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We discuss the existence of minimal and maximal positive solutions for fractional differential
equations with multipoint boundary value conditions, and new results are given. An example
is also given to illustrate the abstract results.

1. Introduction

Recently, [1] discussed the existence of positive solutions for the following boundary value
problem of fractional order differential equation

DEu(t) + f(t,u(t) =0, 0<t<l,

u(0)=0, D’ u(l)=aDl u@), (1.1)

where Dy, is the standard Riemann-Liouville fractional derivative of order 1 < a < 2,0 <
p<1,0<a<1,¢é€e(0,1),a"P2<1-0<a-pf-1and f:[0,1] x [0,00) — [0,00)
satisfies Carathéodory-type conditions. Moreover, [2] considered the following nonlinear -
point boundary value problem of fractional type:

Dex(t) +q(t)f(t,x(t)) =0, ae.on [0,1], ac(n-1,n], n>2,

%(0) = ¥(0) = x"(0) = - = xD(Q) =0,  x(1) = "_ggxmi), 1.2)
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where x takes values in a reflexive Banach space E,

O<m<mp<- - <fpa<l, (1.3)

¢ > 0 with 3772 ¢! < 1and x®) denotes the kth Pseudo-derivative of x, D* denotes the
Pseudo fractional differential operator of order a, g(-) is a continuous real-valued function on
[0,1], and f is a vector-valued Pettis-integrable function.

In this paper, we consider the existence of minimal and maximal positive solutions for
the following multiple-point boundary value problem:

DEu(t) + f(t,u(t) =0, 0<t<1,

m2 1.4
u(©) =0, Dfu(1)="S &0 u(n), 4
where Dy, is the standard Riemann-Liouville fractional derivative,
DE w(t) = ;<i>"f (t - )" u(s)ds (1.5)
0+ CT'(n-a)\dt 0 ! ’

n=[a]+1, f:[0,1] x [0,00) — [0,00) is continuous, 1 <a <2,0<p<1,0<a-p-1,
0<¢,m<1,i=1,2,...,m-2,and

m-2
S P <1, (1.6)
i=1

New results on the problem will be obtained.
Recall the following well-known definition and lemma (for more details on cone
theory, see [3]).

Definition 1.1. Let E be a real Banach space. Then,
(a) anonempty convex closed set P C E is called a cone if it satisfied the following two
conditions:

(i) x € P, A > 0implies \x € P,

(ii) x € P, —x € P implies x = 0, where 0 denotes the zero element of E.

(b) a cone P is said to be normal if there exists a constant N > 0 such that 0 < x <y
implies 1]l < Nyl

Lemma 1.2. Assume that u € C(0,1)NL(0, 1) with a fractional derivative of order a > 0 that belongs
to C(0,1) N L(0,1). Then,

I5.DS u(t) = u(t) + Cit* ' + Cot* 2 + -+« + Cnt* N, forsome C;€R, i=1,2,...,N, (17)

where N is the smallest integer greater than or equal to a.
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2. Main Results

Let E=C[0,1] and P = {u € E : u(t) > 0,t € [0,1]}. Then, E is the Banach space endowed
with the norm [|u| = sup_,,|u(t)| and P is normal cone.
We list the following assumptions to be used in this paper.

(H) there exist two nonnegative real-valued functions p, g € L[0, 1], such that

f(5,%(5) < p(s) +4()x(s), s €[0,1], x(s) € [0,00). (2.1)

(Hy) for s € [0,1], 0 < vy < v, implies f(s,v1) < f(s,v2).
In the following, we will prove our main results.

Lemma 2.1. Let y € C[0, 1]. Then, the fractional differential equation

Dgu(t) +y(t) =0, 0<t<l, 1<a<?2,

m-2 2.2
u(©) =0, Dfu(1)="S &0 u(n), @2)
has a unique solution which is given by
1
u(t) = J‘ G(t,s)y(s)ds, (2.3)
0
where
G(tl S) = Gl (t/ S) + GZ(tr S)r (24)
in which
#2711 =5) P (t—5)" D<s<i<l
I'(a) § - !
Gi(t,s) = <% . ep1
HL/ 0<t<s<l,
I'(a)
1 5
iia_ﬂ_lta_ll—sa_ﬁ_l— ita_l i—Saﬂl , te]0,1],
Iquéﬁm (1=8) P = gt (- 5)" ) [0,1]
Gz(t, S) = 3
1
P (1 -5)* P ), te0,1],
Aanéfn (1-5) [0,1]

(2.5)
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where
a—p-1
—1—2@ =

Proof. Using Lemma 1.2, we have

u(t) = -I5,y(t) + Cot** + Cot* 2.

