
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Now we assume that

(H1’) there exists a positive function I(-) € L'(J,R"), such that

| f(t, 01, w1) = f(t,02,202)||

(3.32)
<) (lo1 = va2| + [lzor - w2||p)/ (v1,v2) € X2, (w1, w2) € P?,

(H2") there exists a constant @, with 0 < @ < 1, such that the function A : ] — R* defined
by

A(t) = C(G* + C)HT () [I91(t) + CT(y) "™ I(t)] <w, te . (3.33)

Theorem 3.2. Assume that (H1") and (H2') are satisfied, then (1.1) has a unique mild solution.

Proof. Let @ be defined as in Theorem 3.1. For any v, y* € Y;, we have

If(EGE® +y®), X +ye) - f(EGEE +y" (1), % +y7) |
<1 (I6w® -y O+ lvi- i)
(3.34)
<10 (Gly =¥l O o) -y o))
< (G + IOy =yl
Thus, from (2.17), (2.18), Definition 2.1 and Remark 2.2, we have

[(@v) e - (@v )]

< [ o=l a G+ ). o+ )

- F(nGEm) +y* (), %y + ;) || dn
toen
o[ [ lr=n o) l17( GE +y©), %+ v.)
070
- f(5,G(X(s) +¥*(5)), Xs + &) ||ds dn
* * * ! q-1 L q-1 y-1
<CG+C)lly-vlly, - f(t—n) l(n)dﬂ+Cff (t=m)"" (n-s)""Us)dsdn
0 0/0
=C(G +C)) - [T(q)I1(t) + CT ()T (y)1B)] - ly = v* |y,

=AWy - y*lly,-
(3.35)
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So, we get
@ - (@y) 0, <lly =9l (3.36)

and the result follows from the contraction mapping principle. O

Example 3.3. We consider the following model:

2 n t
o = a5 00+ sin< [ a=spots,2pas >
L ke g, [ il
. JO e lh ds + = f—oo 2(0) sm|t o(t+06,¢) |d9, (3.37)

v(t,0) =v(t,1) =0,
v(6,¢) =v(6,¢), -0<06<0,

where 0 <t <1,¢ € [0,1], n € N, a(t,¢) is a continuous function and is uniformly Holder
continuous in ¢, that is, there exist C > 0 and y € (0, 1) such that

la(t;, &) — a(tr,&)| < Clti —t2|", &€[0,1], 0<t <t <1, (3.38)

¢:(-0,0] = R, vp:(—00,0] x [0,1] — R are continuous functions, and J’?m |£(0)|d6 < co.
Set X = L?([0,1],R) and define A(t) by

D(A(t)) = H*(0,1) n Hy(0, 1),
(3.39)
Altyu=—-a(t,é)u’.

Then —A(s) generates an analytic semigroup exp(—tA(s)) satisfying assumptions (A1)—(A3)
(see [33]).

Let the phase space [ be BUC(R™, X), the space of bounded uniformly continuous
functions endowed with the following norm:

loll, = sup [p®)], Ypep, (3.40)
—00<0<0

then we can see that C;(t) = 11in (2.5).
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Fort e [0,1],¢ € [0,1] and ¢ € BUC(R™, X), we set

u(t)(@) = v(t,¢),
$(0)($) =v0(6,6), 0 € (-0,0],

n t n 0
£(,Gult), ) (®) = 7 sin((Gu)@D - | Vs e [ g(@)sinf o) @)|ae,
(3.41)

where

t
(Gu(t))(6) = fo(t = s)u(s)(¢)ds, (3.42)

now G* = sup;.(g ] fé(t -5)ds=1/2 < oo.
Then the above equation (3.37) can be written in the abstract form as (1.1).
Moreover,

n+1 n+2 0
17, Gutt, )@ <~ IGu + gl | lec@)ias

0
< % max{tn+1,t"+2 fw|§(9)|d9} <||Gu(t)|| + ||(,,||p) (3.43)
= u®0(IGu(® + [l9] ).

where p(t) := max{t™*!, 12 f?m 16(0)|dO}, W(z) = z/n? satisfy (H1).
Forany uj,us € X, 9, p € P,

gt =s,5)f (s, Gui(s),9) (§) - ¢(t = s,5) f (s, Gua(s), §) Q)|

< (- [s"“ |Gur(s) ~ Gua(s)] + 5" f NIGur(r) - Gua(r) (3.44)

C _ 0 -
+ =95 [ @Nle©)®) - o)) e
Therefore, for any bounded sets D; € X, D, C 0, we have
2C 1 n+l
a(yp(t-s,s)f(s,D1,Dy)) < F(t—s)q s" - a(Dy)

(3.45)
C 1 0
£ 5G=9715" [ RO a(D2@)do.
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Moreover,

E sup (t — )1 gl dg = E sup """ B(g,n+2) = —B(q,n +2) =Py,

n? te[0,1] n? t€[0,1]
(3.46)

C t . 0 C 0
— sup (t )T s f |£(0)|d0ds = —ZB(q,n +3) f 1£(0)]|dO = po.
n” tel0,1] 0 n o

Similarly, we obtain

a(p(t—s,s)p(s,7)f(t,D1,D))

2

0
<(t-s)T(s-7) e [—ZC; a(Dy) + C—ZTI 1¢(6)|d6 sup a(D, (9))] ,
n n — 6<0

—sup J’ j (t—s)" (s =) ' dr ds

te[0,1]

2 (3.47)

_ %suptq+y+n+1B(q, )B(q+},~,n+2) = LB((]/ )B(q+y,7’l+2) _ﬁS/
te[0

—sup II (t-s) 1 (s—T)! "+2d7dsj 1¢(0)|de

n? t€[0,1]

C? 0
= 7B(ay)B(g+y,n+3) fw|§(9)|d6 = Bs.

Suppose further that

(1) there exists M € (0,1) such that (3/2n%)C(1 + CB(q,v))((p - 1)/(pg -
1))(p_1)/p”P‘”U([o,u,m) <M,

2) 2([51 + 2ﬂ3) + 4(ﬂ2 + 2p4) < 1,

then (3.37) has a mild solution by Theorem 3.1.
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