It follows from the condition #(0) = 0 that C, = 0.
Thus,

u(t) = -I§,y(t) + Crt* .

This, together with the relation Df, " = (I'(y + 1) /I'(y —a + 1))t%, yields

DY u(t) = -0 Py (t) + Cy L@ e

[(a-p)

_ a-p-1 ( ) a—ﬁfl
= F(a ﬂ)f (t—1s) y(s)ds+C11_( —ﬁ) .

From the boundary value condition D u(l) =37 iDg . u(n;), we deduce that

1 1 wepel m-2 i ap-1
e <f0 (1-5) y(s)ds—ggifo (ni =) y(s)ds)
f (1-9)* Py (s)ds + —— Zg "““f (1-9)"Fy(s)ds
" T(a) AF( )<t

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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Thus,

u(t) = —mj (t -5 y(s)ds + r(l = | -y

1
Ar(a) Zs’l a-pf- 1J‘ tu—l(l _ S)a—ﬂ—ly(s)ds

) ﬁf:(t“‘l(l—s)“ﬁl—(t— )™ )y(s)ds+ t"‘ '(1-5)" Py (s)ds

['(a)

m
N Arl(a) él’li‘_ﬂ_l fo 11 _S)a—ﬁ—ly(s)ds+ e )éml—ﬁ 1,[,11 (911 - )Py (s)ds

AF(a) AT f 1 (o - 5)" Py (s)ds

e [ ey s

1 . i s
Al’(a)gm 21, ﬁ ! L 711 = 5) P ly(s)ds

m-2

Nm-2
Ar(a) AT (@) J £ (tpa = 8)* 7y (s)ds
1
= I Gl (t, s)y(s)ds + I GZ(t/ S)V(S)ds
0 0

= J‘1 G(t,s)y(s)ds.
’ (2.11)

The proof is complete. 0

Lemma 2.2. If 3" ,ql_ﬁl

conditions:

< 1, then function G(t,s) in Lemma 2.1 satisfies the following

(i) G(t,s) >0, fors,t € (0,1),
(ii) G(t,s) < G(t,s) < G.(s, s), for s,t € [0,1],

where

G(t,s) = Gi(t,s) + Ga(t, s), (2.12)
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in which

Gilts) = %a)t”_l” g,

_ 1 = a=p-1 a-1 -p-1 2.1
- 1" a a 13
Ga(t, s) @ igl §,111 7 (1-5s) , ( )

G.(s,s) = Gi(ts) + Ga(t,s).
(s,s) max 1(t,s) max 2(t,5)

Proof. When 0 < s <t <1, we have
1 =9) P o t—s)* = (t=ts)* (1 =5) P = (t-5)" > 0. (2.14)

Thus, G1(t,s) >0 fors,t € (0,1).
Furthermore, we conclude that

a-1 a—p-1 a—p-1,q.1 s \* P!
&t™ (i - s) =& -t 1- m

<Emi P (1 - s) P

(2.15)

So, Go(t,s) > 0 for s, t € [0,1]. This, together with G;(t,s) > 0 for s,t € (0,1), yields G(t,s) > 0
fort,s € (0,1).

Observing the express of G(t, s), G(t,s), and G, (t, s), we see that (ii) holds.

The proof is complete. O

Remark 2.3. From the express of G (t,s) and éz(t, s), we see that

— 1
— = (1P
max Gilt,s) = ¢ ) (1-9)"7",
B Lo N (2.16)
max Ga(t,s) = mgﬁﬂli (1-s) .
Thus,
G.(s,s) = L(l —s) Py Lmz_zg- aPl _ gyabl (2.17)
%= Ta) AT (a) & ' '
Now, we define an operator T : P — P by
1
(Tu)(t) = J- G(t,s)f(s,u(s))ds. (2.18)
0
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Theorem 2.4. Let condition (Hy) be satisfied. Suppose that J‘; G.(s,s)q(s)ds < 1. Then, problem
(1.4) has at least one positive solution.

Proof. Let B, = {u € E, ||u|| < r}, where

1
__bGsoptos o1
1-{, Gu(s,s)q(s)ds
Step1. T:B, — B,, forany u € B,
1
|(Tu)(8)] = fo G(t,5)f (s, u(s))ds
1
< jo G.(5,5) (p(s) + g(s)u(s))ds

(2.20)

1 1
< f G*<s,s>p<s>ds+j G. (5, 5)q(s)dsu]
0 0

1 1
gf G*(s,s)p(s)ds+rf Gi(s,8)q(s)ds
0 0

:’r,

which implies that ||Tu|| < r.

Step2. T : B, — B, is continuous.
It is obvious from f € C([0,1] x [0, o0), [0, o0)).

Step 3. T(B,) is equicontinuous.
From (2.11) and (2.18), for any t1,t, € [0,1], t; < t, u € B,, we conclude that

1
|(Tu)(t2) = (Tu)(t1)] = JO (G(t2,8) = G(t1,9)) f (s, u(s))ds

“tia ),

+LJ‘t2 (tr— )" (p(s) +7rq(s))ds
[(a) h ? P 1

"o,

(2= 5)"" = (1= )| (p(s) + rq(s))ds

B =671 = )P (p(s) + rq(s))ds
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1

T AT (a)

m-2 1
e fo B =57 (1= ) (p(s) + rq(s))ds
i=1

i

1 m-2 e
+ AI‘*(“) I:Z-lél J;) (rlz - S) p 1(}9(5) + Tq(S))dS,

a-1 a-1
t2 - tl

(2.21)

As t; — 1, the right-hand side of the above inequality tends to zero, so, T(B,) is
equicontinuous.

By the Arzela-Ascoli theorem, we conclude that the operator T : B, — B, is completely
continuous. Thus, our conclusion follows from Schauder fixed point theorem, and the proof
is complete.

O

Theorem 2.5. Besides the hypotheses of Theorem 2.4, we suppose that (Hy) holds. Then, BVP (1.4)
has minimal positive solution u in B, and maximal positive solution w in B,; Moreover, v,,(t) —
u(t), wy(t) — w(t)as m — oo uniformly on [0, 1], where

1
Uy (t) = f G(t,s)f(s,vm-1(s))ds, (2.22)

0

1
Wy (1) = .[o G(t,s)f(s,wm-1(s))ds. (2.23)

Proof. By Theorem 2.4, we know that BVP (1.4) has at least one positive solution in B,.

Step 1. BVP (1.4) has a positive solution in B,, which is minimal positive solution.
From (2.18) and (2.22), one can see that

Um(t) = (To,-1) (), te][0,1], m=1,23,.... (2.24)
This, together with (H5), yields that

0=vo(t) SvI(t) <+ <vm(t) <+, te[0,1]. (2.25)

From vy € B, and the proof of Theorem 2.4, it may be concluded that v,, € B, and Tv,, € B,.
Let

W= {v,:m=0,1,2,...}, TW={Tvo,:m=0,1,2,...}. (2.26)

Thus,

W= {0 UTW, WCB, T:W —W. (2.27)
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By the complete community of T, we know that TW is relatively compact. So, there exists a
u € E and a subsequence

{vm,. :j:1,2,3,...} cw (2.28)

such that { Om; 2 j = 1,2,3,.. .} converges to u uniformly on [0, 1]. Since P is normal and
{vm(t) : m =1,2,...} is nondecreasing, it is easily seen that the entire sequence {v,,(t) : m =
1,2,...} converges to u(t) uniformly on [0, 1]. B, being closed convex set in E and v,, € B,
imply that u € B,.

From

f€C([0,1] x [0,00), [0, 20)) (2.29)

and (H;), we see that

f(s,om(s)) — f(s,u(s)) asm— oo, for s € [0,1],
G(t,s)f(s,vm(s)) <Gul(s,s)f(s,Um(s))

1 1 m2 a—p-1
< (7 * A S ) £ls,om(e)

1 1 m-2 a-p-1
< <W+mi§% >(p(s)+rq(s)) e L[0,1].

(2.30)

By (2.30), (2.22), and Lebesgue’s dominated convergence theorem, we get

u(t) = fl G(t,s)f (s, u(s))ds. (2.31)

0

Let u(t) be any positive solution of BVP (1.4) in B,. Itis obvious that 0 = vy(t) < u(t) = (Tu)(t).
Thus,

vm(t) <u(t) (m=0,1,2,3,...). (2.32)
Taking limits as m — oo in (2.32), we get u(t) < u(t) for t € [0,1].

Step 2. BVP (1.4) has a positive solution in B,, which is maximal positive solution.
Let

1
wy(t) = fo G(t,s)(p(s) +rq(s))ds. (2.33)
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It is obvious that
1
|wo(t)] < I Gi(s,s)(p(s) +rq(s))ds =r. (2.34)
0

Thus, ||we|| < r and wy € B;.
By (2.18), (2.23), and (H;), we have

1

wi(£) = (Twp) () =f G(t,5) f (s, wo(s))ds

0

1
< JO G(t,s)(p(s) +q(s)wo(s))ds

(2.35)
1
< f G(t,s)(p(s) +rq(s))ds
0
= Wy (t)
This, together with (Hy), yields that
< wy(t) < <wi(t) <we(t), te[0,1]. (2.36)
Using a proof similar to that of Step 1, we can show that
Wy (t) — w(t) (m— o),
1 (2.37)
@) - [ G956 T
0
Let u(t) be any positive solution of BVP (1.4) in B,.
Obviously,
1 1
u(t) = (Tu)(t) =f G(t,5)f(s,u(s))ds sj C(t,5)(p(s) + rq(s))ds = wo(t).  (238)
0 0
This, together with (H,), implies
u(t) < wp(t). (2.39)
Taking limits as m — oo in (2.39), we obtain u(t) <w(t) for t € [0,1].
The proof is complete. O

On the other hand, we note that in these years, going with the significant
developments of various differential equations in abstract spaces (cf., e.g., [3-17] and
references therein), fractional differential equations in Banach spaces have also been
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investigated by many authors (cf. e.g., [1, 2, 18-26] and references therein). In our coming
papers, we will present more results on fractional differential equations in Banach spaces.

3. An Example

Example 3.1. Consider the following boundary value problem

D3 u(t) + %t“ +el+1=0, 0<t<1,

2 (3.1)
u(0) =0, Dy "u(l) = Z&Dy u(ms),
i=1
wherea =3/2,=1/5m=4,¢1=m=1/4=1m=1/2,
I
ftu) = 1+ut +e +1, (3.2)
p(t) = e' +1, g(t) = t'1. By computation, we deduce that
ap-1 _ 3/10 1 1 3
Zgl Zéz <Z§z Z E 1 <1,
(3.3)
I R )
=1- Zgl > a1 <4 r(z =
From Remark 2.3, we get
Gu(s,s) = —(1—s)*P 1+ P = s)* P 34
(s,5) = ()( 5)" Ar()xl ( (34)
Therefore,
1 1 P 1 2 s (! .
G.(s,s sds=—f 1-9)"F " s ds+ i'.x__j 1-5)"P"s"ds
[ Gusoa@ds = s [ a-9) A a9
1 1
gif s”ds+4xix§f s'ds
J Jo o/ 4 0 (35)
LT
6/ 2/
2
=——<1.
T

On the one hand, it is obvious that f(t,u) < p(t) + q(t)u. Thus, (H;) is satisfied.
For uy < up, we see that f(t,u;) < f(t,up), which implies that (H>) holds.
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Hence, by Theorem 2.5, BVP (3.1) has minimal and maximal positive solutions in B,.
Furthermore, we can conclude that

fc< p(s)d —Lfa— e 4 T)ds + —— 3¢, “‘ﬂ*f(l— Y (e + 1)d
i «(s,9)p(s S_F(a) ) s e s AT (@) & i1, i s e s

<ij‘l(es+1)ds+4xix§I1(es+1)ds
Vo v 4 )

_ 2, be

NV

j& G.(s,s)p(s)ds . _Be/vm 24e

1_fé G.(s,s)q(s)ds T~ 1-2/3yx B 3T -2

(3.6)
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